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Preface

Formal engineering methods are changing the way that software systems are de-
veloped. With language and tool support, they are being used for automatic code
generation, and for the automatic abstraction and checking of implementations.
In the future, they will be used at every stage of development: requirements,
specification, design, implementation, testing, and documentation.

The ICFEM series of conferences aims to bring together those interested in
the application of formal engineering methods to computer systems. Researchers
and practitioners, from industry, academia, and government, are encouraged to
attend, and to help advance the state of the art. Authors are strongly encouraged
to make their ideas as accessible as possible, and there is a clear emphasis upon
work that promises to bring practical, tangible benefit: reports of case studies
should have a conceptual message, theory papers should have a clear link to
application, and papers describing tools should have an account of results.

ICFEM 2004 was the sixth conference in the series, and the first to be held in
North America. Previous conferences were held in Singapore, China, UK, Aus-
tralia, and Japan. The Programme Committee received 110 papers and selected
30 for presentation. The final versions of those papers are included here, together
with 2-page abstracts for the 5 accepted tutorials, and shorter abstracts for the
4 invited talks.

We would like to thank: Dines Bjørner, for his work in organizing speakers
and sponsors; Jin Song Dong and Jim Woodcock, for an excellent handover from
ICFEM 2003; Joxan Jaffar, J Strother Moore, Peter Neumann, and Amitabh
Srivastava, for agreeing to address the conference; the authors, for submitting
their work; the Programme Committee, and their colleagues, for their reviews;
and Springer, for their help with publication.

ICFEM 2004 was organized by Microsoft Research in Seattle, with additional
support and sponsorship from the University of Oxford, the United Nations
University, Formal Methods Europe, NASA, and ORA Canada.

November 2004 Jim Davies
Wolfram Schulte

Mike Barnett
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Jean-Christophe Filliâtre, Claude Marché . . . . . . . . . . . . . . . . . . . . . . . . . 15

Memory-Model-Sensitive Data Race Analysis
Yue Yang, Ganesh Gopalakrishnan, Gary Lindstrom . . . . . . . . . . . . . . . . 30

Formal Models for Web Navigations with Session Control and Browser
Cache

Jessica Chen, Xiaoshan Zhao . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46



XII Table of Contents

Managing Verification Activities Using SVM
Bill Aldrich, Ansgar Fehnker, Peter H. Feiler, Zhi Han,
Bruce H. Krogh, Eric Lim, Shiva Sivashankar . . . . . . . . . . . . . . . . . . . . . 61

A General Model for Reachability Testing of Concurrent Programs
Richard H. Carver, Yu Lei . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76

A Knowledge Based Analysis of Cache Coherence
Kai Baukus, Ron van der Meyden . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99

A Propositional Logic-Based Method for Verification of Feature Models
Wei Zhang, Haiyan Zhao, Hong Mei . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 115

Deriving Probabilistic Semantics Via the ‘Weakest Completion’
He Jifeng, Carroll Morgan, Annabelle McIver . . . . . . . . . . . . . . . . . . . . . 131

CSP Representation of Game Semantics for Second-Order Idealized
Algol
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Michael Balser, Simon Bäumler, Alexander Knapp, Wolfgang Reif,
Andreas Thums . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 434

Refinement of Actions for Real-Time Concurrent Systems with Causal
Ambiguity

Mila Majster-Cederbaum, Jinzhao Wu, Houguang Yue, Naijun Zhan . . 449

From Durational Specifications to TLA Designs of Timed Automata
Yifeng Chen, Zhiming Liu . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 464

Timed Patterns: TCOZ to Timed Automata
Jin Song Dong, Ping Hao, Sheng Chao Qin, Jun Sun, Wang Yi . . . . . 483

Author Index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 499





Model-Based Development: Combining
Engineering Approaches and Formal Techniques

Bernhard Schätz

Institut für Informatik, Technische Universität München,
80290 München, Germany

1 Model-Based Development

In a nutshell, a model-based approach offers several benefits:

Improved Product: By moving away from an implementation biased view of
a system, the developer can focus on the important issues of the product
under development. This results in
– thinking in terms of the domain-specific conceptual model (state, inter-

action, etc.) instead of the coding level (objects, method calls, etc.)
– narrowing the gap between informal specification and formal specifica-

tion (since, e.g., notions like mode, event, or communication, appear in
the informal specifications as well as in the model)

– limiting the possibility of making mistakes while building models and
refining them by ensuring consistency conditions (e.g. interface correct-
ness, absence of undefined behavior)

Improved Process: Using a better structured product model helps to identify
more defects earlier. Additionally, higher efficiency can be obtained by more
CASE-supported process steps
– mechanizing conceptual consistency conditions, either guaranteed by

construction (e.g., interface correctness) or checked automatically on de-
mand (e.g., completeness of defined behavior)

– supporting semantical consistency conditions, either automatically (e.g.,
checking whether an EET can be performed by system), or interactively
(e.g., by ensuring a safety condition of a system)

– enabling transformations of specification (e.g. inserting standard behav-
ior for undefined situations), interactively carried out by the CASE tool.

The limit of model-based support is defined by the sophistication of the
underlying model: by adding more domain-specific aspects, more advanced tech-
niques can be offered (e.g., reliability analysis, schedule generation).

2 Structured Development

Model-based development is all about adding the structuring and preciseness of
formal approaches to the development process while being driven by the models
of the application domain instead of mathematical formalisms.

J. Davies et al. (Eds.): ICFEM 2004, LNCS 3308, pp. 1–2, 2004.
c© Springer-Verlag Berlin Heidelberg 2004



2 B. Schätz

Thus it helps reducing the complexity of the development process by clearly
focusing on specific issues and offering suitable, generally CASE-supported tech-
niques tailored for each step of the development (see also [1]):
Step 1: By linking informal requirements and the models of system and en-

vironment, we can check whether all informal requirements are covered or
trace back from design to requirements; but most importantly, it helps to
structure the requirements, get a better understanding, and identify open
issues in the requirements.

Step 2: By modeling the environment and its interface to the system, we get
a precise understanding of how the system influences the environment and
how the environment reacts. Especially important, we precisely state what
properties of the environment we take for granted and which possibly faulty
behavior we must tolerate to establish the required safety behavior.

Step 3: By defining the abstract, possibly incomplete and non-deterministic
behavior of the system, we describe a high-level initial design without al-
ready incorporating implementation details complicating the design or lim-
iting further decision. Furthermore, we establish the basis for further analysis
and development steps.

Step 4: By analyzing the models of system and environment for their validity,
we ensure their usefulness for the following steps; using simulation or con-
ceptual consistency checks, we identify open issues like unrealistic behavior
of the environment, as well as undefined behavior of the system.

Step 5: By using even stronger techniques we establish whether the defined
behavior of the system ensures the expected behavior of the environment.
Using formal verification, we show that the system guarantees the safety
requirements of the environment assuming optimal circumstances; further-
more, using failure analysis, we show that also mean time requirements are
met using quantitative assumptions about the environment.

Step 6: By applying structural refinement, we add further design decisions
concerning the architecture of a system by breaking it up into interacting
sub-components. By adding behavior to each sub-component, we can make
sure that the refined system implements the abstract one.

Step 7: By restricting non-deterministic or undefined behavior, we add fur-
ther design decisions concerning underspecified behavior of the introduced
components, resulting in a more optimized reaction of the system while main-
taining the overall functionality.

Step 8: By checking the components of the system for possible undefined be-
havior we identify remaining open behavior to be resolved in the final im-
plementation. By adding standard reactions for open behavior, we improve
the robustness of the system against unexpected behavior.

References

1. B. Schätz. Mastering the Complexity of Embedded Systems - The AutoFocus Ap-
proach. In F. Kordon and M. Lemoine, editors, Formal Techniques for Embedded
Distributed Systems: From Requirements to Detailed Design. Kluwer, 2004.



Tutorial on the RAISE Language,
Method and Tools

Chris George

United Nations University, International Institute for Software Technology
(UNU-IIST), Macao
cwg@iist.unu.edu

http://www.iist.unu/~cwg

Abstract. RAISE — Rigorous Approach to Industrial Software Engi-
neering — was first developed in European collaborative projects during
1985-94. Since then a new set of free, open-source, portable tools has
been developed, and a range of developments have been carried out.
This tutorial introduces the language and method, and demonstrates
the range of software life-cycle activities supported by the tools. These
include generation of specifications from UML class diagrams, validation
and verification of specifications, refinement, prototyping, execution of
test cases, mutation testing, generation of documents, proof by means of
translation to PVS, and generation of program code in C++ by transla-
tion. A comprehensive user guide is also available.

It is a common perception that “formal methods” are difficult to use, involve a
lot of proof, are expensive, and are only applicable to small, critical problems.
The aim of this tutorial is to introduce a formal technology that is easy to learn,
need involve no proof at all, is cheap to apply, and is intended in particular to
deal with large, not necessarily critical problems.

The RAISE method [1] is extreme in its basic simplicity: you write a specifi-
cation and then you produce the implementation (if possible, automatically from
the specification). You may for a particular project want to do more than this:
you may decide you want to produce a more abstract specification first, and then
a more concrete one, and then perhaps assert (and even prove) some relation,
such as refinement, between them. But for many projects one specification is
enough [2]. If you find graphical approaches useful, you can start by drawing a
UML class diagram and generate the first specification from it.

What this simple picture of the method hides is the urgent need to validate
the specification. Many discussions on formal methods assume the specification
is correct, is what you want, and concentrate on verification, on showing that
it is properly implemented. But all this is wasted if the specification is wrong.
Mistakes made at the beginning of a project (and not quickly noticed) cause
many problems, at best time and cost overruns, and at worst complete failure.
So a major aim of the RAISE method, and of the tools that support it, is
exploring and finding problems with the specification.

J. Davies et al. (Eds.): ICFEM 2004, LNCS 3308, pp. 3–4, 2004.
c© Springer-Verlag Berlin Heidelberg 2004



4 C. George

Concretely we can, with the tools:
– write large specifications in modules that we can analyse separately;
– generate and inspect “confidence conditions” that subtype conditions are not

violated, pre-conditions are satisfied by function calls, cases are complete,
etc.;

– translate and execute test cases that are recorded with the specification;
– assess the adequacy of test cases by means of specification mutation testing;
– generate high quality documents that include the specifications; and even,

for more critical applications,
– prove confidence conditions, refinement, or other properties that we choose

to assert

The RAISE Specification Language (RSL) [3] is a “wide-spectrum” language.
It supports “algebraic” as well as “model-oriented” styles, and also includes
applicative, imperative and concurrent features. It is modular, and therefore
supports the writing of a very wide range of specifications.

Introductory information on the language and method is available in a variety
of papers [4–6]. There is also an extension to RSL to deal with time [7].

The RAISE tool is open source, comes ready built for Windows, Linux and
Sparc-Solaris, and can be built in any environment where you can compile C.
There is also a comprehensive user guide [8].

The tutorial covers RSL, the method, the tools, and gives an example of a
large system specified using RAISE.

References

1. The RAISE Language Group. The RAISE Development Method. BCS Practitioner
Series. Prentice Hall, 1995. Available from ftp://ftp.iist.unu.edu/pub/RAISE/
method book.

2. Hung Dang Van, Chris George, Tomasz Janowski, and Richard Moore. Specification
Case Studies in RAISE. FACIT. Springer-Verlag, 2002.

3. The RAISE Language Group. The RAISE Specification Language. BCS Practitioner
Series. Prentice Hall, 1992. Available from Terma A/S. Contact jnp@terma.com.

4. Chris George. A RAISE Tutorial. Technical Report 153, UNU-IIST, P.O.Box 3058,
Macau, December 1998. Presented at the BRNS workshop Verification of Digital
and Hybrid Systems at TIFR, Mumbai, India, 7–11 January 1999.

5. Chris George. Introduction to RAISE. Technical Report 249, UNU-IIST, P.O. Box
3058, Macau, April 2002.
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7. Chris George and Xia Yong. An Operational Semantics for Timed RAISE. Technical
Report 149, UNU-IIST, P.O.Box 3058, Macau, November 1998. Presented at and
published in the proceedings of FM’99, Toulouse, France, 20–24 September 1999,
LNCS 1709, Springer-Verlag, 1999, pp. 1008–1027.

8. Chris George. RAISE Tools User Guide. Technical Report 227, UNU-
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Model-Based Testing with Spec#

Jonathan Jacky

University of Washington, Seattle, USA

1 Introduction

This half-day tutorial introduces model-based testing, using the Spec# modeling
language and the Spec Explorer test tool.

We write a model program (an executable specification) in Spec# that models
the implementation we wish to test. Then we use Spec Explorer to validate
the model program, generate test suites from the model program, and execute
conformance tests, using the model program again as the oracle.

2 The Spec# Language

The Spec# language is a superset of C# with additional constructs for contracts.
A contract is (part of) a specification expressed in the programming language
itself. Spec# provides two kinds of contracts: declarative contracts and model
programs.

2.1 Declarative Contracts

A declarative contract is an assertion: a Boolean expression that describes a
condition that should be true at certain times during program execution. Spec#
provides several kinds of declarative contracts, including preconditions and post-
conditions.

Each precondition and postcondition is associated with a method. A precon-
dition is supposed to be true when execution enters its method. Preconditions
often express requirements on method arguments. A postcondition should be
true when its method exits. It expresses the intended result or effect of the
method.

Spec# provides more Boolean operators (such as implication) and more kinds
of Boolean expressions (such as quantified expressions) to make it easier to write
expressive declarative contracts.

2.2 Model Programs

It can be quite difficult to write postconditions that express exactly what is
intended. It is often easier and clearer to write a program that demonstrates the
intended effect. A program written for this purpose is a kind of contract. It is
called an executable specification or a model program.

J. Davies et al. (Eds.): ICFEM 2004, LNCS 3308, pp. 5–6, 2004.
c© Springer-Verlag Berlin Heidelberg 2004
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In order to be useful, a model program must be shorter and clearer than the
program it models. Spec# provides constructs that make this possible. In effect,
Spec# is a very high level programming language. For example, it provides more
collection types (sets, sequences, and maps) and expressions (comprehensions)
that enable collections to be created and manipulated without coding loops,
indices, or references.

3 The Spec Explorer Tool

The Spec Explorer tool can investigate the properties of model programs written
in Spec#, using a process called exploration which is similar to model checking.
It can also generate test suites and perform conformance tests.

3.1 Exploration

Exploration performs all possible executions of the model program (including
all possible interleavings of operations), within a finite scope that is configured
by the user. Exploration generates the graph of a finite (perhaps quite large)
state machine which is a portion (an under-approximation) of the finite (but
astronomically large) state machine that would be generated if the program
could be explored completely (without any limitations on its scope). Each edge
in the graph is a method invocation (including particular argument values).

Spec Explorer provides several ways for the user to limit exploration by con-
figuring finite domains for each method argument, limitations on the sizes of
data structures, equivalance classes on states (where only one representative
state from each class will be explored), and various other stopping conditions.

Exploration can check safety properties by searching for unsafe states, and
investigate liveness by searching for paths to goal states.

3.2 Test Suite Generation

Spec Explorer can generate test suites by traversing the graph of the finite state
machine. Different traversal algorithms achieve different coverage. For example,
a postman tour achieves full link coverage.

3.3 Conformance Testing

Spec Explorer can perform conformance tests. It includes a test harness that can
execute generated test suites on the implementation and the model program in
lockstep, using the model program as the oracle to check the implementation.

4 References

For more information about the Spec# language and Spec Explorer tool consult
the Foundations of Software Engineering web site at Microsoft Research:

http://research.microsoft.com/fse/
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Formal methods have been developed as a rigorous approach to computer sys-
tems development over last three decades, but have been facing challenges in
fighting for industrial acceptance in general. Most commonly used formal meth-
ods do not offer comprehensible structuring mechanism for building complex
systems; formal refinement is not sufficient to deal with real development situ-
ations; and formal verification requires high skills and is time-intensive, and is
therefore expensive to be adopted by industry.

Having mentioned these challenges, we do not mean to suggest the denial
of the advantages of formal methods in achieving preciseness and conciseness
of software systems. In fact, our position is in favour of adopting formal meth-
ods, but emphasize that it must be employed in an appropriate manner that
can significantly improve the rigor, comprehensibility, and the controllability of
the commonly used software engineering methods and processes. To this end,
we believe that it is important to improve the languages and techniques for
constructing formal specifications, refining specifications, and verifying and val-
idating specifications and programs.

One effective way to realize this goal is to provide a formal but practical spec-
ification language and method by properly integrating existing formal methods
and informal or semi-formal methods commonly used in industry. Such a method
should allow developers to systematically carry out software development using a
comprehensible notation in a rigorous and controllable process. It should also of-
fer a means for effective cooperation among different people within the same soft-
ware project, such as managers, analysts, designers, programmers, and testers.
Furthermore, perhaps the most important feature of such a method would be
the tool supportability; that is, the method should be easily supported in depth.

On the basis of our intensive research and application experience over the last
fifteen years, we have developed the SOFL specification language and method for
software development [1, 2, 3], aiming to address these problems. As a specifica-
tion language, SOFL integrates VDM-SL, Data Flow Diagrams, and Petri Nets
to provide an intuitive, rigorous, and comprehensible formal notation for spec-
ifications at different levels. Compared to UML (Unified Modeling Language),
SOFL provides a simpler but systematic mechanism for precisely defining the

J. Davies et al. (Eds.): ICFEM 2004, LNCS 3308, pp. 7–8, 2004.
c© Springer-Verlag Berlin Heidelberg 2004
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functions of system units and their integration, and therefore avoids the diffi-
culty in managing different kinds of diagrams and their consistency in UML. As
a method, it combines structured methods and object-oriented methods, and ad-
vocates an transformational and evolutionary approach to constructing formal
specifications from informal and then semi-formal specifications; it integrates
the idea of formal proof and commonly used verification and validation tech-
niques, such as testing and reviews, to offer rigorous but practical verification
techniques.

After a brief description of the general principle of Formal Engineering Meth-
ods, this tutorial offers a systematic introduction to the SOFL specification lan-
guage, method, process, and supporting tools. Specifically, the tutorial is divided
into three parts. The first part includes the brief introduction to Formal Engi-
neering Methods and the SOFL specification language. In particular, we will
focus on the explanation of the idea of using the graphical notation, known as
Condition Data Flow Diagram (or CDFD for short), to model the architecture
of a system, while using the pre-post notation to define the functionality of pro-
cesses occurring in CDFDs. The second part explains the SOFL method and
process: how SOFL can be used to construct a formal specification by taking a
three-step: informal, semi-formal, and formal specifications. It also explains how
structured abstract design can be smoothly transformed into object-oriented
detailed design and programs. Furthermore, the role of each form of these spec-
ifications in the entire software development process is also elaborated. Finally,
the third part of the tutorial presents Rigorous Review and Specification Testing
as two practical techniques for verification and validation of specifications, and
demonstrates several tools we have built to support SOFL.

References

[1] Shaoying Liu. Formal Engineering for Industrial Software Development Using the
SOFL Method. Springer-Verlag, 2004.
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Formal Engineering Methodology for Industrial Applications. IEEE Transactions
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Methods.

[3] Shaoying Liu. Utilizing Specification Testing in Review Task Trees for Rigorous
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Tutorial: Software Model Checking

Edmund Clarke1 and Daniel Kroening2,�
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Abstract. Model Checking is an automated technique for the systematic explo-
ration ofu the state space of a state transition system. The first part of the tutorial
provides an introduction to the basic concepts of model checking, including BDD-
and SAT-based symbolic model checking, partial order reduction, abstraction, and
compositional verification. Model Checking has been applied sucessfully to hard-
ware in the past. However, software has become the most complex part of safety
ciritcal systems. The second part of the tutorial covers tools that use Model Check-
ing to formally verify computer software.

1 Introduction

Software has become the most complex part of today’s safety critical embedded systems.
Testing methods can only provide very limited coverage due to the enormous state space
that needs to be searched. Formal verification tools, on the other hand, promise full
coverage of the state space. Introduced in 1981, Model Checking [1, 2] is one of the most
commonly used formal verification techniques in a commercial setting. The first part
of the tutorial reviews classical explicit state and symbolic model checking algorithms
with a focus on software.

The capacity of Model Checking algorithms is constrained by the state-space explo-
sion problem. In case of BDD-based symbolic model checking algorithms, this problem
manifests itself in the form of unmanagbly large BDDs. Thus, techniques to reduce the
size of the state space, such as the partial order reduction, are discussed.

Abstraction and compositional verification techniques will also be covered briefly.
The second part of the tutorial discusses tools and algorithms for the model checking

computer software. We first cover explicit state methods and implementations such as
Spin, JPF [3], Bogor [4], and CMC [5]. We describe the area of application of each of

� This research was sponsored by the Gigascale Systems Research Center (GSRC), the National
Science Foundation (NSF) under grant no. CCR-9803774, the Office of Naval Research (ONR),
the Naval Research Laboratory (NRL) under contract no. N00014-01-1-0796, and by the De-
fenseAdvanced Research ProjectsAgency, and theArmy Research Office (ARO) under contract
no. DAAD19-01-1-0485, and the General Motors Collaborative Research Lab at CMU. The
views and conclusions contained in this document are those of the author and should not be
interpreted as representing the official policies, either expressed or implied, of GSRC, NSF,
ONR, NRL, DOD, ARO, or the U.S. government.
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these tools using a concrete example. However, the size of the software system is usually
severely constrained when using explicit state model checker.

Software model checking has, in recent years, been applied successfully to large,
real software programs, but within certain restricted domains. Many of the tools that
have been instrumental in this success have been based on the Counterexample Guided
Abstraction Refinement (CEGAR) paradigm [6, 7], first used to model check software
programs by Ball and Rajamani [8]. Their SLAM tool [9] has demonstrated the effec-
tiveness of software verification for device drivers. BLAST [10] and MAGIC [11] have
been applied to security protocols and real-time operating system kernels.

A common feature of the success of these tools is that the programs and properties
examined did not depend on complex data structures. The properties that have been
successfully checked or refuted have relied on control flow and relatively simple in-
teger variable relationships. SLAM, BLAST, and MAGIC rely on theorem provers to
perform the critical refinement step. The tutorial covers some of the details of these
implementations.
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Engineering Quality Software

Amitabh Srivastava

Microsoft Corporation

Producing high performing, reliable and secure software is a challenging problem
in the software industry. An important element in achieving this goal lies in the
automation of the software development process, which currently is primarily
manual. However, progress in program specification, verification, and testing is
more rapid today than ever before. At Microsoft, we have developed innovative
techniques to address some of these challenges. Our techniques scale to meet the
requirements of real production environments and span the whole development
process from software architecture to sustained engineering. These methodologies
are making huge impact in the development of Windows and other products at
Microsoft. This talk focuses on the challenges in software development, describes
our progress and experience, and outlines remaining problems.
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This talk will consider a few cases from the ACM Risks Forum archives

http://www.risks.org

for which the sensible use of formal methods could have made a decisive difference
in avoiding serious consequences – with respect to requirements, specifications,
human interfaces, implementation, and even operation, typically in systems that
were supposedly safe, reliable, or secure. This will provide a view to the future
in terms of things we can learn about the past.
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On the Adoption of Formal Methods by
Industry: The ACL2 Experience

J Strother Moore

Department of Computer Sciences,
University of Texas at Austin

Formal methods are gradually being adopted by industry. The complexity of
industrial designs – often seen as an impediment to the use of formal methods
– is actually one of the main arguments in favor of mechanized formal methods.
No other tool is as good as mechanized mathematical modeling at capturing
the complexity and giving the human designers the facilities for explaining the
reasons their designs are correct and controlling the revelation of the relevant
complexity.

In this talk I will describe the ongoing Boyer-Moore project, which for three
decades has been concerned with the use of mechanized theorem proving to
verify properties of hardware and software. The current theorem prover, ACL2,
is the product of Matt Kaufmann and the speaker, and has been used to verify

– the correspondence of a bit- and cycle-accurate micro-architectural model of
a Motorola digital signal processor and the microcode engine it implemented,

– the verification of some microcode for that Motorola dsp,
– the correctness, with respect to the IEEE 754 floating point standard, of the

AMD K5’s FDIV and FSQRT instructions,
– the correctness of the RTL implementing the elementary floating point op-

erations on the AMD Athlon and other AMD fpu designs,
– process isolation properties of the microcode implementing a separation ker-

nel on the Rockwell AAMP7 processor, and
– properties of JVM bytecode and of the JVM itself, including ongoing work

on the bytecode verifier and class loader.

I will sketch how we got to this state of affairs and some of the key reasons
ACL2 has been adopted for these and other projects.

J. Davies et al. (Eds.): ICFEM 2004, LNCS 3308, p. 13, 2004.
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A CLP Approach to Modelling Systems
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We present a formal method for modelling the operational behavior of various
kinds of systems of concurrent processes. A first objective is that the method be
broadly applicable. A system can be described in terms of its processes written
in a traditional syntax-based manner, or in some non-traditional form such as
a timed automaton. The number of processes may be fixed, or parameterized,
or, because of dynamic process creation, unbounded. The communication and
synchronization between processes may be synchronous or not, and via shared
variables or some form of channels. We may have a traditional interleaving of
processes, or use a specific scheduling strategy. The observables modelled should
not be restricted to just the values of the program variables, but possibly other
attributes of the system such as its registers and cache, its clock and battery
values, etc. An example application area which touches upon these characteristics
is that of determining worst-case execution time.

We choose to model a generic system S in the form of a CLP program P . The
model-theoretic semantics of P shall characterize the “collecting” semantics of
S, that is, those states that are observable. The proof-theoretic semantics of P ,
on the other hand, further characterize the “trace” semantics of S. An advantage
of this CLP approach is that intricate details of the system can be captured in
a familiar logical framework.

We then present a specification language for an extensive class of system
behaviors. In addition to the traditional safety and liveness properties which
specify the universality or eventuality of certain predicates on states, we in-
troduce the notions of relative safety and relative progress. The former extends
traditional safety assertions to accommodate non-behavioral properties such as
symmetry, serializability and commutativity between processes. The latter pro-
vides for specifying progress properties. Our specification method is not just for
stating the property of interest, but also for the assertion of properties held at
various program points.

Finally, we present an inference method, based upon a notion of inductive
tabling, for proving an assertion A. This method can use assertions that have
already been proven, use the assertion A itself, in a manner prescribed by induc-
tion principles, and dynamically generate new assertions. All these properties are
shown to be useful in preventing redundant computations, which then can lead
to efficient proofs. Our proof method thus combines the search characteristic of
model-checking and abstract interpretation, and methods of inductive assertions.
We demonstrate a prototype implementation on some benchmark examples.

� Joint work with Andrew Santosa and Răzvan Voicu
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Multi-prover Verification of C Programs

Jean-Christophe Filliâtre and Claude Marché

�PCRI — LRI (CNRS UMR 8623) — INRIA Futurs — Université Paris 11,
Bât 490, Université Paris-sud, 91405 Orsay cedex, France

Abstract. Our goal is the verification of C programs at the source code level using
formal proof tools. Programs are specified using annotations such as pre- and post-
conditions and global invariants. An original approach is presented which allows
to formally prove that a function implementation satisfies its specification and is
free of null pointer dereferencing and out-of-bounds array access. The method
is not bound to a particular back-end theorem prover. A significant part of the
ANSI C language is supported, including pointer arithmetic and possible pointer
aliasing. We describe a prototype tool and give some experimental results.

Keywords: C programming language, Hoare logic, pointer programs, formal ver-
ification and proof.

1 Introduction

Using formal methods for verifying properties of programs at their source code level
has gained more interest with the increased use of embedded programs, which are short
programs where a high-level of confidence is required. Such embedded programs are
no more written in assembly language but in C (plane command control, cars, etc.) or
in JavaCard [21] (mobile phones, smart cards, etc.). This paper introduces a verification
method for ANSI C source code, following the same approach as the one we used for
Java [15, 16].A prototype tool has been implemented, called Caduceus, freely available
for experimentation [11]. This tool is currently under experimentation at Axalto (smart
cards) and Dassault Aviation (aeronautics).

In the following, we assume the reader fairly familiar withANSI C [13]. In our setting,
the properties that may be checked are of two kinds: first, the program may be checked to
be free of threats (null pointer dereferencing or out-of-bounds array access) and second,
it may be proved satisfying functional properties given as functions’s postconditions.
These kinds of properties are not independent since they both usually need insertion of
appropriate annotations (functions’s preconditions, global invariants, loop invariants,
etc.) as usual in a Hoare logic framework. In practice, these annotations are inserted in the
source code as comments of a specific shape /*@...*/. The specification language we
use in those comments is largely inspired by the Java Modeling Language (JML) [14].
It has however significant differences, mainly due to the fact that unlike JML we do not
seek runtime assertion checking.

� This research was partly supported by the “projet GECCOO de l’ACI Sécurité Informatique”,
CNRS & INRIA, http://gecco.lri.fr.
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Once a C program is annotated, verification is done by running Caduceus on the
sources in a way similar to a classical compiler but resulting in the generation of the
so-called verification conditions: these are first-order predicate logic formulas whose
validity implies the soundness of the program with respect to the absence of threat and
to the functional properties given as annotations.At this point, a general purpose theorem
prover must be used to establish those verification conditions. An original Caduceus
feature is its independence with respect to the prover. It currently supports the Coq
interactive proof assistant [7] and the Simplify automatic prover [1]. New provers may
easily be added provided a suitable pretty-printer; support for PVS [18] and haRVey [19]
are planned in a near future.

A significant part of ANSI C is supported. All control structures are supported ex-
cept goto. Pointer programs are supported, including pointer arithmetics and possible
pointer aliasing, using old ideas from Burstall [4] recently emphasized by Bornat [3] and
used for a case study by Mehta and Nipkow [17]. The main unsupported feature is the
cast of pointer (e.g. when pointers to void are used to write “polymorphic” functions).

In this paper we present both an overview of Caduceus from a user’s point of view
and the method used internally to generate the verification conditions. This method is
very similar to the one we used for Java programs and a significant amount of work is
shared: the generation of the conditions is indeed realized by a common intermediate
tool called Why [9, 10] whose input language—also annotated with Hoare-like pre-
and postconditions—is specifically designed for the purpose of verification conditions
generation. In other words, Caduceus is a compiler from annotated C programs to the
Why input language.

We seek for a method which guarantees soundness with the highest level of confi-
dence, even if it is not fully automatic. In other words, our approach differs from static
checking methods, which are always fully automated but may sometimes miss bugs.

This paper is organized as follows. Section 2 gives an overview of the use of Ca-
duceus with a presentation of the specification language, examples and experimental
results. In Section 3, we describe the internal approach used to perform verification,
including the modeling of heap memory, the translation to Why and discussion about
soundness. We conclude in Section 4 with a comparison to related works.

2 Overview of Caduceus and Its Specification Language

This section gives an overview of Caduceus from a user’s point of view based on small
examples. A comprehensive description of the annotation syntax can be found in the
Caduceus reference manual [11].

2.1 A Simple Character Queue

We start with a very simple C program implementing a character queue within a circular
array. The queue is a global structure q declared on Figure 1. The array q.contents
contains the queue elements stored from index q.first included to index q.last
excluded. q.length is the length of q.contents, that is the maximal capacity of
the queue. The boolean fields q.empty and q.full indicate whether the queue is
empty or full respectively.
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struct queue {
char *contents;
int length;
int first, last;
unsigned int empty, full :1;

} q;

Fig. 1. A character queue within a circular array

It is natural to associate an invariant to such a global declaration. It avoids repeating
the same properties in all functions’s specifications. For instance, we may declare that
q.contents points to a valid (i.e. allocated) array of at least q.length elements
and that q.first and q.last are valid indexes within this array. This is done using
the global declaration invariant as follows:

/*@ invariant q_invariant :
@ \valid_range(q.contents, 0, q.length-1) &&
@ 0 <= q.first < q.length &&
@ 0 <= q.last < q.length
@*/

Informally, such an invariant is added to the precondition of each function involving
q and to the postcondition of each function possibly modifying q. The precise meaning
of “involving” and “possibly modifying” is given below.

Annotations such as the above invariant are first-order logic predicates built from
atoms and connectives such as &&, ||, !, etc. Atoms are built from side-effects free
C expressions and predicate symbols. Here, \valid range is a predefined predicate
expressing that a given array range can be safely dereferenced.

A function specification is given right before the function definition and is composed
of three (optional) clauses: a precondition introduced by the keyword requires, a side-
effects clause introduced by the keyword assigns and a postcondition introduced by
the keyword ensures. For instance, here is a possible specification/definition of a
function push adding an element in q:

/*@ requires !q.full
@ assigns q.empty, q.full, q.last, q.contents[q.last]
@ ensures !q.empty && q.contents[\old(q.last)] == c
@*/

void push(char c) {
q.contents[q.last++] = c;
if (q.last == q.length) q.last = 0;
q.empty = 0;
q.full = (q.first == q.last);

}
The requires clause is a predicate that must hold whenever the function is called;

here it states that q must not be full.
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The assigns clause indicates the set of locations possibly modified by the func-
tion call. More precisely, it says that any memory location already allocated before the
function call and not mentioned in this set is left untouched by the function call.

The ensures clause is a predicate that must hold whenever the function returns.
Values of expressions or predicates in the prestate—the program point corresponding to
the function call—can be obtained using the \old() modifier. For instance we write
here \old(q.last) to denote the value of q.last when push was called.

When run on the above code, Caduceus produces several verification conditions
expressing that (1) the postcondition and the assigns clause of push are estab-
lished, (2) the invariant q invariant is preserved by push, and (3) the code of
push contains no null pointer dereference (which means here that the assignment of
q.contents[q.last++] is valid).

To establish the validity of these conditions, a theory (i.e. a set of axioms) is provided
(see Section 3.4). Using the Simplify decision procedure with this theory, the three
conditions for push are automatically discharged. With the Coq proof assistant, proofs
are easily handled (6 lines of tactics to write).

A function specification can also be attached to a function declaration, this function
being defined later or not. For instance we can declare a pop function together with its
specification:

/*@ requires !q.empty
@ assigns q.empty, q.full, q.first
@ ensures !q.full && \result == q.contents[\old(q.first)]
@*/

char pop();

Notice, in the postcondition, the use of \result to denote the returned value.
It is important to notice that our verification process is modular, in the sense that when

another function calls push or pop, only their specifications are seen. In other words the
implementation of push may be changed or the one of pop added without affecting the
remaining of the verification process. Notice also that the assigns clauses are essential
for modularity of the verification, not only because they specify what is modified, but
mainly because they specify that everything else is unmodified (see Section 3.4).

2.2 In-place List Reversal

We continue with a now classical example: in-place list reversal [3, 4, 17]. The code
is given Figure 2. It introduces a type list for linked list of integers and a function
reverse that reverses a list in-place.

To write a specification for reverse we first need to express that the list p0 is
finite. This cannot be expressed using a first-order predicate (assuming no primitive).
A solution could have been to allow the use of side-effect free functions from the code
itself, like in JML for instance. This would clearly make sense for runtime assertion
checking, but for formal verification we think it is better to clearly separate the code side
and the logic side. So instead, in our setting predicates and logical functions required
to write specifications must be defined on the logic side, that is in the language of the
backend theorem prover, and imported into the source code.
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typedef struct struct_list {
int hd;
struct struct_list *tl;

} *list;

list reverse(list p0) {
list r = p0, p = NULL;
while (r != NULL) {

list q = r;
r = r->tl; q->tl = p; p = q;

}
return p;

}

Fig. 2. In-place list reversal

For this example, we import a predicate is list, supposed to characterize finite
lists, with the following declaration:

/*@ predicate is_list(list l) reads l->tl */

The clause reads indicates the memory locations involved in the predicate defi-
nition. This is indeed mandatory for the predicate to be applied to the corresponding
variables on the logic side. On this example, the definition of is list obviously re-
quires the knowledge of the tl fields of lists cells.

We need additional predicates to give reverse a postcondition. Indeed we must
relate the returned list to the input list. Following [17] we introduce a predicate llist
relating a C list p (a pointer) to the list of all its elements:

/*@ predicate llist(list p, plist l) reads l->tl */

Here plist is an abstract type of pointer lists defined on the logic side. With the
additional declaration of a reverse function on type plist

/*@ logic plist rev(plist pl) */

it is then possible to write a specification for reverse:

/*@ requires is_list(p0)
@ ensures \forall plist l0;
@ \old(llist(p0, l0)) => llist(\result, rev(l0)) @*/

list reverse(list p0) { ...

It is important to note that the function symbol rev involved in the specification is
not at all related to the C function reverse being defined.

As usual with Hoare-like annotations, we need to annotate the loop to be able to
prove function reverse correct. We insert a loop invariant and a variant to ensure the
termination, respectively introduced by the keywords invariant and variant:

...
/*@ invariant

\exists plist lp; \exists plist lr;
llist(p, lp) && llist(r, lr) && disjoint(lp, lr) &&

\forall plist l;
\old(llist(p0, l)) => app(rev(lr), lp) == rev(l)
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@ variant length(r) for length_order */
while (r != NULL) { ...

The invariant involves new importations:

/* app(l1,l2) is the concatenation of l1 and l2 */
/*@ logic plist app(plist l1, plist l2) */
/* disjoint(l1,l2) is true whenever l1 and l2 have no

element in common */
/*@ predicate disjoint(plist l1, plist l2) */

and the variant also requires importations of length and length order (see [11]
for details).

With these annotations, Caduceus generates 7 verification conditions for the C
function reverse. The Simplify prover only established 4 of them automatically, which
is not surprising because indeed we did not provide a full theory for the new predicates
such as llist. On the other hand, we defined in Coq a model for these predicates using
the predefined Coq lists and all conditions have been proved correct. The proofs amount
to 70 lines of tactics. The model for linked lists (definition of llist, etc.) is around
180 lines long and is reusable for other programs involving linked lists.

We are currently experimenting Caduceus on the Schorr-Waite algorithm which is
considered as a benchmark for pointer programs verification [3, 17]. Compared to the
proof in Isabelle/HOL [17], we also check the absence of threats. Since annotations
from [17] fit in our specification language, we strongly believe that Isabelle/HOL proofs
will be adapted to Coq without difficulty.

3 The Verification Technique

Our approach is to translate annotated C programs into Why’s input language. The latter
does not provide any data structure, but only applicative types (primitive types such
as integers, booleans, etc. and abstract datatypes) and mutable variables containing ap-
plicative values. This means that Why has absolutely no knowledge of arrays, structures,
pointers and memory heap in general, hence our translation mechanism needs to intro-
duce definitions of abstract datatypes to model the memory state of a given C program.
Then the semantics of C statements must be translated into Why statements operating
on these abstract datatypes. In this section we proceed as follows: first we present Why’s
input language, then we describe our modeling of memory heaps, then we give the
translation rules from C statements to Why’s statements, then the background theory
and finally we discuss about the soundness of the approach.

3.1 The Why Tool

Unlike usual approaches in Hoare logic, Why’s core language is not Pascal-like but ML-
like: there is no difference between expressions and statements (the latter are simply
expressions of type unit, which is similar to void in C) and immutable variables are
introduced by let..in.. constructs. On top of this side-effect free core language,
modifiable variables are introduced using an explicit reference type ref as in SML or
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OCaml. A feature of great importance for us is that Why rejects any variable aliasing
(rejecting aliasing is required by Why to guarantee the soundness of verification condi-
tion generation), hence dealing with pointer programs requires an appropriate modeling
of memory. Finally, beside usual imperative control statements (sequence, conditional
and while loops) Why features exceptions with a try-catch mechanism. Exceptions
will be used to encode return, break and continue C statements.

Why programs can be annotated using pre- and postconditions, loop invariants and
intermediate assertions. Logical formulas are written in a (possibly polymorphic) typed
first-order logic with built-in equality, booleans, infinite precision integers and real num-
bers with usual operations. Why performs an effect analysis (see below) on modifiable
variables of programs, a classical weakest precondition computation [8] and generates
proof obligations for various provers.

Why has a modular approach. New logic functions or predicate symbols can be
introduced and freely used in the specification part. Sub-programs can also be introduced
abstractly, by the mean of a full specification: type of input variables and result, pre- and
postconditions, as well as its effects, that is the sets of global references possibly read
and/or written by the subprogram.

In order to translate an annotated C program into Why, one needs to proceed the
following way:

1. Find an appropriate modeling of C memory states using global Why variables which
will never be aliased;

2. Translate C constructs into Why statements, with assignments over the global vari-
ables introduced above;

3. Translate annotations into Why predicates over those variables.

Because C functions can be mutually recursive, we first give a specification for all
the functions as abstract Why subprograms with specifications. This abstract view is
used to interpret function calls and suffices to ensure partial correctness of programs.

Figure 3 shows the Why abstract declaration of the subprogram corresponding to
the push function of Section 2.1. It has one argument (the integer c) which is sup-
posed to satisfy the precondition (first formula between curly braces). There is no result
(output type is unit), it accesses nine global variables (listed after reads) and writes
four (listed after writes). The postcondition (second pair of curly braces) uses the no-
tation x@ to denote the value of variable x before the function application. The predi-
cates valid, valid_range and assigns, and function symbols acc, shift and
pointer_loc are easily understood as translation of specifications; they are formally
introduced in the next sections.

3.2 Modeling C Memory Heap

The C memory is represented by a finite set of Why variables, each containing an
applicative map. We adopt Burstall’s approach [4], recently emphasized by Bornat [3]
then Mehta and Nipkow [17]. The key idea is to have one Why variable for each structure
field. Indeed, two structure fields cannot be aliased (as soon as one conforms to ANSI
C). The very useful consequence is that whenever one structure field is updated, only
the corresponding Why variable is modified and we have for free that any other field is
left untouched. We extend this model to arrays and more generally to pointer arithmetic.



22 J.-C. Filliâtre and C. Marché

parameter push parameter : c : int →
{ acc(full, q) = 0 ∧ valid(alloc, q)∧

valid_range(alloc, acc(contents, q), 0, acc(length, q) − 1)∧
0 ≤ acc(first, q) < acc(length, q) ∧ 0 ≤ acc(last, q) < acc(length, q) }

unit reads alloc, contents, empty, first, full, intP, last, length, q
writes empty, full, intP, last
{ acc(empty, q) = 0 ∧ acc(intP, shift(acc(contents, q), acc(last@, q@))) = c∧

assigns(alloc@, last@, last, pointer_loc(q@))∧
assigns(alloc@, intP@, intP,

pointer_loc(shift(acc(contents@, q@), acc(last@, q@))))∧
assigns(alloc@, full@, full, pointer_loc(q@))∧
assigns(alloc@, empty@, empty, pointer_loc(q@))∧
valid_range(alloc, acc(contents, q), 0, acc(length, q) − 1)∧
0 ≤ acc(first, q) < acc(length, q) ∧ 0 ≤ acc(last, q) < acc(length, q) }

Fig. 3. Why interpretation of push

alloc f1 · · · fk intP intPP . . .

a1 n.a.
a2 5
a3 1
a4 n.a.
a5 3
...

...
...

...
...

...

Fig. 4. Modeling of C memory heap

The set of variables representing the C memory is displayed on Figure 4. All these
variables contain applicative maps indexed by addresses a1, a2, . . . belonging to some
abstract data type addr. The variable alloc on the left of the figure is the allocation
store which tells for each address whether it is allocated and, when so, the size of the
block it points to. All other variables map addresses to 1-dimensional arrays indexed
by integers. A type pointer is introduced to represent C pointers. A value of type
pointer is either the null pointer or a pair of an address and an integer index. For
instance, address a2 points to a block of length 5 according to alloc and thus the pointer
(a2, 3) refers to the fourth element of each array f1(a2), f2(a2), . . . The variable intP
is used for arrays of integers i.e. pointers to int, intPP for pointers to pointers to int,
etc. Similarly the variable pointerP is used for pointers to structures, pointerPP
for pointers to pointers to structures, etc.

On the Why side, each of those applicative maps is of type α memory, an abstract
polymorphic datatype equipped with the following side-effect free functions, to access
a cell and to update it, respectively.
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acc: α memory, pointer → α
upd: α memory, pointer, α → α memory

Depending on the memory used, α is either int, float or pointer. We also
introduce one Why variable for each C global variable or static local variable. Finally, C
local variables are represented using Why local variables since they cannot be aliased.

Effects Inference. Once we have determined the set of variables representing the mem-
ory state, a non-trivial step to be able to deal modularly with function calls is to statically
compute the effects of each statement and each function. An effect is a pair of sets of
Why variables respectively (possibly) accessed and modified. Such an effect appears on
Figure 3 (the reads and writes clauses).

Computing statements effects is straightforward: it is only a matter of traversing state-
ments and expressions recursively, collecting accessed and modified variables along and
assuming known effects for all functions. Computing functions effects is then obtained
by iterating effects inference on each function body until a fixpoint is reached, which is
guaranteed to happen since the set of variables is finite and effects can only grow during
this process.

3.3 Translating C Source Code

This section describes the translation from C source code to Why source code. The
translation is realized through four mutually recursive interpretations:

– [[e]]: the interpretation of a C expression e;
– [[e]]b: the interpretation of a C expression e as a Why boolean expression—though C

does not have booleans, the translation is more natural when a C expression e used
as a boolean is directly translated into a Why boolean;

– [[e]]l: the interpretation of a C left value e, i.e. an expression allowed on the left of
an assignment;

– [[s]]: the interpretation of a C statement s.

Left Values. The interpretation of a left value e is either a Why reference x or a pair
(m, p) of a memory m and a pointer expression p. This interpretation is defined as
follows:

– [[x]]l = x
– [[*e]]l = (m, [[e]]), where m depends on the type of e, e.g. intP for int*, intPP

for int**, etc.
– [[e->f ]]l = (f, [[e]])

Expressions. We only give the most significant constructs. Translation of memory ac-
cess and assignment is done via two abstract Why programs

parameter access : m : α memory ref→ p : pointer→
{valid(alloc, p)} α reads alloc, m {result = acc(m, p)}

parameter update : m : α memory ref→ p : pointer→ v : α→
{valid(alloc, p)} unit reads alloc, m writes m {m = upd(m@, p, v)}
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where valid(alloc, p) expresses that p can be safely dereferenced according to alloc.
The precise meaning of valid is given Section 3.4.

– [[x]] = !x
– [[*e]] = access m p, when [[*e]]l = (m, p)
– [[e->f ]] = access f [[e]]
– [[x = e2]] = x := [[e2]]; !x
– [[e1 = e2]] = let v1 = p1 in let v2 = [[e2]] in update m v1 v2; v2,

when [[e1]]l = (m, p1)
– [[e1 + e2]] = shift [[e1]] [[e2]], when e1 is a pointer
– [[e1 op e2]] = [[e1]] op [[e2]], with op ∈ {+, -, *, /, %, &, ˆ, |}
– [[e1 op e2]] = if [[e1 op e2]]b then 1 else 0,

with op ∈ {==, !=, >, >=, <, <=, &&, ||}
– [[f(e1, . . . , en)]] = f parameter([[e1]],. . . ,[[en]])

Boolean Expressions. The interpretation of a “boolean” expression is defined as fol-
lows:

– [[e1 op e2]]b = let v1 = [[e1]] in let v2 = [[e2]] in v1 op v2,

with op ∈ {==, !=, >, >=, <, <=}
– [[e1 && e2]]b = if [[e1]]b then [[e2]]b else false
– [[e1 || e2]]b = if [[e1]]b then true else [[e2]]b
– [[!e]]b = not [[e]]b
– [[e]]b = [[e]] <> 0, otherwise

Statements. The translation of a C statement is defined as follows:

– [[e]] = let = [[e]] in void
– [[e1; e2]] = [[e1]]; [[e2]]
– [[{ β1 x1= e1; . . . βn xn= en; s }]]

= let x1 = ref [[e1]] in . . . let xn = ref [[en]] in [[s]]
The translation above assumes that each variable xi has an initializer ei. If a

local variable has no initializer, it is indeed initialized using a call to an unspecified
function, thus simulating a random initialization.

– [[for(e1; e2; s3) s]] =

[[e1]];
try
while [[e2]] do try [[s; s3]] with Continue -> void end done

with Break -> void end

A similar translation is used for while and do loops.
– [[return e]]s = raise (Return [[e]])

Finally, a C function definition is interpreted as a Why function definition where the
exception Return is caught appropriately:

[[f(τ1 x1, . . . , τn xn) { s }]] =

let f (x1:[[τ1]]) . . . (xn:[[τn]]) = try [[s]] with Return v -> v end
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Addresses. In order to interpret the C prefix operator & which returns the address of a
left value, we first manage to have structures always referred to via pointers, artificially
inserting pointers if needed. Therefore the expression e.f is everywhere interpreted
as e->f . Then we introduce a new interpretation [[e]]a which stands for the memory
location denoted by e. It is defined as follows:

– [[x]]a = !x, when x is a pointer
– [[*e]]a = [[e]]
– [[e.f ]]a = [[e->f ]]a = [[e]], when field f is of numerical type
– [[e.f ]]a = [[e->f ]]a = access f [[e]], when field f is a pointer

This interpretation is the precise meaning of &, that is [[&e]] = [[e]]a.

3.4 Background Theory

To be able to prove the obligations generated from a given program, it remains to provide a
suitable theory, i.e. a set of axioms giving a meaning to all logical predicates and function
symbols introduced so far. We give here only the significant part of the theory.

Validity of Pointer Dereferencing. First, a theory is introduced in order to establish
obligations required by pointer dereferencing, i.e. the valid(alloc, p) precondition
to the Why functions access and update (Section 3.3). A pointer p is a pair of a
base address, base addr(p), and an offset inside the block, offset(p). Pointer
arithmetic is only a matter of changing offsets inside a given block. If i is an integer
then the pointer p+i has the same base address as p and offset offset(p)+i. This
situation is illustrated below:

p p+i=shift(p,i)
←−offset(p)−→ ↓ ↓

base addr(p)

←−−−−−−−block length(alloc,p)−−−−−−−→
A memory block is constituted of zero, one or several elements; the length of the

block p points at is block length(alloc,p), where alloc is the allocation store.
Consequently, valid is defined as

valid(a, p) ≡ p�= null ∧ 0 ≤ offset(p) < block length(a, p)

Additional predicates are introduced for convenience, to express that access to p+i
and to the whole range p[i...j] are valid:

valid index(a, p, i) ≡ p�= null ∧ 0 ≤ offset(p) + i < block length(a, p)

valid range(a, p, i, j) ≡ p�= null ∧ 0 ≤ offset(p) + i ∧ i ≤ j ∧
offset(p) + j < block length(a, p)

Note that two different blocks are truly separated i.e. there is no way to access and/or
modify any element of a block using a pointer related to another block. There is no way
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to express that two blocks allocated with two different calls to malloc are contiguous in
memory.As specified in theANSI C standard, pointer subtraction and pointer comparison
are restricted to pointers with a same base address. When it is so, pointer subtraction
(resp. comparison) corresponds to the subtraction (resp. comparison) of offsets.

Access and Update of Memories. The next set of axioms is related to the combination
of accesses and updates within memories.As expected, we have the following two axioms
defining the theory of arrays [12]:

axiom acc_upd : ∀m : α memory,∀p : pointer,∀a : α,
acc(upd(m, p, a), p) = a

axiom acc_upd_neq : ∀m : α memory,∀p1, p2 : pointer,∀a : α,
p1 �= p2 → acc(upd(m, p1, a), p2) = acc(m, p2)

These two axioms allow to handle pointer aliasing in a natural way: pointers are
aliased iff they are equal. In other words, the second axiom simply says that the memory
location acc(m, p2) is unchanged by a memory update at location p1 whenever p1 �= p2.

Dealing with Assigns Clauses. assigns clauses are essential for reasoning mod-
ularly when several functions are involved. They are modeled using a Why predicate
assigns. The postcondition of the translated function f_parameter of some C
function f has one assigns predicate for each of the Why variables it modifies, as
computed by the analysis of effects described in Section 3.2. The assigns clause is
automatically split into various assigns predicates for each modified variable. See
Figure 3 for example.

Formally, an assigns clause with location loc specifies that in the post-state of the
considered function, every memory location which is already allocated in the pre-state
and is not included in loc is unchanged. Thus assigns is defined as

assigns(a : alloc table, m1, m2 : α memory, loc : assign loc) :=
∀ p : pointer,
¬fresh(a, p) ∧ unchanged(p, loc)→ acc(m1, p) = acc(m2, p)

where assign loc is a type representing a set of modifiable locations. It remains to
give axioms for the unchanged function, depending on the form of the locations set
loc:

– The clause assigns \nothing specifies that nothing is modified. It is inter-
preted with a new constant nothing loc of type assign loc with the axiom:

∀p : pointer, unchanged(p, nothing loc)

– The clause assigns p->f specifies that the field f of p is modified. It is in-
terpreted with a new function pointer loc of type pointer→ assign loc
with the axiom:

∀p′, p : pointer, unchanged(p′, pointer loc(p))↔ p′ �= p
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– The clauses assigns t[i..j] and assigns t[*] are interpreted using func-
tions range loc and all loc with axioms

∀p : pointer, n : int, t : pointer, i : int, j : int,
unchanged(p, n, range loc(t, i, j))↔ p�= t ∨ n < i ∨ n > j

∀p : pointer n : int t : pointer,
unchanged(p, n, all loc(t))↔ p�= t

When a clause assigns l1,l2 specifies several (say two) locations l1 and l2, then
two cases may occur: either l1 and l2 refer to locations represented by different variables
and then a conjunction of two assigns assertions is built, or they refer to the same
variable and then the clause is interpreted using the function union loc satisfying

∀p : pointer, l1, l2 : assign loc,
unchanged(p, union loc(l1, l2))↔ unchanged(p, l1) ∧ unchanged(p, l2)

Finally if a variable is detected as written by the effects analysis but there is no
assigns location referring to it, we add an assertion assigns(. . . , nothing loc)
for it.

As a toy example, let us imagine a test function on our queue data structure, given
Figure 5. Proof of the postcondition needs the fact that q1 is not modified by the call to
pop(). This is ensured by the precondition q1 != &q that forbids aliasing of q1 and
q, and the assigns clause for pop. This is automatically proved by Simplify.

/*@ requires \valid(q1) && q1 != &q && !q.empty
@ ensures \result == \old(q1->empty) */

int test(struct queue *q1) {
pop();
return q1->empty;

}

Fig. 5. A toy example requiring the use of assigns clauses

3.5 Soundness of the Approach

A main goal of our work is to guarantee the soundness with the highest level of confi-
dence: contrary to some static checking methods, we ensure that if all proof obligations
for a given function are proved valid, then the function is a correct implementation of its
specification. However, this is only true for a restricted fragment of C. Indeed, possible
source of bugs that are not yet covered by our tool include:

– Non-terminating recursive functions;
– Initialization of global variables not satisfying invariants;
– Arithmetic overflow;
– Use of & operator on stack-allocated variables.

The soundness of our method relies on both Why’s own soundness and correctness
of the translation from C to Why. Why’s verification condition generator has been
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proved [9]. Moreover, each run of the Why tool produces a validation, which is an
automatically checkable certificate. On the other hand, soundness of the translation
from C is not formally proved, but we believe that it is clearly and simply enough stated
in this paper to be trusted.

Notice that there exist another possible source of error: the axioms added by the
user and the background theory may be inconsistent. To ensure consistency, it is always
possible to realize these axioms (in Coq for example).

4 Conclusion

We proposed a method for verifying C programs with pointers and a prototype imple-
mentation. Our approach is based on Burstall’s model for structures, which we extended
to arrays and pointers. We could successfully apply our tool to non-trivial case stud-
ies [17], moreover checking the absence of null pointer dereferencing. We took advan-
tage of the modular architecture of Why allowing verification condition generation for
various provers.

Similar verification tools for C program exist, such as Astrée [2], CAVEAT [5] and
SDV [6]. However, these tools are bounded to a specific prover, hence mostly do not
allow to conduct a formal proof within an interactive proof assistant. Furthermore, our
specification language has original features, such as assigns clauses, which allow
modular reasoning with pointer aliasing. Compared to separation logic [20] which seeks
the same goal, a clear advantage of our approach is that we still use a standard first-logic,
so we are able to use existing provers. On the other hand, our specification language is
probably not as powerful as separation logic.

In a near future, we plan to add support for bounded integer arithmetic and floating-
point arithmetic, to disallow possible overflow. This is not hard at all because it is only a
matter of interpreting arithmetic operators into new abstract Why functions with appro-
priate preconditions. Other plans include support for initialization code as mentioned in
previous section, C union construct, library functions such as malloc and strcpy,
which all require appropriate extensions to our specification language.

Other interesting issues include assistance to the construction of specifications. Suit-
able preconditions could be generated or at least suggested automatically, either by
analysis of counter-examples provided by automatic provers, or by exploitation of Why
weakest precondition calculus. There is also an interesting issue about the cooperation
of output provers: it would be nice if automatic provers could generate traces of their
proofs, which could be double-checked by a proof assistant: in this way, only proof
obligations that cannot be solved automatically would need to be proved manually. To
obtain such a trace, the use of the haRVey [19] tool is currently under investigation.

Current experiments with Caduceus on embedded programs for smart cards and
avionics show some scaling up issues in our approach. We are now investigating tech-
niques for integrating static analysis into the tool, both for solving those issues, and more
generally to assist the user in adding annotations in its code.

Acknowledgments. We thank June Andronick from Axalto, Dillon Pariente and
Emmanuel Ledinot from Dassault Aviation for their very useful feedback about the
specification language and the Caduceus prototype.
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Abstract. We present a “memory-model-sensitive” approach to validat-
ing correctness properties for multithreaded programs. Our key insight is
that by specifying both the inter-thread memory consistency model and
the intra-thread program semantics as constraints, a program verification
task can be reduced to an equivalent constraint solving problem, thus
allowing an exhaustive examination of all thread interleavings precisely
allowed by a given memory model. To demonstrate, this paper formalizes
race conditions according to the new Java memory model, for a simplified
but non-trivial source language. We then describe the implementation of
a memory-model-sensitive race detector using constraint logic program-
ming (CLP). In comparison with conventional program analysis, our ap-
proach does not offer the same kind of performance and scalability due
to the complexity involved in exact formal reasoning. However, we show
that a formal semantics can serve more than documentation purposes —
it can be applied as a sound basis for rigorous property checking, upon
which more scalable methods can be derived.

1 Introduction

Unlike a sequential program, which simply requires that each read observes the
latest write on the same variable according to program order, a multithreaded
program has to rely on a memory model (also known as thread semantics) to
define its legal outcomes in a shared memory environment.

The most commonly known memory model is sequential consistency (SC) [1].
As a natural extension of the sequential model, sequential consistency requires
that (i) operations of all threads can exhibit a total order, (ii) operations of each
individual thread appear in this total order following program order, and (iii) a
read observes the latest write on the same variable according to this total order.
Motivated by various optimization needs, many weaker shared memory systems
have also been developed (see [2] for a survey).

Java is the first widely deployed programming language that provides built-
in threading support at the language level. Unfortunately, developing a rigorous
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Thread 1 Thread 2
r1 = x; r2 = y;
if(r1 > 0) if(r2 > 0)

y = 1; x = 1;

Thread 1 Thread 2
r1 = x; r2 = y;
if(r1 > 0) if(r2 >= 0)

y = 1; x = 1;

(a) Program 1 (b) Program 2

Fig. 1. Initially, x = y = 0. Are these programs race-free?

and intuitive Java memory model (JMM) has turned out to be very difficult.
The existing JMM is flawed [3] due to the lack of rigor. It is currently under
an official revision process and a new JMM draft [4] is proposed for community
review.

Although multithreading provides a powerful programming paradigm for de-
veloping well structured and high performance software, it is also notoriously
hard to get right. For example, programmers are torn on the horns of a dilemma
regarding the use of synchronization: too much may impact performance and
risk deadlock, too little may lead to race conditions and application inconsis-
tency. Therefore, a formal analysis about thread behavior is often needed to
make a program more reliable. However, this can become a daunting task with
a traditional pencil-and-paper approach.

One common analysis is race detection. Consider program 1 in Figure 1, where
each thread issues a read and a conditional write. Does this program contain data
races? At the first glance, it may appear that the answer is “yes” since it seems
to fit the conventional intuition about a race condition — two operations from
different threads (e.g., r1 = x in thread 1 and x = 1 in thread 2) attempt to
access the same variable without explicit synchronization, and at least one of
them is a write. However, a more careful analysis reveals that the control flow
of the program, which must be consistent with the read values allowed by the
memory model, needs to be considered to determine whether certain operations
will ever happen. Therefore, before answering the question, one must clarify what
memory model is assumed. With sequentially consistent executions, for instance,
the branch conditions in program 1 will never be satisfied. Consequently, the
writes can never be executed and the code is race-free. Now consider program 2
in Figure 1, where the only difference is that the branch condition in Thread 2
is changed to r2 >= 0. Albeit subtle, this change would result in data races.

For multithreaded programs, data/control flow is interwoven with shared
memory consistency requirements. This makes it extremely hard and error-prone
to hand-prove thread behavior, even for small programs. From the above exam-
ple, several conclusions can be drawn.

1. The precise thread semantics, in addition to the intra-thread program se-
mantics, must be taken into account to enable a rigorous analysis of mul-
tithreaded software, because a property that is satisfied under one memory
model can be easily broken under another.
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2. Correctness properties such as race-freedom need to be formalized because
informal intuitions often lead to inaccurate results.

3. An automatic verification tool with exhaustive coverage is extremely valuable
for designers to test their detailed understanding.

Based on these observations, we develop a formal framework for reasoning
about multithreaded software. By capturing thread semantics and correctness
properties as constraints, we can pose a verification problem as a constraint sat-
isfaction problem or an equivalent boolean satisfiability problem, thus allowing
us to employ an existing constraint/SAT solver to automate the analysis. Using
a verification tool embodying these techniques, we can configure the underlying
memory model, select a program property of interest, take a test program as in-
put, and verify the result automatically under all executions. Previous program
analysis tools all rely on simplifying assumptions about the underlying execu-
tion platform and thereby introduce unsoundness. They tend to only concentrate
on efficiency or scalability. While these are highly worthy goals, there is also a
clear need for supporting exhaustive analysis. Our approach fills in this gap by
providing the thread semantics explicitly.

This paper offers the following contributions. (i) We describe how to specify
memory model rules while taking program value/control flow into account. As
a concrete example, we formalize sequential consistency for a source language
that supports the use of local variables, computations, control branches, and a
monitor-like mechanism for mutual exclusion. To the best of our knowledge, no
one has previously provided such a formal executable specification that combines
memory model semantics and program semantics in the same setting. (ii) We
show how to formulate program properties (or “programmer expectations”) as
constraints and automatically verify them using constraint solving. In particular,
we provide the executable definition of race conditions according to the new Java
memory model. (iii) We build a race detector using constraint logic programming
(CLP) and report the experiences gained during the implementation. Previous
tools aim at finding data races with minimal false alarms. A rigorous race de-
tector, on the other hand, serves a different (but also important) purpose. That
is, it allows a user to analyze a programming pattern under an exact memory
model to gain deep insight into the implications of the underlying model.

The rest of the paper proceeds as follows. In Section 2, we provide an overview
of our approach. Section 3 describes the source language used as the basis of our
presentation. Data race is formalized in Section 4. We discuss the implementation
of our prototype tool in Section 5. Related work is reviewed in Section 6. We
conclude and explore future work in Section 7. The detailed formal specification
is presented in the Appendix.

2 Framework Overview

Our approach is based on Nemos (Non-operational yet Executable Memory Or-
dering Specifications) [5] [6], our previously developed memory model specifica-
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Constraints or

SAT Solver

Constraint Solver

Unsat

Test Program

Program Properties

Program Semantics +
Memory Model Semantics 

Sat

Fig. 2. The processing flow of our approach

tion framework. Nemos defines a memory model in a declarative style using a
collection of ordering rules. The processing flow of our verification methodology
is shown in Figure 2, which comprises the following steps: (i) capturing the se-
mantics of the source language, including the thread semantics, as constraints,
(ii) formalizing program properties as additional constraints, (iii) applying these
constraints to a given test program and reducing the verification problem to a
constraint satisfaction problem, and (iv) employing a suitable tool to solve the
constraint problem automatically.

2.1 Specifying the Constraints

We use predicate logic to specify the ordering constraints imposed on a relation
order . To make our specifications compositional and executable, our notation dif-
fers from previous formalisms in two ways. First, we employ a modest extension
of predicate logic to higher order logic, i.e., order can be used as a parameter in
a constraint definition so that new refinements to the ordering requirement can
be conveniently added. This allows us to construct a complex model using sim-
pler components. Second, our specifications are fully explicit about all ordering
properties, including previously implicit requirements such as totality, transi-
tivity, and circuit-freedom. Without explicating such “hidden” requirements, a
specification is not complete for execution.

2.2 Solving the Constraints

The Algorithm: Given a test program P, we first derive its execution ops
(defined in Section 3.1) from the program text in a preprocessing phase. The
initial execution is symbolic, that is, ops may contain free variables, e.g., for
data values and ordering relations. Suppose ops has n operations, there are n2

ordering pairs among these operations. We construct a n × n adjacency matrix
M, where the element Mij indicates whether operations i and j should be
ordered. We then go through each requirement in the specification and impose
the corresponding propositional constraints with respect to the elements of M.
The goal is to find a binding of the free variables in ops such that it satisfies the
conjunction of all specification requirements or to conclude that no such binding
exists. This is automated using a constraint solver.
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3 The Source Language

This section develops the formal semantics of sequential consistency for a source
language that supports many common programming language constructs. The
choice of using sequential consistency as the basis of our formal development is
motivated by two major factors: (i) SC is often the implicitly assumed model
during software development, i.e., many algorithms and compilation techniques
are developed under the assumption of SC. Yet, an executable specification of
SC for non-trivial languages has been lacking. (ii) Many weak memory models,
including the new JMM draft, define pivotal properties such as race-freedom
using SC executions. In Section 4, we will need the formal definition of SC to
capture the notion of data races in the new JMM.

It should be emphasized that although this paper only formalizes SC, our
framework is generic and allows many other memory models to be plugged-in.
In our previous work, we have already applied Nemos to build a large collection
of memory model specifications, including the Intel Itanium memory model [6]
and a variety of classical memory models [5].

Our previous specification of sequential consistency in [5] only deals with
normal read and write operations. While it is sufficient for most processor level
memory systems, it is not enough for handling more realistic programs (e.g.,
those involving control branches), this paper extends the previous model by
supporting a language that allows the use of local variables, computation oper-
ations, control branches, and synchronization operations.

3.1 Terminology

Variables: Variables are categorized as global variables, local variables, control
variables, and synchronization variables. Control variables do not exist in the
original source program — they are introduced by our system as auxiliary vari-
ables for control operations. Synchronization variables correspond to the locks
employed for mutual exclusion.

Instruction: An instruction corresponds to a program statement from the pro-
gram text. The source language has a syntax similar to Java, with Lock and
Unlock inserted corresponding to the Java keyword synchronized. It supports
the following instruction types1:

Read: e.g., r1 = x
Write: e.g., x = 1 or x = r1
Computation: e.g., r1 = r2 + 1

Control: e.g., if(r1 > 0)
Lock: e.g., Lock l1
Unlock: e.g., Unlock l1

Execution: An execution consists of a set of symbolic operation instances gen-
erated by program instructions. We assume that the expression involved in a
computation or control operation only uses local variables.

1 Currently, we do not handle loops in a general manner — see Section 3.3.
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Operation Tuple: An operation i is represented by a tuple as follows:
〈t, pc, op, var, data, local, localData, cmpExpr, ctrExpr, lock, matchID, id〉, where

t i = t : thread ID
pc i = pc : program counter
op i = op : operation type
var i = var : global variable
data i = data : data value
local i = local : local variable
localData i = localData : data value for local variable
cmpExpr i = cmpExpr : computation expression
ctrExpr i = ctrExpr : path predicate
lock i = lock : lock
matchID i = matchID : ID of the matching lock
id i = id : global ID of the operation

For every global variable x, there is a default write operation for x, with the
default value of x and a special thread ID tinit.

3.2 Control Flow

In order to support memory-model-sensitive analysis, one key challenge is to
specify control flow in the context of nondeterministic thread interleavings. Our
insight is that path feasibility can be specified as another set of constraints
(encoded in symbolic path predicates) and must be enforced so that it is mutually
consistent with memory model constraints. We achieve this by (i) transforming
control related operations to auxiliary reads and writes using control variables
and (ii) imposing a set of consistency requirements on the “reads” and “writes”
of control variables similar to that of normal reads and writes. The detailed steps
are as follows:

– For each branch instruction i, say if(p), add a unique auxiliary control vari-
able c, and transform instruction i to an operation i′ with the format of
c = p. Operation i′ is said to be a control operation (op i′ = Control), and
can be regarded as an assignment to the control variable c.

– Every operation i has a ctrExpr field that stores its path predicate, which is
a boolean expression on a set of control variables dictating the condition for
i to be executed. An operation i can be regarded as a usage of the involved
control variables in the path predicate.

– An operation i is feasible if its ctrExpr field evaluates to True. We define a
predicate fb to check the feasibility of an operation.

– In the memory ordering rules, feasibility of the involved operations is checked
to make sure the consistency of control flow is satisfied.

By converting control blocks to assignments and usages of control variables,
we can specify consistency rules for control flow in a fashion similar to data flow.
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3.3 Loops

For the purpose of defining a memory model alone, our mechanism for han-
dling control operations is sufficient for handling loops. This is because the
task of a memory model specification can be regarded as answering the ques-
tion of whether a given execution is allowed by the memory model. For any
concrete execution, loops have already been resolved to a finite number of
iterations.

To enable a fully automatic and exhaustive program analysis involving loops,
however, one needs to develop another level of constraints in which the path
predicate of an operation can conditionally grow until all constraints are satisfied
(this is not currently supported by our specification). In practice, our experience
shows that unwrapping a loop into fixed iterations is still effective (although this
loses soundness) for property checking.

3.4 Formal Semantics

The detailed semantics of the source language is presented in Appendix A as a
collection of constraints. For example, predicate legalSC is the overall constraint
that defines the requirement of sequential consistency on an execution ops in
which the operations follow an ordering relation order .

legalSC ops order ≡
requireProgramOrder ops order ∧ requireReadValue ops order ∧
requireComputation ops order ∧ requireMutualExclusion ops order ∧
requireWeakTotalOrder ops order ∧ requireTransitiveOrder ops order ∧
requireAsymmetricOrder ops order

Program Order Rule (Appendix A.1): Constraint requireProgramOrder
formalizes program order via predicate orderedByProgram. In addition, the de-
fault writes are ordered before other operations.

Read Value Rules (Appendix A.2): Constraint requireReadValue enforces
the consistency of data flow across reads and writes. The assignments and us-
ages of local variables (data dependence) and control variables (control depen-
dence) follow the similar guideline to ensure consistent data transfer. Therefore,
requireReadValue is decomposed into three subrules for global reads, local
reads, and control reads, respectively.

Computation Rule (Appendix A.3): Constraint requireComputation en-
forces that for every operation involving computations (i.e., when the opera-
tion type is Computation or Control), the resultant data must be obtained by
properly evaluating the expression in the operation. For brevity, the Appendix
omits some details of the standard program semantics that are commonly well
understood. For example, we use a predicate eval to indicate that standard pro-
cess should be followed to evaluation an expression. Similarly, getLocals and
getCtrs are used to parse the cmpExpr and ctrExpr fields to obtain a set of
〈variable, data〉 entries involved in the expressions (these entries represent the
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local/control variables that the operation depends on and their associated data
values), which can be subsequently processed by getVar and getData.

Mutual Exclusion Rule (Appendix A.4): Rule requireMutualExclusion
enforces mutual exclusion for operations enclosed by matched Lock and Unlock
operations.

General Ordering Rules (Appendix A.5): These constraints require order
to be transitive, total, and asymmetric (circuit-free).

4 Executable Specification of Race Conditions

Our definition of a data race is according to [7], which has also been adopted by
the new JMM draft [4]. In these proposals, a happens-before order (based on Lam-
port’s happened-before order [8] for message passing systems) is used for formaliz-
ing concurrent memory accesses. Further, data-race-free programs (also referred
to as correctly synchronized programs) are defined as being
free of conflicting and concurrent accesses under all sequentially consistent
executions. The reason for using SC executions to define data races is to make
it easier for a programmer to determine whether a program is correctly
synchronized.

We define constraint detectDataRace to catch any potential data races. This
constraint attempts to find a total order scOrder and a happens-before order
hbOrder such that there exists a pair of conflicting operations which are not
ordered by hbOrder.

detectDataRace ops ≡ ∃ scOrder, hbOrder.

legalSC ops scOrder ∧ requireHbOrder ops hbOrder scOrder ∧
mapConstraints ops hbOrder scOrder ∧ existDataRace ops hbOrder

Happens-before order is defined in requireHbOrder. Intuitively, it states that
two operations are ordered by happens-before order if (i) they are program or-
dered, (ii) they are ordered by synchronization operations, or (iii) they are tran-
sitively ordered by a third operation.

requireHbOrder ops hbOrder scOrder ≡
requireProgramOrder ops hbOrder ∧
requireSyncOrder ops hbOrder scOrder ∧
requireTransitiveOrder ops hbOrder

Since sequential consistency requires a total order among all operations, the
happens-before edges induced by synchronization operations must follow this
total order. This is captured by requireSyncOrder. Similarly, mapConstraints
is used to make sure scOrder is consistent with hbOrder.



38 Y. Yang, G. Gopalakrishnan, and G. Lindstrom

requireSyncOrder ops hbOrder scOrder ≡ ∀ i j ∈ ops.
(fb i ∧ fb j ∧ isSync i ∧ isSync j ∧ scOrder i j) ⇒ hbOrder i j

mapConstraints ops hbOrder scOrder ≡ ∀ i j ∈ ops.

(fb i ∧ fb j ∧ hbOrder i j) ⇒ scOrder i j

With a precise definition of happens-before order, we can formalize a race
condition in constraint existDataRace. A race is caused by two feasible oper-
ation that are (i) conflicting, i.e., they access the same variable from different
threads (t i �= t j) and at least one of them is a write, and (ii) concurrent, i.e.,
they are not ordered by happens-before order.

existDataRace ops hbOrder ≡ ∃ i, j ∈ ops.

fb i ∧ fb j ∧ t i �= t j ∧ var i = var j ∧
(op i = Write ∧ op j = Write ∨ op i = Write ∧ op j = Read ∨
op i = Read ∧ op j = Write) ∧ ¬(hbOrder i j) ∧ ¬(hbOrder j i)

To support a full-featured Java race detector, this race definition needs to be
extended, e.g., by adding semantics for volatile variable operations. This should
be a relatively straightforward process.

5 Implementation of the Rigorous Race Detector

Constraint-based analyses can be quickly prototyped using a constraint
logic programming language such as FD-Prolog2. We have built a tool
named DefectFinder, written in SICStus Prolog [9], to test the proposed
techniques.

Two mechanisms from FD-Prolog can be applied for solving the constraints
in our specification. One applies backtracking search for all constraints expressed
by logical variables, and the other uses non-backtracking constraint solving tech-
niques such as arc consistency [10] for finite domain variables, which is poten-
tially more efficient and certainly more complete (especially under the presence
of negation) than with logical variables. In a sense, the built-in constraint solver
from Prolog provides an effective means for bounded software model checking
by explicitly exploring all program executions, but symbolically reasoning about
the constraints imposed on free variables.

Translating the constraints specified in the Appendix to Prolog rules is
straightforward. One caveat, however, is that most Prolog systems do not directly
support quantifiers. While existential quantification can be realized via Prolog’s
backtracking mechanism, we need to implement universal quantification by enu-
merating the related finite domain. For instance, requireWeakTotalOrder is
originally specified as follows:

2 FD-Prolog refers to Prolog with a finite domain (FD) constraint solver. For example,
SICStus Prolog and GNU Prolog have this feature.
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Tinit Thread 1 Thread 2

(1)wr(x,0); (3)rd(x,r1); (6)rd(y,r2);
(2)wr(y,0); (4)ctr(c1,[r1>0]); (7)ctr(c2,[r2>=0]);

(5)wr(y,1,[c1]); (8)wr(x,1,[c2]);

Fig. 3. The execution derived from program 2 in Figure 1

requireWeakTotalOrder ops order ≡ ∀ i, j ∈ ops.

(fb i ∧ fb j ∧ id i �= id j) ⇒ (order i j ∨ order j i)

In the Prolog code, predicate forEachElem is recursively defined to call the
corresponding elemProg for every element in the adjacency matrix Order (vari-
able names start with a capital letter in Prolog).

requireWeakTotalOrder(Ops,Order,FbList):-
forEachElem(Ops,Order,FbList,doWeakTotalOrder).

elemProg(doWeakTotalOrder,Ops,Order,FbList,I,J):-
const(feasible,Feasible), length(Ops,N),
matrix_elem(Order,N,I,J,Oij), matrix_elem(Order,N,J,I,Oji),
nth(I,FbList,Fi), nth(J,FbList,Fj),
(Fi #= Feasible #/\ Fj #= Feasible #/\ I #\= J) #=> (Oij #\/ Oji).

One technique shown by the above example is particularly worth noting: the
adjacency matrix Order and the feasibility list FbList are passed in as finite
domain variables. The domain of the elements in these lists (which is boolean
in this case) is previously set up in the top level predicate. Providing such do-
main information significantly reduces the solving time, hence is critical for the
performance of the tool.

The search order among the constraints may also impact performance. In
general, it is advantageous to let the solver satisfy the most restrictive goal first.
For example, read value rules should precede the general ordering rules.

Example. DefectFinder enables interactive and incremental analyses, meaning
it allows users to selectively enable or disable certain constraints to help them
understand the underlying model piece by piece.

To illustrate how the tool works, recall program 2 in Figure 1. Figure 3
displays the corresponding execution (ops) derived from the program text (it
only shows the operation fields relevant to this example). When checked for
race conditions, our tool would report that program 2 contains data races. The
conflicting operations (3 and 8 in this case) and an interleaving that leads to the
race conditions are also displayed. The corresponding adjacency matrix is shown
in Figure 4. On the other hand, if program 1 in Figure 1 is checked, DefectFinder
would report that it is race-free.

Performance Analysis: Rigorous semantic analysis such as race detection is
NP-hard in general [11]. Nonetheless, constraint-based methods have become
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1 2 3 4 5 6 7 8
1 0 1 1 1 1 1 1 1
2 0 0 1 1 1 1 1 1
3 0 0 0 1 1 0 0 0
4 0 0 0 0 1 0 0 0
5 0 0 0 0 0 0 0 0
6 0 0 1 1 1 0 1 1
7 0 0 1 1 1 0 0 1
8 0 0 1 1 1 0 0 0

Fig. 4. The adjacency matrix for the execution shown in Figure 3 under sequential
consistency. A matrix element Mij can have a value of 0 or 1, where 0 indicates i is
not ordered before j and 1 indicates i must precede j. A possible interleaving 1 2 6 7
8 3 4 5 is also automatically derived from this matrix

very successful in practice, thanks to the efficient solving techniques developed
in recent years. Using a Pentium 366 MHz PC with 128 MB of RAM running
Windows 2000, with SICStus Prolog run under compiled mode, the above two
analyses take 0.811 second and 6.810 seconds, respectively. As an orthogonal
effort, our recent work in [12] has dramatically improved the scalability of our
framework using an incremental SAT solver. Our prototype utility is available
for download at http://www.cs.utah.edu/~yyang/DefectFinder.zip.

6 Related Work

Constraint solving was historically applied to AI planning problems. In recent
years, it has started to show a lot of potential for program analysis as well, e.g.,
[13] [14] [15] [16]. To the best of our knowledge, our work is the first to apply
the constraint-based approach for capturing language-level memory models and
reasoning about correctness properties in multithreaded programs.

Extensive research has been done in model checking Java programs, e.g., [17]
[18] [19] [20]. These tools, however, do not specifically address memory model
issues. Therefore, they cannot precisely analyze fine-grained thread interleavings.
We can imagine our method being incorporated into these tools to make their
analyses more accurate.

There is a large body of work on race detection, which can be classified as
static or dynamic analysis. The latter can be further categorized as on-the-fly or
post-mortem, depending on how the execution information is collected. Netzer
and Miller [21] proposed a detection algorithm using the post-mortem method.
Adve and Hill proposed the data-race-free model [22] and developed a formal
definition of data races under weak memory models [7]. Lamport’s happened-
before relation has been applied in dynamic analysis tools, e.g., [23] [11] [24].
Several on-the-fly methods, e.g., [25] [26] [27], exploited information based on the
underlying cache coherence protocol. The drawback of these dynamic techniques
is that they can easily miss a data race, depending on how threads are scheduled.
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Unlike the dynamic approaches, we use a static method that examines a symbolic
execution to achieve an exhaustive coverage.

Some race detectors, e.g., [28] [29] [30], were designed specifically for the lock-
based synchronization model. Our approach is based on the definition given in
[7], which employs the happened-before relation, hence it is more generic and is
able to handle many different synchronization styles. Tools such as ESC/Java
[31] and Warlock [32] rely on user-supplied annotations to statically detect data
races. Type-based approaches, e.g., [33] [34] [35], have also been proposed for
object-oriented programs. While effective in practice, these tools do not address
the issue that we focus on in this paper, which is how to rigorously reason about
multithreaded programs running in a complex shared memory environment.

7 Conclusions

We have presented a novel approach that handles both program semantics and
memory model semantics in a declarative constraint-based framework. Our
framework is particularly useful in helping people understand the underlying
concurrency model and conduct verification for common programming patterns
that, albeit small, can be extremely difficult to analyze by hand. To summarize,
our system offers the following benefits:

– It is rigorous. Specifications developed in such a formal style can also be
sent to a theorem proving utility, such as the HOL theorem prover [36], for
proving generic properties.

– It is automatic. Our approach allows one to take advantage of the tremen-
dous advances in constraint/SAT solving techniques. The executable thread
semantics can also be treated as a “black box” whereby the users are not
necessarily required to understand all the details of the model to benefit
from the tool.

– It is generic. Since our method is not limited to a specific synchronization
mechanism, it can be applied to reason about various correctness properties
for different threading model, all using the same framework.

Future Work: Divide-and-conquer style verification methods may be helpful
to make our system more scalable. Techniques developed in other tools, such
as predicate abstraction, branch refinement, and assume-guarantee, can be inte-
grated into our system. Furthermore, the structural information of the domain-
specific constraints may be exploited for improving the solving algorithms.
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A Sequential Consistency

legalSC ops order ≡
requireProgramOrder ops order ∧ requireReadValue ops order ∧
requireComputation ops order ∧ requireMutualExclusion ops order ∧
requireWeakTotalOrder ops order ∧ requireTransitiveOrder ops order ∧
requireAsymmetricOrder ops order

A.1 Program Order Rule

requireProgramOrder ops order ≡ ∀ i, j ∈ ops.
(fb i ∧ fb j ∧ (orderedByProgram i j ∨ t i = tinit ∧ t j �= tinit)) ⇒ order i j
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A.2 Read Value Rules

requireReadValue ops order ≡
globalReadValue ops order ∧ localReadValue ops order ∧
controlReadValue ops order

globalReadValue ops order ≡ ∀ k ∈ ops.
(fb k ∧ isRead k) ⇒
(∃ i ∈ ops. fb i ∧ op i = Write ∧ var i = var k ∧
data i = data k ∧ ¬(order k i) ∧
(¬∃ j ∈ ops. fb j ∧ op j = Write ∧ var j = var k ∧ order i j ∧ order j k))

localReadValue ops order ≡ ∀ k ∈ ops. fb k ⇒
(∀ e ∈ (getLocals k).
(∃ i ∈ ops. (fb i ∧ isAssign i ∧ local i = getVar e ∧
data i = getData e ∧ orderedByProgram i k) ∧
(¬∃ j ∈ ops. (fb j ∧ isAssign j ∧ local j = getVar e ∧
orderedByProgram i j ∧ orderedByProgram j k))))

controlReadValue ops order ≡ ∀ k ∈ ops.
(∀ e ∈ (getCtrs k).
(∃ i ∈ ops. op i = Control ∧ var i = getVar e ∧
data i = getData e ∧ orderedByProgram i k))

A.3 Computation Rule

requireComputation ops order ≡ ∀ k ∈ ops.
((fb k ∧ op k = Computation) ⇒ (data k = eval (cmpExpr k))) ∧
((fb k ∧ op k = Control) ⇒ (data k = eval (ctrExpr k)))

A.4 Mutual Exclusion Rule

requireMutualExclusion ops order ≡ ∀ i, j ∈ ops.
(fb i ∧ fb j ∧ matchLock i j) ⇒
(¬∃ k ∈ ops. fb k ∧ isSync k ∧
lock k = lock i ∧ t k �= t i ∧ order i k ∧ order k j)

A.5 General Ordering Rules

requireWeakTotalOrder ops order ≡ ∀ i, j ∈ ops.
(fb i ∧ fb j ∧ id i �= id j) ⇒ (order i j ∨ order j i)

requireTransitiveOrder ops order ≡ ∀ i, j, k ∈ ops.
(fb i ∧ fb j ∧ fb k ∧ order i j ∧ order j k) ⇒ order i k

requireAsymmetricOrder ops order ≡ ∀ i, j ∈ ops.
(fb i ∧ fb j ∧ order i j) ⇒ ¬(order j i)
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A.6 Auxiliary Definitions

fb i ≡ (eval (ctrExpr i) = True)

orderedByProgram i j ≡ (t i = t j ∧ pc i < pc j)

isAssign i ≡ (op i = Computation ∨ op i = Read)

isSync i ≡ (op i = Lock ∨ op i = Unlock)

matchLock i j ≡ op i = Lock ∧ op j = Unlock ∧ matchID j = id i

Note: for brevity, the following predicates are not explicitly defined here since they are
commonly well understood.

eval exp: evaluate exp with standard program semantics;
getLocals k: parse k and get the set of local variables that k depends on,

with their associated data values;
getCtrs k: parse the path predicate of k and get the set of control variables

that k depends on, with their associated data values;
getVar e: get variable from a 〈variable, data〉 entry;
getData e: get data from a 〈variable, data〉 entry.
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Abstract. While providing better performance, transparency and ex-
pressiveness, the main features of the web technologies such as web
caching, session and cookies, dynamically generated web pages etc. may
also affect the correct understanding of the web applications running on
top of them. From the viewpoint of formal verification and specification-
based testing, this suggests that the formal models of the web applica-
tions we use for static analysis or test case generation should subsume
the abstract behavior of their supporting environment. Here we provide
the definition of such a model in terms of labelled transition systems
from a given abstract description of the navigations of a web application
by incorporating the abstract behavioral model of the web browsers in
the presence of session control and browser cache. The significance of
the work is twofold: on one hand, it provides a formal basis for better
understanding of the web systems; on the other hand, it lays the ground
work for both model checking and specification-based testing on the web
applications where we take into account the affect of the internal mecha-
nism to the correct web navigations, which can be quite sensitive to the
security of the information they carry.
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1 Introduction

With the advance of networking and web technology, more and more information
is being posted into and retrieved from the World Wide Web that the web
systems are becoming the primary device for information sharing and retrieval.
A web system can be as simple as a set of static web pages for information
presentation. It can also be as complicate as a world wide banking system that
handles all transaction requests from different machines in different countries in
multiple languages. The diversity and the intensive use of the web systems are
enabled by the advance of its emerging technologies such as web caching and
dynamic web pages.

In web caching, cacheable web pages are stored between a web client and a
web server, and they are sent directly to the clients on behalf of the web server
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whenever the same pages are requested again. The use of web caching mechanism
can reduce the workload of web servers, and when the proxies are placed close to
or right on the web browsers, it can also reduce network traffic. From the user’s
viewpoint, the effect is the shortening of the response time.

Dynamic web pages are generated on-the-fly by web servers according to the
requested URLs. With the introduction of dynamic web pages, the use of web
technology has moved from simple sets of hyperlinked web pages to complex web
applications. Dynamic web pages are often used together with session/cookie
techniques. A cookie is a small piece of data that is sent from a web server and
stored in the local storage of a web browser. When a web browser sends out a
web page request, a cookie may be included in the request message and arrives
at the web server’s hand. A web server can identify each browser by issuing
different cookies on the browsers who have visited it. The use of cookies gives
a web server the abilities to trace the status of its client browsers and maintain
the communication sessions with them.

While providing better performance, transparency and expressiveness, the
above features of the web technology have also raised some important issues
and posed additional difficulties on the validation of the correctness of the web
applications built upon it. In the presence of web browser cache, for example,
the users can interact not only with the web pages but also with the web browser
itself via the use of the special buttons such as back, forward, refresh or via URL
rewriting. Such actions of the users may affect the overall navigations of the web
pages, which can be quite sensitive to the security of the information they carry.
Thus, the behavior of the web browsers may have impact on the correctness of
the web applications: a web application providing all correct functionality by
itself may however malfunction when it is put into its supporting environment.
This leads us to the following two points:

1. Note that the behavior of the web browsers depends on how the web browser
is implemented and configured, whether the cookie is enabled, etc., and the
web developers have access to the configuration of the web browsers and
cookies. From the viewpoint of software design, the above concern suggests
that a web application should be carefully designed with correct configura-
tion of the web browsers and of some important properties of the web pages
such as secure page, cacheable page, etc.

2. From the viewpoint of validation/verification and specification-based testing,
the formal model for static analysis or test case generation should contain
enough details of the interactions between the users and the web system as
a whole. For example, the user’s possible interactions with the web browser
should also be modeled and reflected in the design specification.

There exists a gap between a design specification in item 1 and the one in
item 2: While it is reasonable to ask the web developers to provide the design
specifications that contain the correct configuration and page properties, it is
too demanding to ask them for the specification of the abstract behavior of the
web application that subsumes the behavior of the supporting web system. Here
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we define the latter from the former: we provide the formal definition in terms
of labelled transition system on the integrated model of the web application
incorporating the abstract behavior of the internal session control and caching
mechanism of web browser into the description of the web applications.

We assume the availability of the design specification of the web application
in terms of what we call page navigation diagrams. Such a diagram shows all
the desired or all the possible navigations among the web pages. We assume
that among the pages in the application, some are entry ones, in the sense that
their URLs do not contain any search parameters and users can access them
from any page by typing in the host name and the path name. The home page
of a web site is a typical entry page. For non-entry pages, their URLs in the
page request consist of some search parameters from the previous pages and we
assume that users are not able to type in the whole URL. In this setting, the
users have to follow the navigations given in the page navigation diagram to
access each non-entry page. We also assume that each page is associated with
some properties to define whether it is a secure page and whether it is cacheable.
A secure page should always be accessed with the authentication session open, in
the sense that the user has successfully signed-in and has not yet signed-out for
the secured pages in this application. A cacheable page can be stored in either
browser cache or proxy cache. Here we model the browser cache and our model is
abstracted from the implementations of existing commercial web browsers such
as Microsoft’s Internet Explorer, Netscape’s Navigator.

Based on the information on the page navigation diagram, we define the la-
belled transition system, which on one hand, provides a formal basis for better
understanding of the web system itself, and on the other hand, lays the ground
work for both model checking and specification-based testing on the web appli-
cations where we take into account the affect of the internal session control and
caching mechanism to the correct web page navigations.

In the following, we first give two motivating examples in Section 2 to illus-
trate the problem domain. Then we give a brief overview of the web systems in
Section 3 with the focus on the aspects we are interested in. In Section 4, we
explain the page navigation diagrams, and present the formal models of the web
applications. How such a model can be used for specification-based testing and
model checking is briefly discussed in Section 5. The related work is given in
Section 6 followed by some final remarks.

2 Motivating Examples

Now we give two motivating examples. The first example demonstrates the so-
called unauthorized access phenomenon (Figure 1(a)). Suppose the user is re-
quired to login to view certain secured pages. In page p1, the user enters the
user name and password, and clicks on the sign-in button. Upon this click, the
user name and password are sent to the web server for authentication. When the
authentication has passed, a secure page p2 is loaded into the browser. Suppose
in page p2, the user clicks on the sign-out button and insecure page p3 is shown.
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Page p1 Page p2

1.Submit

4.Back
User Name

Passworrd

Sign In

Page p3

2.Submit

3.Back

Sign Out

(a)

..........

..........
..........
..........

balance: ......

Page p1 Page p2

1.Submit

2.Back

Submit 3.Submit

(b)

Fig. 1. The unauthorized-access and re-submit phenomena

With the caching mechanism, the back button may be enabled, and thus
the user can actually click on it to view page p2 again, without re-entering the
user name and password. If this happens in an area where the machines can be
publicly accessed, e.g. public library, airport internet zone, it will raise the issue
that important information (such as visa card number) contained in a secure
page p2 may be viewed by wrong users.

This phenomenon can be avoided, for example, if page p2 is defined as un-
cacheable. In fact, the phenomenon does not appear in all applications: while
it appears in the current University of Windsor Web Mail System, it does not
show in the Microsoft’s Hotmail.

The second example demonstrates the so-called re-submit phenomenon (Fig-
ure 1(b)). Suppose in an on-line banking system, the user clicked the submit
button on page p1 to confirm a transaction and waiting for page p2 which some-
how cannot be shown. As the back button is available, the user clicks on it to
get back to page p1. If page p1 is a cached one, it will be identical to the pre-
vious one and thus the user cannot notice any change of the information on it.
In particular, suppose the account balance is there and remains unchanged, the
user will be confused whether the transaction is successful. Then the user may
click on the submit button again. While the user needs only one transaction, the
banking system will treat the two submit actions as different ones and processes
both of them.

This phenomenon will not exhibit itself if there is no caching system involved:
if the pages are not cached, the user will have to go through a sequence of given
links to reach page p1 again, just like the first time. Along the navigated pages,
the user will normally be able to observe the updated information, e.g. the
updated account balance, because the requests for the pages are always sent to
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the server side and re-generated. In the presence of caching, on the other hand,
when a user requests a previously visited page, the information on the page will
not be updated, and thus may cause confusion to the users.

The above examples suggest that our formal model used either for static anal-
ysis or dynamic testing should subsume the abstract behavior of the supporting
environment of web applications. In the following, we give a brief overview of
the web navigation and web caching, and present our abstract model of it.

3 Web Navigation and Web Caching

In this section, we give a brief overview of web browsers, dynamic web pages
and session control. They are the basis of our modeling.

3.1 Web Browser

A web browser is a client side application that works as user interface for a web
application. It provides a graphical interface to allow users to navigate web pages
by clicking hyperlinks, toolbar buttons, or typing URLs in its address textbox.
Here we give an abstract model of web browsers based on the interfaces of and
some existing documents [7, 12] on two major web browsers, Netscape Navigator
and Internet Explorer. Conceptually, a web browser consists of a browser mod-
ule, a network interface module, an HTML parser, a history stack and a local
cache (See Figure 2). The browser module is mainly responsible for present-
ing a web page, and processing user navigation events. The network interface
module maintains communications between the browser and all web servers. It
generates HTTP request messages and sends them to the designated web servers.

Browser Module

Object Model

HTML Parser

Network Interface

History stack

Local Cache

User Interface

HTTP 
Management

Cache 
Management

Web Server 1

InternetRequest Response

Web Server 2 Web Server N……

Fig. 2. Conceptual Architecture of Web Browser
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When response messages are received, the network interface module retrieves the
web pages embedded in response messages and performs operations on its local
cache according to the parameters associated with HTTP response messages.
The HTML parser parses HTML web pages, and constructs an object model for
each web page. The presentation of a web page and the user’s operations on it
all rely on this object model. The history stack and local cache are maintained
for reloading previously visited URLs and web pages: the former contains the
previously visited URLs and the latter contains the previously visited cacheable
pages. We give some more details on these two parts as our model is mainly
based on their behavior.

History Stack. The history stack, as called in [7], is a kind of stack with similar
operations as normal stacks. It maintains a stack pointer, a top pointer and a
bottom pointer. The stack pointer of the browser’s history stack always points
to the current page, and it can be moved up and down between the top pointer
and bottom pointer. The values of these variables determine whether a back or
forward button can be enabled: If the stack has more than one item and the
stack pointer does not point to the bottom item stored in the history stack, the
back button is enabled. Similarly, the forward button is enabled when the stack
has more than one item and the stack pointer does not point to the top item in
the history stack.

Local Cache. Web cache is a manageable storage place that stores previously
visited pages (For a detailed description on web caching, see [12]). If one of
these visited pages is requested again, the page can be retrieved from the web
cache instead of the web server. This can significantly reduce the serverload
and response time to users, and smooth the network traffic when the cache is
physically close to the users. There are two kinds of web caches, proxy cache
and browser’s local cache. Proxy cache is located between a web server and
web browsers in a network and it provides services for all browsers within a
local network. Browser cache provides the same functionality as a proxy cache
does but it resides in a computer that a browser executes, and it only provides
cacheable web pages for the specific browser running on the same computer.

The use of the browser’s local cache depends on both the cache settings inside
the browser and the HTTP cache controls associated with the received web page.

Cache Setting. A user can select a policy for the browser’s cache setting. In each
web browser of Microsoft’s Internet Explorer 6.0, there are four options to define
cacheable pages: every visit to the page, every time you start Internet Explorer,
automatically, and never. For example, automatically means all cacheable web
pages are valid: if a previously visited page is stored in the local cache and it is
fresh, there is no need to check if there is any change.

HTTP Cache Control. A cacheable web page is considered fresh if the original
page does not change in a certain time period and this time period is used to
control the freshness of a web page. When a browser receives a web page from
a web server, it must determine if it is cacheable and what its valid period
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is before saving the page into the local cache. The freshness of a web page is
determined by the expire time of the page. Expire time of a web page can be
set in the header part of the HTTP response message or in the web page itself
with META tag. A page can be set uncacheable by defining its expire time as the
same time it is created. Except for expire time, HTTP 1.1 introduced new cache
control elements to provide more options in the control of cacheable web pages
[8]: max-age, s-maxage, public, no-cache, must-revalidate, proxy-revalidate. Here
public indicates the response page is cacheable, while no-cache means the web
page received by a browser is not cacheable.

3.2 Web Server and Dynamic Web Page

When a request reaches a web server, the web server retrieves the URL from the
request message. This URL is used to identify a unique web page in a web server:
It contains the address of the web server and possibly with a searchpart that
consists of search parameters a client passes to the web server. These parameters
can be information needed to generate a new page, or can be information such
as transaction data that needs to be processed by an application server.

If the requested web page is a static HTML page stored in a directory of
the web server, the server reads the HTML file, encapsulates it in a response
message and sends the message back to the requesting web browser. If the web
server cannot locate a static web page in its local directory with the URL, it
passes the request URL to a dynamic web page generating module. Typically, a
dynamic web page generating module consists of a dispatcher and a set of page
generating procedures. The dispatcher receives the request URL and calls the
corresponding procedure to generate a web page. Each procedure contains a page
template that predefines the layout, format, and static content in the page. While
a procedure is called, a web page is assembled by adding dynamic content into
the template. The dynamic content used for dynamic web page generation may
depend on database servers or distributed objects that encapsulate the business
logics.

3.3 Sessions and Cookies

Most web applications need to maintain communication sessions with their client
browsers, and monitor each client’s individual status and activities. An online
banking system should maintain a communication session with a specific user
during the time the user has logged in (and not yet logged out). The account
information and transactions are restricted to this specific user, not others. Un-
fortunately, the communication protocol between web browser and web server
(HTTP) is stateless and it does not provide the functionality on session control.
The connection is only established during the time a browser sends out a request
and receives a response message.

In order to maintain a logical session between a web browser and a web server,
the identification as well as other kinds of information of a web client should be
included in each request/response communication cycle. The cookie technique
has emerged as such a solution to the user’s session control: After receiving a
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page request from the browser, the web server generates a cookie and sends this
cookie with the response message. The browser receives the response message
and stores the cookie in its local storage place. When the same browser sends a
page request to the server again, the cookie is sent within the request message.
If the cookie contains unique identification information, the web server will be
able to recognize the identity of the browser and trace the communication with
the client.

4 Operational Semantics

Based on the actual systems explained above, we now present our modeling
of the web applications. First, we explain the page navigation diagram that is
given as its design specification. Then we define the integrated model in terms
of labelled transition systems.

4.1 Page Navigation Diagram

As we explained before, a web application contains some procedures to generate
the web pages, each of which consists of a static page template and some code
to generate the dynamic content. The dynamic content can be dynamic links or
dynamic texts. For the moment, we do not model the dynamic links, and we
consider the dynamic texts as symbolic and finite output to be checked. Thus,
each page template can be used to generate a finite set of predefined pages. In
this way, we model the dynamic web pages in a web application as a finite set of
pages. We assume that each page has a unique page id in the design specification.

The navigation among the pages is determined by the requested URL which
consists of a hyperlink that the user has chosen, together with some possible
input. We also assume that such navigations are predefined in the design speci-
fication:

– We consider a closed system, in the sense that the hyperlinks all point to
the pages within the same web application. Thus, there is a given number
of hyperlinks. An open system can be similarly modeled by augmenting an
additional page to represent all the internet web pages beyond those in the
application under consideration.

– The same hyperlink with different inputs (such as correct password and
incorrect password) as search parameters may lead to different pages. We
consider the user’s input as abstract symbols that each of them, together
with a hyperlink, can uniquely determine the page to be generated. We use
a unique action to denote the pair of user’s hyperlink choice and input for
the navigation from one page to another.

There are pages that can be uniquely determined by their host name and
path name, without any search parameters. We call them entry pages and we
assume that the users can access entry pages directly by typing in the host and
path names, without going through the hyperlinks. Pages that require search
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parameters on the other hand can be accessed only via the given navigations.
The entry pages are identified in the design specifications.

For session control, we only model the sessions for the authentications, as we
are interested in the correct access of the web pages in terms of the verification
of the user’s identifications. We do not consider the relationship between the
cookie information and the dynamic content/link. We single out two special
actions SignIn and SignOut to model a popular way of authentication: The
former denotes the action that the user has entered the correct authentication
information and requested to enter a secure page. After this action, the session
will remain open for the consecutive accesses to secure pages until action SignOut
is performed. Corresponding to this, we assume that it is also given in the design
specification whether a page is secure or not. In addition, we assume that entry
pages are by nature not secure.

For the cache settings, we have assumed that the given setting is automatically
(see Section 3.1), which is widely used and which is the most complicated setting
to model. According to this setting, a web page is considered as cacheable if the
cacheable setting is included in the header part of the HTTP message containing
the web page. For HTTP cache control, we do not model the expire time for
cacheable pages: if a page is cacheable, the page is always fresh. Under these
assumptions, we can consider that each page is associated with an attribute for
cacheability.

With the above discussion, we assume that we are given a design specification
(P,EP,SP,CP, A,⇒) for a web application, where P , EP, SP, CP are the finite
sets of ids of the pages, entry pages, secure pages and cacheable pages respec-
tively. Obviously, EP, SP, CP ⊆ P , EP ∩ SP = ∅. A is the finite set of symbols
for the user’s actions including special ones SignIn and SignOut. ⇒∈ P × A × P
denotes the navigation relation between the pages.

4.2 The Integrated Model

Now, given a page navigation diagram (P,EP,SP,CP, A,⇒), we define the op-
erational semantics of the abstract behavior of the integrated web application in
terms of labelled transition systems. We model the user’s interactions with web
browsers, the history stack and its impact on the navigation, the local cache and
its influence on the freshness of the web pages, and the authentication sessions.

Basically, a labelled transition system is a quadruple (State,Label,→,s0) where
(i) State is the set of possible states of the program computation; (ii) La-
bel is a set of labels showing the information about the state changes; (iii)
→⊆ State × Label × State is a transition relation that describes the system
evolution. (s, l, s′) ∈→ (also written as s

l−→ s′) expresses that the system may
evolve from state s to state s′ with the information of the state change described
in l. (iv) s0 ∈ State is the initial state.

A state contains all the information we are interested in for the computation
of the navigations. In our current work, it consists of
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– a page id to denote the current page we are in. Apart from the pages in P ,
we use an additional error page err. We will reach page err, for example,
when attempting to access a secure page without an open session.

– a history stack variable for the current status of the URLs contained in the
history stack. As in our case there is a one-to-one relationship between a
URL and a page id, the history stack is a stack of page ids. Let p be a page
id, hs be a stack variable, we will use push(hs,p) to denote the history stack
obtained from hs by pushing p onto the top of the stack, and move the related
stack pointer and top pointer correspondingly. We will use moveBack(hs) and
moveForward(hs) to denote the history stack obtained from hs by moving the
stack pointer backward or forward one step respectively. We use previous(hs)
to denote the previous page id of the one pointed by the stack pointer.

– a variable of a set of page ids to denote the current status of the locally cached
pages. Let lc be a local cache variable. We will use add(lc,p) to denote the
local cache obtained from lc by adding page id p to the set. We will use
inCache(lc,p) to denote the truth whether page p is contained in the local
cache lc.

– a boolean variable to denote whether the authentication session is currently
open.

The set of labels in the labelled transition system contains and only contains
the information that we need to verify the correct navigations. Here we consider
the set of labels as

L = {(l, f) | l ∈ A ∪ {back, forward, entry, err}, f = fresh or cache}
For the interface offered by the web browsers, we model the user’s operations

as pressing the back button, pressing the forward button and typing the URLs
(without the search parameters). entry denotes that the user types in the URL.
These actions are in addition to the user’s interaction with the web application
itself as given in A. We also have a special action err to denote that the navigation
is directed to a special error page err.

As the erroneous navigations are very often due to the incorrect use of the
cached versions of the pages, we use fresh or cache on the labels to denote whether
the accessed page is from the origin server or from the local cache.

Now given a page navigation diagram (P,EP,SP,CP, A,⇒), let HS(P) de-
note the set of history stacks of P . Then the labelled transition system is a
quadruple 〈S, L,→, s0〉, where

– S ⊆ (P ∪ {err}) × HS(P ∪ {err}) × 2P × Boolean;
– s0 ∈ S is the initial state;
– L ⊆ (A ∪ {back, forward, entry, err}) × {fresh, cache}

The transition relation → is defined as the least relation satisfying 20 struc-

tural rules. All the structural rules have schema:
antecedent

consequent
which is inter-

preted logically as: ∀(antecedent −→ consequent), where ∀(. . .) stands for
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the universal closure of all free variables occurring in (. . .). Observe that, typi-
cally, antecedent and consequent share free variables. When antecedent
is missing, it is interpreted as true.

Due to the lack of the space, we only show some examples of the structural
rules. In the following, p, q ∈ P are page ids, hs ∈ HS(P) denotes the history
stack, lc ∈ 2P denotes the local cache, and guard denotes the session status.
Suppose we are currently in page p with the history stack hs, local cache lc, and
guard guard.

Rule 2.1
(p,SignIn, q) ∈⇒ ∧inCache(lc, q) = true

〈p, hs, lc, guard〉 (SignIn,cache)−−−−−−−−−−→〈q, push(hs, q), lc, true〉

Rule 2.1 shows an example of the structural rules for the transition relation
corresponding to the user’s sign-in action. If the user can sign-in from page p
into page q, then we can derive the transition from the current state to the one
with page q where q is put into the history stack. In the ending state, the guard
guard is set true to indicate that the session for authentication is now open. The
label on the transition shows that this is a sign-in action.

Rule 4.2

previous(hs) = q ∧ q �∈CP ∧
((q �∈SP) ∨ (q ∈ SP ∧ guard = true))

〈p, hs, lc, guard〉 (back,fresh)−−−−−−−−−→〈q,moveBack(hs), lc, guard〉

Rule 4.2 shows an example corresponding to the user’s action of pressing back
button in the web browser. Suppose page q is on the top of the history stack
(previous(hs)=q). If q is uncacheable, we use the URL contained in the history
stack to retrieve the page from the origin server. Thus, page q is fresh. We can
derive the corresponding transition from the state of p to the state of q under
the condition that q is not a secure page (q �∈SP) or it is a secure page but the
session is currently open (guard=true).

Given an initial state, the structural rules allow us to associate to it a labelled
transition system whose states are those reachable from the initial state, via the
transitions inferred by using these rules. Such a labelled transition system is
finite as the page navigation diagram is finite and the history stack and browser
cache are all of limited capacity.

The obtained labelled transition system is deterministic. This is based on the
following two facts:

– the given page navigation diagram is deterministic in the sense that from
each page, the input link uniquely determines the next page.

– for each state and each given action, there is exactly one rule to apply to
derive the next state.
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Since there is no nondeterminism involved, we can apply trace equivalence
on the derived model for reduction.

5 Testing and Verification

Labelled transition systems are well defined models to describe the system’s
behavior at various levels of abstraction. It can be used for both specification-
based testing and model checking.

In terms of testing, adopting labelled transition systems to conduct
specification-based testing has been extensively studied in the past decade. For
example, a test derivation algorithm is given [18] for conformance testing on
labelled transition systems. How to use labelled transition system to express the
possible internal choices of a program for reproducible testing is discussed in [3].
For an annotated bibliography on transition systems testing, see [2].

In terms of model checking and equivalence checking, many tools are based on
the theory of labelled transition systems. Of course, to actually apply a particular
verification tool will require that the model be specified according to a particular
specification language such as CSP, Promela that can be recognized by the tool,
and this is beyond the scope of the present work.

Now we revisit the previous two examples to illustrate how to express the
desired properties in terms of temporal logics. Again, we do not follow the syntax
of a particular temporal logic language as it depends on the tool selected.

For the unauthorized access problem, a requirement can be expressed as:
Any secure page (either cached or fresh) should be accessed when the session is
open. Of course, if a secure page is freshly retrieved, the session must be open,
so this property essentially says that Any cached secure page should be accessed
when the session is open. Since the status of the session guard depends only on
the SignIn and SignOut actions, this is equivalent to saying that access to any
cached secure page (with label (a,cache)) should always be preceded by a SignIn
action (with label (SignIn,*)) without a SignOut action (with label (SignOut,*))
in between, where a links to a secure page and * denotes either cache or fresh.

For the re-submit phenomenon, let a1 be the action for the form submission.
We may require that after each submission, the user should visit a certain fresh
page q before revisiting the page for the form submission, where q contains some
information to convince the user of the submission status. Let a2 be the action
to link to page q. This property can be expressed as after each (a1,*), there must
be a (a2,*) before the next (a1,*).

6 Related Work

In general, the design of web applications can follow the style of UML diagrams.
Typically, the behavior of a web application can be described in finite state
machines or statechart diagrams [5]. The use of finite state machines in describing
the user’s graphical interface is illustrated in [4] with a tool support to ease the
editing of the specification.
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In terms of testing, various issues in testing web sites or web applications have
been addressed in the literature (See e.g. [9, 14, 15, 1, 19, 10, 11]). For example,
Ricca and Tonella [14, 15] proposed a white-box testing strategy on web site
analysis through web browser. A tool called ReWeb is developed to gather all
web pages and their relations within a web site from source code, and a UML-
based model for the web site is constructed. Using the derived UML models,
a testing tool called TestWeb is developed to test the web application. Most
of the previous work on testing web sites or web applications only considered
the navigation behavior when a user clicks the links on the web pages, without
considering the interface that the browser provides to the users.

As the web browser provides the interface to the web applications, the op-
erations on a browser itself can change the navigation behavior while a user
browses a web application. Correspondingly, the testing of a web application
should consider the browser’s influence on the navigation behavior of the web
application. In this regard, the effect of user’s actions of pressing back/forward
buttons has been taken into account in generating test cases for bypass test-
ing [13] by systematically altering the given transitions. In [19], Offutt et al.
introduced a modeling and testing methodology where the user’s capability of
pressing the back/forward/refresh buttons or directly modifying the URLs are
modeled as operational transitions. Lucca and Penta [11] proposed a baseline
testing strategy which creates a testing model by adding browser’s behavior to
a series of pages with inter-related hyperlinks: For each navigation path called
baseline, the testing model is a navigation tree generated by adding the user’s
actions on clicking back and forward. In their work, dynamic pages and session
control are not modeled, and the proposed test case generation only applies to
baselines: the browser’s behavior is added to each path instead of the complete
navigation model.

In terms of model checking, how to use existing model checker SMV in web
applications is discussed in [16]. In [17], it has been proposed to use existing
model checking technique where Petri Nets are used to describe the structure of
the links in a hypertext and a variant of CTL∗ is defined to describe the sequence
of transitions between states. A model checker specially designed for web sites has
been proposed in [6]. A common view we share is to use the state transformation
to denote the page navigations: the states are pages and transitions between
states are hyperlinks between the pages. While these approaches considered the
verification of the correctness in the web applications themselves, our focus has
been put in the modeling of some important aspects of the web systems.

7 Final Remarks

To adopt formal methods into a specific application domain, one needs to have
not only a deep understanding of the domain itself, but also a careful analysis
on the specific problems and a proper selection of the aspects to be modeled.
Due to the state space problem in model checking, this is important in ren-
dering the models reasonable enough for analysis: the model has to be suitable
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by abstracting away as much un-related details as possible. Much of our effort
has been put to reach this. A web application is executed in an environment
with integrated technologies in all different aspects: web browser, web server,
distributed objects, middleware and databases, etc. We have considered here
only its navigation behavior influenced by the session control and the browser
caching mechanism. This is based on the problems on the correct navigations
that we are interested in.

Of course, our model can be modified upon needs or extended to cover more
features. For example,

– Our web caching model is based on a certain setting of the browser cache,
and it only serves as an example of the formal models of the web caching.
As we mentioned, the modeling of this setting is both the most difficult and
the most significant one. It does not take much effort to tailor it into other
settings.

– The information carried on the labels in the labelled transition system can
be defined in different ways, according to the properties to be checked. For
example, we may use a single action to represent all actions we are not
interested in.

– We did not consider the dynamic links in the assumed page navigation di-
agram, and for the functionality provided by session/cookie techniques, we
have chosen only the session control.

The extension of the present work to cover other features of dynamically
generated pages are in progress. For the purpose of empirical studies, we are
also interested in applying a particular model checking tool with the input model
automatically generated.
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Abstract. SVM (System Verification Manager) manages the applica-
tion of verification methods for model-based development of embedded
systems by providing integrated representations of requirements, system
architecture, models and verification methods. Developed in Java within
MATLAB�, SVM supports all types of tools for modelling and verifica-
tion through an extensible framework of data and coding structures. This
paper presents the main features of SVM and illustrates its application
to embedded control and signal processing systems.

1 Introduction

SVM (System Verification Manager) supports model-based design of embed-
ded system software by providing an integrated environment for specifying and
managing the relationships between system requirements, system architectures,
system models, verification methods, and results of verification activities. Im-
plemented in Java within the MATLAB� environment, SVM is an extensible
environment designed to support the use of multiple modelling, simulation, and
verification tools. SVM objects encapsulate the information required for man-
aging the development process with pointers to the actual models and tools
used to carry out the design. Thus, SVM facilitates model-based development
without imposing constraints on the models or methods used for design and
implementation.

SVM provides multiple views that allow the system design process to evolve
along several dimensions without advocating or enforcing a particular design
process or methodology. Requirements, for example, can be entered, imported,
updated, and elaborated as the system develops. New models and verification
methods can be introduced whenever they are needed. Different representations
(called variants) of components in the system architecture can be defined and
invoked as the design moves from algorithm development to executable code
for the target processor. SVM provides several features for model-based devel-
opment that have not been integrated previously into a single tool, including:
requirements traceability, system architecture, model management, verification
activities, and results management.

J. Davies et al. (Eds.): ICFEM 2004, LNCS 3308, pp. 61–75, 2004.
c© Springer-Verlag Berlin Heidelberg 2004



62 B. Aldrich et al.

Section 2 describes the main features of SVM. These features are then illus-
trated for an embedded controller in an automotive engine application (Sect. 3)
and a signal processing application (Sect. 4). Section 5 summarizes the contri-
butions of this work and plans for future development.

2 Overview of SVM

SVM does not prescribe a particular development approach. Instead, it supports
a range of development processes. On one hand it supports the development of a
system from requirements into a system architecture that gets realized through
a series of models, and the specification of verification conditions that must
be met in order to consider given requirements to be satisfied. On the other
hand SVM supports the management of an existing set of models for a system
by organizing them into a common system architecture, by keeping a record
of the verification activities that are routinely performed on models through
model analysis, simulation runs, and model execution, and by automating the
bookkeeping of the verification results.

This section describes SVM features for defining verification activities and for
managing their execution and results. Section 2.1 describes the representation
of SVM requirements and how requirements are entered and associated with
models and verification activities. Section 2.2 describes how models are repre-
sented in SVM and the relationships between SVM model objects and the actual
models in the “native” tool environments. It also describes the representation
of the system architecture and the concept of model variants whereby multiple
models can be associated with components of the system architecture to reflect
the evolution of the system development process, and how consistency between
models and the architecture is checked and maintained. Section 2.3 presents the
concepts of verification methods and verification activities, and describes how
they are defined in SVM to be associated with particular models and require-
ments. Section 2.4 describes how SVM provides access to verification results and
propagates the status of results through the requirements hierarchy.

2.1 Requirements Traceability

SVM supports requirements-driven verification. All verification activities are as-
sociated with and initiated from a specific requirement in a requirement tree that
is displayed and managed through an interactive window. The requirements view,
shown in Fig. 1, includes the name and description of the requirement, along with
the status of its verification.

Requirements are entered, viewed and managed in a hierarchical tree struc-
ture. This allows the cascading of requirements into multiple sub-requirements,
which in turn can be further partitioned into manageable sub-sub-requirement
entities. A typical safety critical design process involves successive cycles of refin-
ing requirements from one level of abstraction into more detailed requirements
at a lower level of abstraction. These processes are naturally represented with
a requirements hierarchy. [6]. Such a requirement tree can be entered manually
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Fig. 1. SVM requirements view for an embedded control application (see Sect. 3)

or imported from an existing requirements document. Currently, the set of re-
quirements (and all associated sub-requirements) beneath a given node in the
requirement tree in a project can be imported from (and exported to) a spread-
sheet in Excel format. A requirement is verified either by executing any directly
associated verification activities and/or by verifying any sub-requirements. The
verification activity for a requirement is chosen from the list of registered ver-
ification methods and is instantiated with specific values for its inputs. This
operation creates an association between the requirement and its verification ac-
tivities. Typically, to verify a requirement, a test is executed on the work product
and the results of the test are analyzed to infer if the verification criteria have
been satisfied. SVM allows the user to import the work product as a system
model (or as an element within the system model) and then allows the user to
pick this system model during verification activity definition. SVM stores and
keeps track of such relationships to advise the user to re-verify requirements
when work products are changed.

As is frequently practiced, the partitioning (or cascading) of requirements
into sub-requirements generally follows the partitioning of the system into sub-
systems and components. SVM allows users to associate requirements and sub-
requirements with nodes in the system architecture. This relationship can be
used to guide the user in the system development and verification process. After
the verification activities are defined, the user can invoke verification at any re-
quirement node from the context menu in the requirements view. When the user
requests verification on a particular requirement in SVM, the tool tries to verify
all the sub-requirements (including all nested levels) and then infers that the re-
quirement has passed verification only if all of its sub-requirements have passed.
The verification status is tracked and displayed in the requirements view and
this status can be one of the following - passed, failed, in progress, TBD (To Be
Decided) or inspect. The inspect status flags verification activities whose results
must be manually inspected to determine if they passed. This status can also
be used when the verification activity aborts due to an error in the verification
script.
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SVM maintains associations between different objects, such as requirements,
verification activities, system models and system architecture. These associa-
tions are visually indicated with window synchronization and propagate changes
to requirements that need re-verification. When the SVM windows (views) are
synchronized and a node (or object) is selected in one of the views, the asso-
ciated entities in other windows get highlighted. Change propagation enables
SVM to advise the user to re-verify a requirement whenever it or one of its
verification activities is updated or added or sub-requirement is added. In such
instances, the status on the affected requirement and all of its ancestors are re-
set to TBD. Similarly, if the models in their native tool domains are changed,
SVM associates these changes to affected system models and ultimately to the
requirements which use these models for verification. Since models are usually
assembled using reusable library components, this provides a powerful mecha-
nism to trace the impact of changes at a component level (model) to verification
of requirements at the system level.

2.2 Model Management

Embedded systems are typically designed to reflect a system architecture that
identifies the functional components in the system. The architecture becomes the
reference for identifying the roles of various models developed during the design
process. Similarly, system requirements, both functional and para-functional,
such as response time, latency, and tolerance of incomplete and inaccurate data
streams, are typically expressed in terms of the system and its subsystems.

During the development additional claims and observations of functional and
para-functional system properties may be made. This makes the architecture also
a reference point for the requirements and claims hierarchy as discussed in Sect.
2.1. Finally, requirements and claims are validated through verification activities
that are associated with requirements and claims (see section 4). Those verifi-
cation activities are applied to models that represent the system or subsystem,
whose requirement is to be validated. Thus, the system architecture provides
a bridge between the verification of requirements and the models used in the
verification - as shown in Fig. 2.

SVM provides two views of the system architecture, a tree view, and a block
diagram view, both shown in Fig. 3. The tree view reflects the compositional
hierarchy of the system. The graphical view reflects the interactions between
system components, typically represented by ports and connections.

We have enhanced the basic system architecture description with semantic
information about the application domain in order to support consistency anal-
ysis of system properties that otherwise are undocumented and result in hidden
side effects. Examples of common problems are mistaking wheel speed for car
speed, using meters instead of feet, or using an absolute coordinate system in-
stead of a relative one. Figure 4 illustrates how SVM identifies these mismatches
in the system architecture. Semantic information can also include bounds on
values and rates of changes such as a constraint on a stream of setpoints, whose
change in successive data values is expected to stay within bounds acceptable
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Fig. 2. SVM system architecture as reference point

Fig. 3. Tree and block diagram view of the system architecture

to the receiving controller. System architectures decorated with such additional
information can be checked for semantic consistency early in the development
life cycle.

Such a model-based approach to architecture modelling and analysis is pro-
moted by the Model-Driven Architecture initiative of the Object Management
Group (OMG) [1] and is incorporated in the Society of Automotive Engineers
(SAE) Architecture Analysis & Design Language (AADL) standard for embed-
ded real-time systems currently in ballot [3]. This standard is targeted for the
avionics, aerospace, and automotive industries. SVM maintains an abstraction
of such models with information that is relevant to the verification of system
requirements. The abstraction of these external models represents the modelled
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Fig. 4. Semantic inconsistency in the system architecture

system structure and the interaction between its subsystems. This information
is automatically extracted from the external models.

All models and their components relate back to the system architecture that
defines a common hierarchy and interaction topology. SVM provides operations
for deriving the system architecture from a single model or from a collection of
models. Similarly, it provides operations for comparing a model against its archi-
tecture, and for identifying differences in the structure and interaction topology
between models. Just as the system architecture can be semantically enriched,
the model abstraction maintained by SVM can be decorated with domain-specific
information. Semantic consistency is verified between abstracted models and the
system architecture, within the system architecture, and between the abstracted
model and the actual external model. The concept of model abstraction and
static checking has been explored previously by the software engineering com-
munity [2]. If the external modelling notation does not support the presentation
of such information, SVM provides this capability as an extension to the exter-
nal tool. For example, the current release of MathWorks Simulink has a limited
data dictionary capability focusing on the consistent use of implementation types
such as short and long integers, etc. SVM extends these models with information
related to the application domain.

2.3 Verification Activities

The verification activities associated with SVM requirements are defined in two
steps. First, verification methods (VMs), defined by MATLAB� m-code, are
registered with unbound variables. Registered VMs are then invoked and in-
stantiated as verification activities (VAs) by binding the VM variables to the
models and signals associated with a particular requirement.

Figure 5 shows the VM registration user interface, which has three panes
to define the variables in the VM (shown in Fig. 5), the VM code to be exe-
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Fig. 5. Verification method registration interface

cuted, and the functions for reviewing results from the VM (also m-code). VM
code can invoke any models and tools through the standard MATLAB� pro-
gramming constructs. Verification parameters (unbound variables) are assigned
names, types, and descriptions to assist the user when the VM is instantiated
as a method. Several pre-registered VMs are available with SVM, including:
step response analysis; comparative model simulation; discrete model checking
(SMV); hybrid model checking (Checkmate); Dymola simulation; batch simu-
lation on datasets; and mex compile. Users can add additional VMs. VMs are
instantiated as VAs from the requirements window, as shown in Fig. 6. The user
selects one of the registered VMs to be applied for the requirement and binds
the variables that identify the models, signals and data to be used for the VA.

2.4 Results Management

SVM automatically manages the record keeping of the execution of verification
activities and their results. It does so in three ways: it maintains the result status,
it archives the results for later examination, and it manages the impact of changes
in models and verification methods by invalidating previous verification results
that are potentially affected by the changes.

A verification activity is in one of several states. It may need to be executed,
its execution may be in progress, it may have completed by passing or failing,
or it may require examination to determine whether it is satisfied. SVM allows
verification activities of individual requirements to be organized into verifica-
tion folders. Those folders can represent different life cycle phases, and contains
different logic expressions to indicate the conditions under which the contained
set of verification activities and folders is considered satisfied. This verification
result status is not only propagated up the verification folder hierarchy, but also
up the requirements hierarchy. Such accumulation of verification result status
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Fig. 6. Defining a verification activity for a requirement

provides a simple visual cue as to the degree to which requirements of a system
are being satisfied as well as a quantification of such pass/fail coverage.

A verification activity that takes the form of model checking may produce
counter examples when the model checking condition is not satisfied. A simu-
lation run may produce logs of produced output, traces of state changes etc.
Similarly, probes in the executing code of a system may produce a trail of its
execution. This information may be evaluated during the execution of the ver-
ification activity to determine the results status. SVM keeps track of such in-
formation that is produced by external tools. It uses the file system to identify
and archive results related to a particular verification method. Before execut-
ing a verification method the tool creates a new results directory and makes it
the working MATLAB� directory. This allows verification methods to produce
common output files without conflicting with the results of other verification
methods. SVM users can later examine these results through manual inspection
to review the automated evaluation of the verification condition and to draw
additional conclusions.

SVM not only automates the recording of verification results, but it also can
automate the identification and automatic execution of verification activities
that have yet to be executed. Furthermore, SVM can manage the impact of
changes made to models, library components of models, to configurations of
models, to verification methods, to parameters and data sets that are input to
the verification activity.

SVM tracks changes to external models and data files in two ways. First,
it tracks such changes if they are initiated through SVM by the user opening
a model or data file through SVM and making modifications. Second, changes
made through an external tool without the involvement of SVM are identified by
tracking mechanisms such as recording modification dates of files or checksums
of file contents and comparing them to the actual files at startup of SVM or at
user request. SVM also supports change impact management by incorporating
ideas explored in previous research on this topic [9, 7, 4]. Since SVM has a record
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of relevant dependencies it can invalidate the result status of any previously com-
pleted verification activity whose result is potentially impacted by the change.
SVM under user control automatically re-executes these verification activities
to determine whether the requirements are still satisfied. The same dependency
information can be used by SVM to provide what-if impact analysis, i.e., to
predict the amount of reverification necessary as a result of a change before the
change is made.

3 An Embedded Control Application

This section deals with an application from the DARPA project Model Based
Integration of Embedded Software (MoBIES). This project proposed two auto-
motive case studies, one of them is an Electronic Throttle Control (ETC) system.
The ETC system is a component that replaces the mechanical link between the
pedal and the throttle plate in an automobile.

Problem Statement. The ETC system was part of an Open Experimental Plat-
form (OEP). The OEP was used to illustrate the model based approach to
produce embedded code. In this section we will focus on the modelling phase,
and illustrate the use of multiple models and verification folders.

Application of (SVM) System Verification Manager. Figure 1 depicts the re-
quirements tree for the ETC system. The first set of requirements was part of
the informal description of the ETC system. This description was provided by
the OEP along with a Simulink and Stateflow model. Among the requirements
were rise time, settle time and overshoot requirements. These requirements were
defined for a single execution of the system with step input. Satisfaction of the
requirement can typically be tested by single (or finitely many) runs of the simu-
lation model. For this example we find that the rise time requirement is satisfied,
whereas the steady state error requirement is violated.

The second set of requirements deal with a simplified version of the OEP
model. Although the ETC system is essentially just a DC motor and a spring,
controlled by a sliding mode controller, and a linear filter for the input, the OEP
model contain more details. This mainly, because it served at the same time as
blueprint for an implementation. For the verification we model the plant, the slid-
ing model controller and the filter, but we omit for example details from actuator
and sensors. This model is a piecewise linear time-invariant 7th-order system.

To formally verify requirements of the ETC system for a set of initial states,
reachability analysis is performed on the 7th-order model using procedures from
RRT (Reachability analysis in Reduced state space Toolbox) [5]. Complexity
of reachability computations for continuous and hybrid dynamic systems typi-
cally grows dramatically with the dimension of the continuous state space. To
avoid performing reachability analysis in the full-order state space, the tool RRT
computes an over-approximation of the set reachable states using reduced-order
models. The procedures in RRT first construct a reduced-order model using the
balance and truncation (B&T) [8] method. It then estimates the upper-bound
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Fig. 7. The verification folders can be used to group verification activities

on the approximation error introduced by model reduction. Finally, conservative
over-approximations of the reachable states are computed, which incorporate the
error bounds.

The reduced order reachability analysis provides efficient analysis at the ex-
pense of bigger over-approximation errors. A drastic reduction of the order might
may lead to a large approximation error, and thus to inconclusive results. On the
other hand, if the procedure finds that the reduced order model satisfies the re-
quirement, we know that the full order model satisfies the requirement. We define
multiple verification activities with different choices of reduced orders. If any of
these verification activities finds that the property is satisfied, we know that the
overall requirement is satisfied. The verification folder Reduced order contains all
verification activities.To reflect that only one of these activities has to returnPASS,
we select the option OR from the context menu Set Verification Logic (Fig. 7).

Future Work. The current implementation SVM evaluates all verification activ-
ities. If a verification folder contains multiple activities, of which only one has to
pass, the SVM could stop as soon as one activity passes. The status of the folder
will be PASSED regardless of the outcome of the remaining activities. Similarly,
if all activities have to pass, the evaluation might stop as soon as one activity
fails. A future release of the SVM should give the user the option to either eval-
uate all activities regardless of the result, or to stop evaluation as soon as the
status of the folder can be determined.

4 A Signal Processing Application

In this section we consider the application of SVM to a signal classification
development project. The goal of this project is to produce efficient embeddable
code starting from a prototype design implemented in MATLAB� using the
built-in language and signal processing functions. We need to ensure that the
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Fig. 8. Signal Classifier: Application Level

final implementation is able to generate embeddable code and is functionally
equivalent to the prototype MATLAB� M code within an acceptable tolerance.
SVM is used to precisely identify discrepancies between the implementations and
to trace these to specific components in the design.

Problem Statement. This application classifies incoming signal as Phase Shift
Keyed (PSK), Frequency Shift Keyed (FSK), or none of the above (NOTA)
based on signal features such as bandwidth, symbol rate, kurtosis, number of
spectral tones, and number of phase states. The model-based implementation is
done in Simulink and Stateflow so that embeddable C-code can be automatically
generated using Real-Time Workshop.

Design. The Simulink model is arranged in an application, component, and
primitive block hierarchy. This arrangement is well suited to a model based
implementation because it clearly illustrates the control and data flow. Figure 8
shows the top level Simulink diagram. The application is composed of five feature
extractor components that processes input signals to produce signal character-
istics that are used to determine signal modulation. These components are built
with primitive blocks, each of which performs a specific signal operation.

The underlying implementation of the primitive blocks leverages the signal
processing capabilities of Simulink and the Signal Processing Blockset exten-
sion product. In some cases the primitive block function requires some custom
capability beyond the built-in library of signal processing components. State-
flow is used in many of these cases to incorporate arbitrary structured control
flow such as while loops and nested if-then else constructs. Figure 9 shows two
block implementations: OBFFT that simply encapsulates the built-in FFT, and
OBBWest, the bandwidth estimator, that is a Stateflow chart.

Application of (SVM) System Verification Manager. Verifying the Simulink
model implementation against the reference MATLAB� implementation can
be tedious, considering the number of components that must be individually
verified. SVM helps the user organizes requirements, verification activities and
results all in one central point.
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Fig. 9. Signal Classifier: Component Level

Fig. 10. Verification Method use to compare Simulink implementation against refer-
ence M-code implementation

To verify the Simulink component implementations, we need test inputs and
output. We devised a system shown in Fig. 10 to capture these outputs as a
side effect of executing the overall prototype signal classification application.
The reference inputs drive the Simulink blocks to give test outputs that are
compared against the reference M-functions blocks to determine if the results
meet a specified tolerance.

This verification method is implemented as an M function registered within
SVM. Registering a generic operation such as this enables us to instantiate and
parameterize the function from within the SVM user interface. As shown in
Fig. 11 each primitive and component block has an instantiation of the method
with its own set if parameter values.
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Fig. 11. Associating verification method for each block

Fig. 12. Verification Results

After each verification activity, the results are automatically organized in a
separate folder by SVM and can be easily accessed within the SVM environment.
For example, the OBPSD primitive block, which computes the power spectrum
density, follows the reference MATLAB� implementation very closely. The error
is on the order of 10-14 which is close to floating point precision (Fig 12).

Verifying a block against one signal does not guarantee that the requirements
will be met for an entire range of signals. SVM provides an easy method to repeat
the verification for a set of signals by cloning the verification activity, as shown
in Fig. 13. By breaking down the verifications to manageable model primitive
components, the user can now easily locate and troubleshoot areas within a
model that causes it to deviate from requirements. The verification activities are
automatically organized within a verification folder to allow the user to easily
browse the results.
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Fig. 13. Cloning verification activity for a set of input signals

Often times, an update to a primitive block will have significant ramifications
to other part of the model. SVM has the ability to identify these dependencies
and appropriately reset the verification status. If the user updates a primitive
block all verification activities that depends on this system model will have their
verification status reset to TBD (to be determined).

Future Work. The concept of cloning a verification activity for a set of input
signals does not ensure every part of a model is tested. As part of the Simulink
Performance Tools package there is a tool called Model Coverage, which records
all simulation paths and generates a report indicating untested portions of a
model for a given set of input signals. The SVM verification method will be
enhanced to leverage this capability to give the user additional verification in-
formation to ensure the model will meet their specified requirements.

5 Discussion

This paper describes the features of the current beta version of SVM (available at
http://www.ece.cmu.edu/∼webk/svm). SVM has been applied to several exam-
ples in the DARPA MoBIES program, including the electronic throttle control
(ETC) and a software radio digital signal processing system, described in this
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paper. Current development is focusing on enhancing the development environ-
ment for defining verification methods and verification activities.

We are also investigating methods for increasing the capability of SVM to
support heterogeneous verification activities, by which we mean the application
of multiple formalisms and tools to acquire information about the design and
system performance. The current mechanisms for combining verification status
information in the requirements tree are a first step in this direction. Require-
ments can be satisfied using a wide range of verification methods, including sim-
ulation, model checking, theorem proving, and designer evaluation of empirical
results. We aim to increase the power of SVM by introducing richer representa-
tions of the relationships among models and verification activities so that further
inferences could be obtained automatically. Towards that end, we are develop-
ing an ontology for hybrid system verification that will support combining and
reasoning about information from heterogeneous verification activities.
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Abstract. Reachability testing is a technique for testing concurrent programs. 
Reachability testing derives test sequences on-the-fly as the testing process 
progresses, and can be used to systematically exercise all the behaviors of a 
program. The main contribution of this paper is a general model for reachability 
testing. This model allows reachability testing to be applied to many different 
types of concurrent programs, including asynchronous and synchronous 
message passing programs, and shared-memory programs that use semaphores, 
locks, and monitors. We define a common format for execution traces and 
present timestamp assignment schemes for identifying races and computing 
race variants, which are a crucial part of reachability testing. Finally, we discuss 
a prototype reachability testing tool, called RichTest, and present some 
empirical results. 

1   Introduction 

Concurrent programming is an important technique in modern software development. 
Concurrency can improve computational efficiency and resource utilization. 
However, concurrent programs behave differently than sequential programs. Multiple 
executions of a concurrent program with the same input may exercise different 
sequences of synchronization events (or SYN-sequences) and produce different 
results. This non-deterministic behavior makes concurrent programs notoriously 
difficult to test. 

A simple approach to dealing with non-deterministic behavior when testing a 
concurrent program CP is to execute CP with a fixed input many times and hope that 
faults will be exposed by one of these executions [18]. This type of testing,  
called non-deterministic testing, is easy to carry out, but it can be very inefficient. It is 
possible that some behaviors of CP are exercised many times while others are never 
exercised. An alternative approach is called deterministic testing, which forces a 
specified SYN-sequence to be exercised. This approach allows CP to be tested with 
carefully  selected  SYN-sequences. The test  sequences  are  usually selected from a 
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static model of CP or of CP’s design. However, accurate static models are often 
difficult to build for dynamic behaviors. 

Reachability testing is an approach that combines non-deterministic and 
deterministic testing [9] [12] [19]. It is based on a technique called prefix-based 
testing, which controls a test run up to a certain point, and then lets the run continue 
non-deterministically. The controlled portion of the execution is used to force the 
execution of a “prefix SYN-sequence”, which is the beginning part of one or more 
feasible SYN-sequences of the program. The non-deterministic portion of the 
execution exercises one of these feasible sequences.  

A novel aspect of reachability testing is that it adopts a dynamic framework in 
which test sequences are derived automatically and on-the-fly, as the testing process 
progresses. In this framework, synchronization events (or SYN-events) are recorded 
in an execution trace during each test run. At the end of a test run, the trace is 
analyzed to derive prefix SYN-sequences that are “race variants” of the trace. A race 
variant represents the beginning part of a SYN-sequence that definitely could have 
happened but didn’t, due to the way race conditions were arbitrarily resolved during 
execution. The race variants are used to conduct more test runs, which are traced and 
then analyzed to derive more race variants, and so on. If every execution of a program 
with a given input terminates, and the total number of SYN-sequences is finite, then 
reachability testing will terminate and every partially-ordered SYN-sequence of the 
program with the input will be exercised.  

Reachability testing requires program executions to be modeled so that races can 
be identified and race variants can be generated. The execution model must also 
contain sufficient information to support execution tracing and replay. Models for 
tracing and replay have been developed for many synchronization constructs, 
including semaphores, locks, monitors, and message passing [4] [20].  However, these 
models do not support race analysis. Models for race analysis have been developed 
for message passing, but not for other synchronization constructs. The contributions 
of this paper are: (1) a general execution model for reachability testing that supports 
race analysis and replay for all of the synchronization constructs mentioned above. 
This model defines a common format for execution traces and provides a timestamp 
assignment scheme that assists in identifying races and computing race variants. (2) A 
race analysis method that can be used to identify races in executions captured by our 
execution model. This method can be used by an existing algorithm for generating 
race variants. (3) A Java reachability testing tool, called RichTest, that implements 
reachability testing without any modifications to the Java JVM or to the operating 
system. 

The rest of this paper is organized as follows. The next section illustrates the 
reachability testing process. Section 3 presents an execution model for several 
commonly used synchronization constructs. Section 4 defines the notions of a race 
and a race variant, and discusses how to identify races and compute race variants. 
Section 5 describes the RichTest tool and reports some empirical results. Section 6 
briefly surveys related work. Section 7 provides concluding remarks and describes 
our plans for future work. 
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s1 s3 
s1 s1

T1             T2            T3            T4 

Port p2, p3; 

Thread 1 (T1) 
s1: p2.send(a) 

Thread 2 (T2)
s2: p3.send (b) 
r1: x=p2.receive() 
      if (x == d) { 
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      } 

Thread 3 (T3)
r2: y = p3.receive()  
r3: z = p3.receive() 
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2   The Reachability Testing Process 

We use a simple example to illustrate the reachability testing process. Fig. 1 shows a 
program CP that consists of four threads. The threads synchronize and communicate 
by sending messages to, and receiving messages from, ports. Ports are communication 
objects that can be accessed by many senders but only one receiver. Each send 
operation specifies a port as its destination, and each receive operation specifies a port 
as its source.  

Fig. 1 also shows one possible scenario for applying reachability testing to the 
example program. Each sequence and race variant generated during reachability 
testing is represented by a space-time diagram in which a vertical line represents a 
thread, and a single-headed arrow represents asynchronous message passing between 
a send and receive event. The labels on the arrows match the labels on the send and 
receive statements in program CP. The reachability testing process in Fig. 1 proceeds 
as follows: 

• First, sequence Q0 is recorded during a non-deterministic execution of CP. 
Sequence V1 is a race variant of Q0 derived by changing the outcome of a race 
condition in Q0. That is, in variant V1, thread T3 receives its first message from T4 
instead of T2. The message sent by T2 is left un-received in V1. 

• During the next execution of CP, variant V1 is used for prefix-based testing. This 
means that variant V1 is replayed and afterwards the execution proceeds non-
deterministically. Sequence Q1 is recorded during this execution. Sequence Q1 is 
guaranteed to be different from Q0 since V1 and Q0 differ on the outcome of a 
race condition and V1 is a prefix of Q1. Variant V2 is a race variant of Q1 in 
which T2 receives its first message from T3 instead of T1.  

• When variant V2 is used for prefix-based testing, sequence Q2 is recorded. 
Reachability testing stops since Q0, Q1 and Q2 are all the possible SYN-sequences 
that can be exercised by this program.  

 

 

 

 
Fig. 1. The reachability testing process 

For a formal description of the above process, the reader is referred to a 
reachability testing algorithm that we reported in [13]. The challenge for reachability 
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testing is to identify races and derive race variants. This is discussed in the remainder 
of this paper. 

3   Models of Program Executions 

In this section, we present a general execution model for several commonly used 
synchronization constructs. This model provides sufficient information for replaying 
an execution and for identifying the race variants of an execution. Replay techniques 
have already been developed for these constructs [4] [20]. An algorithm for 
computing race variants is described in the next section. 

3.1   Asynchronous Message Passing 

Asynchronous message passing refers to non-blocking send operations and blocking 
receive operations. A thread that executes a non-blocking send operation proceeds 
without waiting for the message to arrive at its destination. A thread that executes a 
blocking receive operation blocks until a message is received. We assume that 
asynchronous ports (see Section 2) have unlimited capacity (which means that a send 
operation is never blocked) and use a FIFO (First-In-First-Out) message ordering 
scheme, which guarantees that messages passed between any two threads are received 
in the order that they are sent.  

    Port p; 
    Thread 1  Thread 2 
    p.send(msg)      msg = p.receive(); 

An execution of a program that uses asynchronous ports exercises a sequence of 
send and receive events. A send or receive event refers to the execution of a send or 
receive statement, respectively. A send event s and the receive event r it synchronizes 
with forms a synchronization pair <s, r>, where s is said to be the send partner of r, 
and r is said to be the receive partner of s. We use an event descriptor to encode 
certain information about each event. Each send event s is assigned an event 
descriptor (T, O, i), where T is the sending thread, O is the port, and i is the event 
index indicating that s is the i-th event in T. Each receive event r is assigned an event 
descriptor (T, O, i), where T is the receiving thread, O is the port name, and i is the 
event index indicating that r is the i-th event of T. A send event s is said to be open at 
a receive event r if s.O = r.O. 

Fig. 2 shows a space-time diagram representing an execution with three threads. 
Thread T2 receives messages from ports p1 and p2. Thread T1 sends two messages to 
port p1. Thread T3 sends its first message to port p1 and its second message to port p2. 

We note that in many applications a thread only has one port for receiving 
messages. In this special case, a thread identifier is usually specified as the destination 
of a send event, and the source of a receive event can be left unspecified. Also, a link-
based communication scheme can be simulated by using ports that are restricted to 
having only one sender. We also point out that in practical implementations, ports are 
often implemented using bounded buffers that can only hold a fixed number of 
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messages. In this case, a send operation can be blocked if the capacity of a buffer is 
reached. Our model can be applied to buffer-blocking ports without any modification. 

3.2   Synchronous Message Passing 

Synchronous message passing is the term used when the send and receive operations 
are both blocking. The receiving thread blocks until a message is received. The 
sending thread blocks until it receives an acknowledgement that the message it sent 
was received by the receiving thread.  

A selective wait construct is commonly used in synchronous message passing to 
allow a combination of waiting for, and selecting from, one or more receive() 
alternatives [1]. The selection can depend on guard conditions associated with each 
alternative of the selective wait:  

 Port port1, port2; 
 select 
  when (guard condition 1) => port1.receive(); 
 or 
  when (guard condition 2) => port2.receive(); 
 end select; 

A receive alternative is said to be open if it does not start with when(guard 
condition), or if the value of the guard condition is true. It is said to be closed 
otherwise. A select statement works as follows: 

• an open receive-alternative (i.e., one with a true guard) is selected only if that 
alternative has a waiting message.  

• if several receive-alternatives are open and have waiting messages, the alternative 
whose message arrived first is selected. 

• if one or more receive-alternatives are open but none have a waiting message, 
select blocks until a message arrives for one of the open receive-alternatives.  

• If none of the receive-alternatives are open, select throws an exception. 

We make the restriction that there can be only one receive-alternative for a given 
port.  

A send event s and the receive event r it synchronizes with form a rendezvous pair 
<s, r>, where s is the send partner of r and r is the receive partner of s. Each send 
event s is assigned an event descriptor (T, O, i), where T is the sending thread, O is 
the port, and i is the event index indicating that s is the i-th event of T. Each receive 
event r is assigned an event descriptor (T, L, i), where T is the receiving thread, L is 
the open-list of r, and i is the index indicating that r is the i-th event of T. The open-
list of a receive event r is a list containing the ports that had open receive-alternatives 
at r. Note that this list includes the source port of r. For a simple receive statement 
that is not in a selective wait, the list of open alternatives consists of the source port of 
the receive statement only. Event s is said to be open at r if the port s.O of s is in the 
open-list r.L of r.  

Fig. 3 shows a space-time diagram representing an execution with three threads. 
Thread T1 sends two messages to port p1, and thread T3 sends two messages to port 
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p2. Thread T2 executes a selective wait with receive-alternatives for p1 and p2. 
Assume that whenever p2 is selected, the alternative for p1 is open, and whenever p1 
is selected, the alternative for p2 is closed. This is reflected in the open-lists for the 
receive events. Note that each solid arrow is followed by a dashed arrow in the 
opposite direction. The dashed arrows represent the updating of timestamps when the 
synchronous communication completes, and will be discussed in Section 4. 

 
 

3.3   Semaphores 

A semaphore is a synchronization object that is initialized with an integer value and 
then accessed through two operations named P and V.  Semaphores are provided in 
many commercial operating systems and thread libraries. There are two types of 
semaphores – counting semaphores and binary semaphores. 

A V() operation on a counting semaphore s increments the value of s. A P() 
operation decrements the value of s, but if s is less than or equal to zero when the P() 
operation starts, the P() operation waits until s is positive. For a counting semaphore 
s, at any time, the following relation, called the semaphore invariant, holds: 

(initial value of s) + (number of completed s.V() operations) ≥ (number of 
completed s.P() operations)  

A thread that starts a P() operation may be blocked inside P(), so the operation may 
not be completed right away. The invariant refers to the number of completed 
operations, which may be less than the number of started operations. For a counting 
semaphore, V() operations never block their caller and are always completed 
immediately. 

A binary semaphore must be initialized with the value 1 or the value 0 and the 
completion of P() and V() operations must alternate. (P() and V() operations can be 
started in any order, but their completions must alternate.) If the initial value of the 
semaphore is 1 the first completed operation must be P(). If a V() operation is 
attempted first, the V() operation will block its caller. Likewise, if the initial value of 
the semaphore is 0, the first completed operation must be V(). Thus, the P() and  
V() operations of a binary semaphore may block the calling threads. (Note that V() 
operations are sometimes defined to be non-blocking – executing a non-blocking  
V() operation  on  a  binary semaphore has no effect if the value of the semaphore is 1.  
In this paper, we are using a blocking V() operation. Our model can be easily adjusted 
if a non-blocking V() operation is used.) We assume that the queues of blocked 
threads are FIFO queues. 

 s4  (T1, p1, 2) 

s2  (T1, p1, 1) 

s1 (T3, p1, 1) 

r2 (T2, p1, 2) 

s3  (T3, p2, 2) 

r1 (T2, p1, 1) 

r4 (T2, p1, 4) 

r3  (T2, p2, 3) 

T1 T2 T3 

     s4  (T1,p1,2) 

T1 

s1 (T3,p2,1) 

r2 (T2,{p1},2) 
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r4 (T2,{p1},4) 

        s2 (T1,p1,1) 

     r3 (T2,{p1,p2},3) 

      r1 (T2,{p1,p2},1) 
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Fig. 2. A sequence of asynchronous send/ 
receive events     

Fig. 3. A  sequence  of  synchronous  send/ 
receive events 
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We model the invocation of a P() or V() operation as a pair of call and completion 
events. When a thread T calls a P() or V() operation on a semaphore S, a “semaphore-
call” event, or simply a “call” event, c is performed by T. When a P() or V() operation 
of a semaphore S is completed, a “semaphore-completion” event, or simply a 
“completion” event, e occurs on S. If the operation of a call event c is completed by a 
completion event e, we say that c and e form a completion pair <c, e>, where c is the 
call partner of e and e is the completion partner of c. This model is intentionally 
similar to the model for message passing where a synchronization pair was defined as 
a pair of send and receive events.  

Each call event c is assigned a descriptor (T, S, op, i), where T is the calling 
thread, S is the destination semaphore, op is the called operation (P() or V()), and i is 
the event index indicating that c is the i-th (call) event performed by T. A completion 
event e is assigned a descriptor (S, L, i), where S is the semaphore on which e occurs, 
L is the list of operations (P() and/or V()) that can be completed at e, and i is the event 
index indicating that e is the i-th (completion) event that occurs on S. L is also called 
the open-list of e. A call event c is open at a completion event e if c.S = e.S, and the 
operation c.op of c is in the open-list e.L of e.  

Fig. 4 shows a space-time diagram representing an execution with two threads T1 
and T2, and a binary semaphore S initialized to 1. Each of T1 and T2 performs a P() 
and V() operation on S. In this diagram, semaphore S is also represented as a vertical 
line, which contains the entry events that occurred on S. A solid arrow represents the 
completion of a P() or V() operation. The open-lists for the completion events model 
the fact that P and V operations on a binary semaphore must alternate. Note that each 
solid arrow is followed by a dashed arrow in the opposite direction. The dashed 
arrows represent the updating of timestamps when operations complete, and will be 
discussed in Section 4.  

3.4   Locks 

A mutex (for “mutual exclusion”) lock is a synchronization object that is used to 
create critical sections. The operations on a mutex lock are named lock() and unlock(). 
Unlike semaphores, a mutex lock has an owner, and ownership plays an important 
role in the behavior of a mutex lock: 

• A thread requests ownership of mutex lock K by calling K.lock(). 
• A thread that calls K.lock() becomes the owner if no other thread owns the lock; 

otherwise, the thread is blocked. 
• A thread releases its ownership of K by calling K.unlock(). If the thread does not 

own K, the call to K.unlock() generates an error. 
• A thread that already owns lock K and calls K.lock() again is not blocked. In fact, it 

is common for a thread to request and receive ownership of a lock that it already 
owns. But the thread must call K.unlock() the same number of times that it called 
K.lock(), before another thread can become K’s owner. 

Our model for lock() and unlock() operations on mutex locks is similar to our 
model for P() and V() operations on semaphores. When a thread T calls a lock() or 
unlock() operation on mutex lock K, a “mutex-call” event, or simply a “call” event, c 
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occurs on T. When T eventually finishes a lock() or unlock() operation, a “mutex-
completion” event, or simply a “completion” event, e occurs on K. If the operation of a 
call event c is completed by a completion event e, we say that c and e form a completion 
pair <c,e>, where c is the call partner of e and e is the completion partner of c. 

Each call event c is assigned a descriptor (T, K, op, i), where T is the calling 
thread, K is the destination lock, op is the called operation (lock() or unlock()), and i is 
the event index indicating that c is the i-th (call) event performed by T. A completion 
event e is assigned a descriptor (K, L, i), where K is the lock on which e occurs, L is 
the list of operations (lock() and/or unlock()) that can be completed at e, and i is the 
event index indicating that e is the i-th (completion) event that occurs on K. L is also 
called the open-list of e. If the lock is owned by some thread T when e occurs, then 
each operation in L is prefixed with T to indicate that only T can perform the 
operation. This is because if a thread T owns lock L, then only T can complete a lock() 
or unlock() operation on L. For example, if the open-list L of an entry event e on a 
lock K contains two operations lock() and unlock(), and if K is owned by a thread T 
when e occurs, then L = {T:lock(), T:unlock()}. A call event c executed by thread T is 
open at a completion event e if c.K = e.K, and the operation c.op of c is in the open-
list e.L of e, and if K is owned when e occurs then T is the owner.  

Fig. 5 shows a space-time diagram representing an execution with two threads and 
a mutex lock K initialized to 1. Thread T1 performs two lock() operations followed by 
two unlock() operations on K, and thread T2 performs one lock() operation followed 
by one unlock() operation on K. 

   Fig. 4. A sequence of P and V events       Fig. 5. A sequence of lock and unlock events 

3.5   Monitors 

A monitor is a high-level synchronization construct that supports data encapsulation 
and information hiding and is easily adapted to an object oriented environment. We 
use an object oriented definition of a monitor in which a monitor is a synchronization 
object that is an instance of a special “monitor class”. The data members of a monitor 
represent shared data. Threads communicate by calling monitor methods that access 
the shared data.  

At most one thread is allowed to execute inside a monitor at any time. Mutual 
exclusion is enforced by the monitor’s implementation, which ensures that each 
monitor method is a critical section. If a thread calls a monitor method, but another 
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thread is already executing inside the monitor, the calling thread must wait outside the 
monitor. A monitor has an entry queue to hold the calling threads that are waiting to 
enter the monitor. 

Condition synchronization is achieved using condition variables and operations 
wait() and signal(). A condition variable denotes a queue of threads that are waiting to 
be signaled that a specific condition is true. (The condition is not explicitly specified 
as part of the condition variable.) There are several different types of signaling 
disciplines. When the Signal-and-Continue (SC) discipline is used, the signaling 
thread continues to execute in the monitor, and the signaled thread does not reenter 
the monitor immediately. We assume that the signaled thread joins the entry queue 
and thus competes with calling threads to enter the monitor. When the Signal-and-
Urgent-Wait (SU) discipline is used, the signaling thread is blocked in a queue called 
the reentry queue and the signaled thread reenters the monitor immediately. The 
difference between the entry and reentry queues is that the former holds calling 
threads that are waiting to enter the monitor for the first time while the latter holds 
threads that have entered the monitor, executed a signal operation, and are waiting to 
reenter the monitor. The SU discipline assigns a higher priority to the reentry queue, 
in the sense that a thread in the entry queue can enter the monitor only if the reentry 
queue is empty.  

We assume that a monitor’s entry queue and the queues associated with condition 
variables are FIFO queues. Thus, the only non-determinism that is present in a 
monitor is the order in which threads (re)enter the monitor. Such monitors enjoy a 
beneficial property called entry-based execution, i.e., the execution behavior of 
threads inside a monitor is completely determined by the order in which the threads 
(re)enter the monitor and the values of the parameters on the calls to the monitor 
methods [4]. Therefore, an entry-based execution can be replayed by replaying the 
sequence of (re)entry events, called the Entry-sequence, exercised by this execution. 
Note that an entry event is an event that occurs when a thread enters an SU or SC 
monitor for the first time or when a thread reenters an SC monitor after being 
signaled. Reentries into an SU monitor are not modeled because they do not involve 
any races. A replay technique for monitor-based programs with entry-based 
executions was described in [4]. In the remainder of this paper, we assume that 
monitor-based programs have entry-based executions and the order of the entries is 
the sole source of non-determinism in the programs. 

Characterizing a monitor-based execution as an Entry-sequence is sufficient for 
replaying executions, but not for identifying races. When two or more threads call a 
monitor at the same time, they race to see which one will enter first. Thus, we model 
the invocation of a monitor method as a pair of monitor-call and monitor-entry events: 

• SU Monitors: When a thread T calls a method of monitor M, a monitor-call event, 
or simply a call event, c occurs on T. When T eventually enters M, a monitor-entry 
event, or simply an entry event, e occurs on M, and then T starts to execute inside 
M.  

• SC Monitors: When a thread T calls a method of monitor M, a monitor-call event, 
or simply a call event, c occurs on T. A call event also occurs when T tries to 
reenter a monitor M after being signaled. When T eventually (re)enters M, a 
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monitor-entry event, or simply an entry event, e occurs on M, and T starts to 
execute inside M.  

In these scenarios, we say that T is the calling thread of c and e, and M is the 
destination monitor of c as well as the owning monitor of e. We also say that c and e 
form an entry pair <c, e>, where c is the call partner of e and e is the entry partner of c.  

Each call event c is assigned an event descriptor (T, M, i), where T is the calling 
thread, M is the destination  monitor,  and i is the  event index indicating that c is the 
i-th (call) event of T. Each entry event e is assigned an event descriptor (M, i), where 
M is the owning monitor, and i is the event index indicating that e is the i-th event of 
M. A call event c is open at an entry event e if the destination monitor of c is the 
owning monitor of e, i.e., c.M = e.M. 

Fig. 6 shows a space-time diagram, which represents an execution involving three 
threads T1, T2, and T3, and two SC monitors M1 and M2. Thread T1 enters M1 first 
and executes a wait() operation. The second call event performed by T1 occurs when 
T1 reenters M1 after being signaled by T2. Note that if M1 were an SU monitor, there 
would be no c3 event representing reentry. After T1 exits from M1, T1 enters and 
exits M2. This is followed by thread T3 entering and exiting M2 and then entering and 
exiting M1.  

 
 
 
 
 
 
 
 
 

Fig. 6. A sequence of monitor call and entry events 

3.6   A General Model 

In the models presented above, a program execution is characterized as a sequence of 
event pairs. For asynchronous and synchronous message-passing programs, an 
execution is characterized as a sequence of send and receive events. For semaphore-, 
lock-, and monitor-based programs, an execution is characterized as a sequence of 
call and completion events. In the remainder of this paper, we will refer to a send/call 
event as a sending event, and a receive/completion event as a receiving event. We 
also refer to a pair of sending and receiving events as a synchronization pair. 

The event descriptors for the sending and receiving events defined above all fit 
into a single general format:  

• A descriptor for a sending event s is denoted by (T, O, op, i), where T is the thread 
executing the sending event, O is the destination object, op is the operation 
performed, and i is the event index indicating that s is the i-th event of T. Note that 
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for message passing, op is always a send operation, and for monitors, op is the 
called method.        

• A descriptor for a receiving event r is denoted by (D, L, i), where D is the 
destination thread or object, L is the open-list, and i is the event index indicating 
that r is the i-th event of D. Note that for asynchronous message-passing, L 
contains the source port of r  only,  and is thus represented as a single port. For a 
monitor,  L contains  all of the  methods defined on the   monitor  since  entry  into 
a monitor is never guarded. (A thread may be blocked after it enters a monitor, but 
a thread that calls a monitor method is guaranteed to eventually enter the method.)  

In programs that use shared variables, we assume that accesses to shared variables 
are always protected by semaphores, locks, or monitors. To enforce this, reachability 
testing can be used in conjunction with the techniques used in data race detection 
tools for multithreaded programs [16]. 

4   Race Analysis of SYN-Sequences 

In this section, we show how to perform race analysis on SYN-sequences. Section 4.1 
presents two schemes for assigning logical timestamps to determine the happened-
before relation between events. Section 4.2 defines the notion of a race and shows 
how to identify races based on the happened-before relation. Section 4.3 defines the 
notion of a race variant and uses an example to illustrate how to compute race 
variants.  

4.1   Timestamp Assignment 

As we will see in Section 4.2, the definition of a race between events in a SYN-
sequence is based on the happened-before relation, which is a partial order defined in 
the traditional sense [11]. Simply put, an event a happens before another event b in a 
SYN-sequence Q if a could potentially affect b. We denote this as a →Q b, or simply  
a → b if Q is implied. In a space-time diagram, if we take into account the direction 
of the (solid and dashed) arrows, a happens before b if there exists a path from a to b.  

Vector timestamps are frequently used to capture the happened-before relation 
between events. In this section, we present thread-centric and object-centric 
timestamp assignment schemes. A thread-centric timestamp has a dimension equal to 
the number of threads involved in an execution. An object-centric timestamp has a 
dimension equal to the number of synchronization objects involved. Therefore, a 
thread-centric scheme is preferred when the number of threads is smaller than the 
number of synchronization objects, and an object-centric scheme is preferred 
otherwise.  In the remainder of this section, we will use v[i] to denote the i-th 
component of a vector v, and max(v1, v2) to denote the component-wise maximum of 
vectors v1 and v2. 

4.1.1   A Thread-Centric Scheme 
A vector timestamp scheme for asynchronous message passing programs has already 
been developed [6][14]. This scheme is thread-centric by our definition and can be 
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used for race analysis. In this scheme, each thread maintains a vector clock. A vector 
clock is a vector of integers used to keep track of the integer clock of each thread. The 
integer clock of a thread is initially zero, and is incremented each time the thread 
executes a send or receive event. Each send and receive event is also assigned a copy 
of the vector clock as its timestamp. 

Let T.v be the vector clock maintained by a thread T. Let f.ts be the vector 
timestamp of an event f. The vector clock of a thread is initially a vector of zeros. The 
following rules are used to update vector clocks and assign timestamps to the send 
and receive events in asynchronous message passing programs: 

1. When a thread Ti executes a non-blocking send event s, it performs the following 
operations: (a) Ti.v[i] = Ti.v[i] + 1; (b) s.ts = Ti.v. Thread Ti also sends s.ts along 
with the message sent by s. 

2. When a thread Tj executes a receive event r, it performs the following operations: 
(a) Tj.v[j] = Tj.v[j] + 1; (b) Tj.v = max(Tj.v, s.ts); (c) r.ts = Tj.v, where s is the 
synchronization partner of r. 

Fig. 7(a) shows the timestamps for the asynchronous message passing program in 
Fig. 2. 

 
 
 
 
 
 
 

Fig. 7.  Traditional  timestamp  schemes  for  asynchronous  and  synchronous message passing 

A timestamp scheme for synchronous message passing has also been developed 
[6], but this scheme must be extended for race analysis. The traditional timestamp 
scheme for synchronous message passing is to assign the same timestamp to send and 
receive events that are synchronization partners: 

1. When a thread Ti executes a blocking send event s, it performs the operation Ti.v[i] 
= Ti.v[i] + 1. Thread Ti also sends Ti.v along with the message sent by s.  

2. When a thread Tj executes a receiving event r that receives the message sent by s, it 
performs the following operations: (a) Tj.v[j] = Tj.v[j] + 1; (b) Tj.v = max(Tj.v, 
Ti.v); (c) r.ts = Tj.v. Thread Tj also sends Tj.v back to thread Ti. 

3. Thread Ti receives Tj.v and performs the following operations (a) Ti.v = max(Ti.v, 
Tj.v); (b) s.ts = Ti.v. 

The exchange of vector clock values between threads Ti and Tj represents the 
synchronization that occurs between them, which causes their send and receive events 
to be completed at the same time. Fig. 7b shows the timestamps for the synchronous 
message passing program in Fig. 3. 
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In our execution model for synchronous message passing, we model the start of a 
send event, not its completion. For send and receive events that are synchronization 
partners, the start of the send is considered to happen before the receive event with 
which the send eventually synchronizes. This means that the timestamps for send and 
receive partners should not be the same. Thus, we use the timestamp of the receive 
event to update the vector clock of the sending thread, but not the timestamp of the 
send event, when the synchronization completes: 

1. When a thread Ti executes a blocking send event s, it performs the following 
operations: (a) Ti.v[i] = Ti.v[i] + 1.  (b) s.ts = Ti.v. Thread Ti also sends Ti.v along 
with the message sent by s. 

2. When a thread Tj executes a receiving event r that receives the message sent by s, it 
performs the following operations: (a) Tj.v[j] = Tj.v[j] + 1; (b) Tj.v = max(Tj.v, 
Ti.v); (b) r.ts = Tj.v. Thread Tj also sends Tj.v back to thread Ti. 

3. Thread Ti receives Tj.v and performs the operation (a) Ti.v = max(Ti.v, Tj.v). 

Fig. 8 shows the timestamps that are assigned so that race analysis can be 
performed on the synchronous message passing program in Fig. 3. Note that the 
dashed arrows represent the execution of rule 3. 

 
Fig. 8. Timestamp scheme for race analysis of synchronous message passing programs 

Below we describe a new thread-centric timestamp scheme for semaphores, locks, 
and monitors. We refer to semaphores, locks, and monitors generally as 
“synchronization objects”. In this scheme, each thread and synchronization object 
maintains a vector clock. (As before, position i in a vector clock refers to the integer 
clock of thread Ti; synchronization objects do not have integer clocks and thus there 
are no positions in a vector clock for the synchronization objects.)  Let T.v (or O.v) be 
the vector clock maintained by a thread T (or a synchronization object O).  The vector 
clock of a thread or synchronization object is initially a vector of zeros. The following 
rules are used to update vector clocks and assign timestamps to events: 

1. When a thread Ti executes a sending event s, it performs the following operations: 
(a) Ti.v[i] = Ti.v[i] + 1; (b) s.ts = Ti.v; 

2. When a receiving event r occurs on a synchronization object O, the following 
operations are performed: (a) O.v = max(O.v, s.ts); (b) r.ts = O.v, where s is the 
sending partner of r; 
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3. Semaphore/Lock: When a thread Ti finishes executing an operation on a semaphore 
or lock O, it updates its vector clock using the component-wise maximum of Ti.v 
and O.v, i.e., Ti.v = max(Ti.v, O.v). 

SU Monitor: When a thread Ti finishes executing a method on a monitor O, it 
updates its vector clock using the component-wise maximum of T.v and O.v, i.e., 
T.v = max(T.v, O.v). 
SC Monitor: When a thread Ti finishes executing a method on a monitor O, or 
when a thread Ti is signaled from a condition queue of O, it updates its vector 
clock using the component-wise maximum of Ti.v and O.v, i.e., Ti.v = max(Ti.v, 
O.v). 

Figs. 9a and 9b shows the thread-centric timestamps assigned for the executions in 
Figs. 4 and 6, respectively. Again, dashed arrows are also shown to indicate 
applications of the third rule.  

Thread-centric timestamps can be used to determine the happened-before relation 
between two arbitrary events, as shown below.  

Proposition 1. Let X be an execution involving threads T1, T2, …, Tn and semaphores, 
locks, or monitors. Let Q be the SYN-sequence exercised by X. Assume that every 
event in Q is assigned a thread-centric timestamp. Let f.tid be the (integer) thread ID 
of thread f.T for an event f. Let f1 and f2 be two events in Q. Then, f1 → f2 if and only 
if  

(1) <f1, f2> is a synchronization pair; or  
(2) f1.ts[f1.tid] ≤ f2.ts[f1.tid] and f1.ts[f2.tid] < f2.ts[f2.tid]. 

 

 

 

 

 
 

 

Fig. 9. Timestamp scheme for race analysis of semaphore-based and monitor-based programs 

4.1.2   Object-Centric Scheme 
In this scheme, each thread and synchronization object (port, semaphore, lock, or 
monitor) maintains a version vector. A version vector is a vector of integers used to 
keep track of the version number of each synchronization object. The version number 
of a synchronization object is initially zero, and is incremented each time a thread 
performs a sending or receiving event. Each sending and receiving event is also 
assigned a version vector as its timestamp.  

Let T.v (or O.v) be the version vector maintained by a thread T (or a 
synchronization object O). Initially, the version vector of each thread or 
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synchronization object is a vector of zeros. The following rules are used to update 
version vectors and assign timestamps to events: 

1. When a thread T executes a sending event s, T assigns its version vector as the 
timestamp of s, i.e., s.ts = T.v;. 

2. When a receiving event r occurs on a synchronization object Oi, letting s be the 
sending partner of r, the following operations are performed: (a) Oi.v = max(Oi.v, 
s.ts); (b) r.ts = Oi.v. 

3. Semaphore/Lock: When a thread T finishes a called operation on a semaphore or 
lock O, T updates its version vector using the component-wise maximum of T.v 
and O.v, i.e., T.v = max(T.v, O.v).  
SU Monitor: When a thread T finishes executing a method on a monitor O, T 
updates its version vector using the component-wise maximum of T.v and O.v, i.e., 
T.v = max(T.v, O.v). 
SC Monitor: When a thread T finishes executing a method on a monitor O, or when 
a thread T is signaled from a condition queue of O, T updates its version vector 
using the component-wise maximum of T.v and O.v, i.e., T.v = max(T.v, O.v). 

Timestamps assigned using the above rules are called object-centric timestamps. 
Note that this scheme is preferred only if the number of synchronization objects is 
smaller than the number of threads. Considering that in a message-passing program, 
each thread usually has at least one port, we do not expect that this scheme will be 
frequently used for message passing programs. Fig. 10 shows object-centric 
timestamps assigned for the executions in Fig 9. 

Fig. 10. Object-centric timestamps 

Object-centric timestamps cannot be used to determine the happened-before 
relation between two arbitrary events. However, they can be used to determine the 
happened-before relation between two events if at least one of the events is a 
receiving event, which is sufficient for our purposes.  

Proposition 2. Let X be an execution involving synchronization objects O1, O2, …, 
Om. Let Q be the SYN-sequence exercised by X. Assume that every event in Q is 
assigned  an  object-centric  timestamp. Let  r  be  a  receiving  event  on Oi, and f a 
receiving event on Oj, where 1≤ i, j≤ m. Then, e → f if and only if e.ts[i]≤ f.ts[i] and 
e.ts[j]<f.ts[j]. 

T1                              M1                               T2                               M2                               T3 

c1 [ 0,  0  ] 

c3 [ 2, 0  ] 

c2 [ 0, 0  ] 

e1 [ 1, 0  ] 

e2 [ 2, 0 ] 

e3 [ 3, 0 ] 

c4 [ 3, 0  ] e4 [ 3, 1, 0 ] 

e5 [ 3, 2 ] 

e6 [ 4, 2 ] c6 [ 3, 2 ] 

c5 [ 0, 0 ] 

p1 [  0  ] 

v1 [ 1  ] 

e1 [ 1  ] 

e2 [  2  ] 

e3 [ 3  ] 

e4 [ 4  ] 

    T1                            S                             T2 

 (a)             (b) 

p2 [  0 ] 

v2 [ 3  ] 



A General Model for Reachability Testing of Concurrent Programs          91 

Proposition 3. Let X be an execution involving synchronization objects O1, O2, …, 
Om. Let Q be the SYN-sequence exercised by X. Assume that every event in Q is 
assigned an object-centric timestamp. Let r be a receiving event on Oi, and s a 
sending event on Oj, where 1≤ i, j≤ m. Then, r → s if and only if r.ts[i]≤ s.ts[i]. 

In Fig. 10b, entry e3 happens before entry e4 since e3.ts[1]  = e4.ts[1] and e3.ts[2] < 
e4.ts[2]. Entry e3 happens before call c6 since e3.ts[1] = e6.ts[1]. 

4.2   Race Detection 

As we described in Section 3.6, we can characterize a program execution as a 
sequence of sending and receiving events. Intuitively, there exists a race between two 
sending events if they can synchronize with the same receiving event in different 
executions. In order to accurately determine all the races in an execution, the 
program’s semantics must be analyzed. Fortunately, for the purpose of reachability 
testing, we only need to consider a special type of race, called a lead race.  Lead races 
can be identified solely based on the SYN-sequence of an execution, i.e., without 
analyzing the program’s semantics.  

Definition 1. Let Q be a SYN-sequence exercised by an execution of a concurrent 
program CP. Let s be a sending event and r a receiving event in Q such that <s, r> is 
a synchronization pair. Let s’ be another sending event in Q. There exists a lead race 
between s’ and <s, r> in Q if s’ and r can form a synchronization pair during some 
other execution of CP provided that all the events that happen before s’ or r in Q are 
replayed in that execution.  

Note that Definition 1 requires all events that can potentially affect s’ or r in Q to 
be replayed and thus ensures the existence of c’ or e, regardless of the program’s 
implementation. As a result lead races can be identified solely based on information 
encoded in Q. In the remainder of this paper, a race is assumed to be a lead race 
unless otherwise specified. 

Next, we define the notion of a race set of a receiving event. Let Q be a SYN-
sequence. Let r be a receiving event and s a sending event in Q such that <s, r> is a 
synchronization pair. The race set of r in Q, denoted as race(r, Q) or race(r) if Q is 
implied, is the set of sending events in Q that have a race with <s, r>. Formally, 
race(r, Q) = {s’ ∈ Q | there exists a lead race between s’ and <s, r>}. 

The following proposition describes how to compute the race set of a receiving 
event. 

Proposition 4. Let Q be a SYN-sequence exercised by a program execution. A sending 
event s is in the race set of a receiving event r if (1) s is open at r; (2) r does not 
happen before s; (3) if <s, r’> is a synchronization pair, then r happens before r’; and 
(4) s and r are consistent with FIFO semantics (i.e., all the messages that were sent to 
the same destination as s, but were sent before s, have already been received before r). 

Race Set Examples: 

• Asynchronous Message Passing. The race set of each receive event in Fig. 2 is as 
follows: race(r1) = {s2}, race(r2) = race(r3) = race(r4) = {}. Note that s3 is not in 
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the race set of r1 because s3 is sent to a different port and thus s3 is not open at r1.  
For the same reason, s4 is not in the race set of r3. Also note that s4 is not in the 
race set of r1, because FIFO semantics ensures that s1 is received before s4.   

• Synchronous message passing. The race set of each receive event in Fig. 3 is as 
follows: race(r1) = {s2}, race(r2) = { }, race(r3) = {s4}, and race(r4) = { }. Since 
the alternative for p2 is open whenever T2 selects the receive-alternative for p1, the 
race set for r1 contains s2 and the race set for r3 contains s4. On the other hand, 
since the alternative for p1 was closed when T2 selected the receive-alternative for 
p2 at r2, the race set for r2 does not contain s3. 

• Semaphores. The race set of each completion event in Fig. 4 is as follows: race(e1) 
= {p2}, race(e2) = race(e3) = race(e4) = { }. Note that since P() was not in the 
open-list of e2, the race set for e2 does not contain p2. This captures the fact that 
the P() operation by T1 could start but not complete before the V() operation by T2 
and hence that these operations do not race. 

• Locks. The race set of each completion event in Fig. 5 is as follows: race(e1) = 
{l3}, race(e2) = race(e3) = race(e4) = race(e5) = race(e6) = {}. Note that since 
T2 owned lock K when the operations for events e2, e3, and e4 were started, the 
race sets for e2, e3, and e4 are empty. This represents the fact that no other thread 
can complete a lock() operation on K while it is owned by T2. 

• Monitors. The race set of each entry event in Fig. 6 is as follows: race(e1) = {c2}, 
race(e2) = race(e3) = { }, race(e4) = {c5}, and race(e5) = race(e6) = { }. Sending 
event c3 is not in the race set of e2 since c3 happened after e2. (Thread T2 entered 
monitor m at  e2 and executed a signal operation that caused T1 to issue call c3.) 

4.3   Computing Race Variants 

Let CP be a concurrent program. Let Q be the SYN-sequence exercised by an 
execution of CP. Informally, a race variant of Q is the beginning part of one or more 
SYN-sequences of CP that could well have occurred but didn’t, due to the way races 
were arbitrarily resolved during execution.  

Definition 2. Let Q be a SYN-sequence and V be a race variant of Q. Let partner(r, Q) 
(or partner(r, V)) be the sending partner of a receiving event r in Q (or in V). Variant 
V is another SYN-sequence that satisfies the following conditions: 

1. Let r be a receiving event in Q. If r is also in V, and if call(r, Q) != call(r, V), then 
call(r, V)  must be in race(r, Q).  

2. Let f be a sending or receiving event in Q. Then, f is not in V if and only if there 
exists a receiving event r in Q such that r →Q f in Q and partner(r, Q) != partner(r, 
V). 

3. There exists at least one receiving event r in both Q and V such that partner(r, Q) != 
partner(r, V). 

The first condition says that if we change the sending partner of a receiving event 
r, the new sending partner must be a sending event in the race set of r. The second 
condition says that if and only if we change the sending partner of a receiving event r, 
we remove all the events that happen after r. The third condition says that there must 
be at least one difference between Q and V.  
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s1 
s2 

s4 
s3 

r1 

Note that the second condition is a conservative approach to ensuring that a race 
variant is always feasible (i.e., it can be exercised by at least one program execution), 
regardless of the program’s control and data flow. This condition is necessary since 
after the sending partner of a receiving event r is changed, all the events that happen 
after r could potentially be affected. That is, what happens after r might depend on the 
program’s control and data flow.  Note that this is a conservative approach since it 
removes events that happen after r even if they are not affected and are still feasible. 

An algorithm for computing race variants of semaphore-based programs was 
described in [13]. This algorithm is easily adapted to the general execution model 
presented in this paper so we briefly describe it here. The race variants of a SYN-
sequence are generated by building a so-called “race table”, where each row of a race 
table corresponds to a race variant. The composition of a race table is described as 
follows. There is a column for each receiving event whose race set is non-empty. Let 
r be the receiving event corresponding to column j, V the race variant to be derived 
from row i, and v the value at row i, column j. Value v indicates how receiving event r 
is changed in variant V: 

1. v =  -1 indicates that r is removed from V 
2. v = 0 indicates that the sending partner of r is left unchanged in V 
3. v > 0 indicates that, in V, the sending partner of r is changed to the v-th event in 

race(r), where the sending events in race(r) are arranged in an arbitrary order and 
the index of the first event in race(r) is 1.  

Note that when we change the sending partner of event r, we need to remove all 
the events that happened after r in the original execution. This is to be consistent with 
the second condition in Definition 2. The algorithm in [13] generates a race table 
whose rows contain all possible combinations of values for the receiving events. 

 
(a) race table 

 r1 r3 
1 0 1 
2 1 -1 

 

 

 

 

 
             (b) race variant V1 

 

      (c) race variant V2 

Fig. 11. Race variant examples 

Fig. 11(a) shows the race table for the sample execution in Fig. 3. Recall that r1 
and r3 are the only receiving events whose race sets are non-empty: race(r1) = {s2} 
and race(r3) = {s4}. Fig. 11(b) shows the variant derived from the first row, where the 
sending partner of r3 is changed from s3 to s4. Fig. 11(c) shows the variant derived 
from the second row, where the sending partner of r1 is changed from s1 to s2, and 
event r3 is removed since r3 happened after r1. See [13] for details about this 
algorithm. 

s1 r1 

s2 

s4 
s3 

r2

r3 
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5   Empirical Results 

We implemented our reachability testing algorithms in a prototype tool called 
RichTest. RichTest is developed in Java, and consists of three main components: a 
synchronization library, a race variant generator, and a test driver. The 
synchronization library provides classes for simulating semaphores, locks, monitors, 
and message passing with selective waits. The synchronization classes contain the 
necessary control for replaying variants and tracing SYN-sequences. The race variant 
generator inputs a SYN-sequence and generates race variants of the sequence as 
discussed in Sections 4. The test driver is responsible for coordinating the exchange 
of variants and SYN-sequences between the synchronization classes and the variant 
generator. These three components and the application form a single Java program 
that performs the reachability testing process presented in Section 2. 

We wish to stress that RichTest does not require any modifications to the JVM or 
the operating system. Instead, the synchronization classes contain the additional 
control necessary for reachability testing. In trace mode, the synchronization classes 
record synchronization events at appropriate points and assign timestamps to these 
events. In replay mode, the synchronization classes implement the replay techniques 
that have been developed for the various constructs. We are applying this same 
approach to build portable reachability testing tools for multithreaded C++ programs 
that use thread libraries in Windows, Solaris, and Unix. 

As a proof-of-concept, we conducted an experiment in which RichTest was used 
to apply reachability testing to several components. The components chosen to carry 
out the experiment include: (1) BB – a solution to the bounded-buffer problem where 
the buffer is protected using either semaphores, an SC monitor, an SU monitor, or a 
selective wait; (2) RW – a solution to the readers/writers problem using either 
semaphores, an SU monitor, or a selective wait; (3) DP – a solution that uses an SU 
monitor to solve the dining philosophers problem without deadlock or starvation.  

Table 1 summarizes the results of our experiment. The first column shows the 
names of the components. The second column shows the test configuration for each 
component. For BB, it indicates the number of producers (P), the number of 
consumers (C), and the number of slots (S) in the buffer. For RW, it indicates the 
number of readers (R) and the number of writers (W). For DP, it indicates the number 
of processes. The third column shows the number of sequences generated during 
reachability testing. To shed some light on the total time needed to execute these 
sequences, we observe that, for instance, the total execution time for the DP program 
with 5 philosophers is 7 minutes on a 1.6GHz PC with 512 MB of RAM.   

Note that RichTest implements the reachability testing algorithm presented in 
[13]. The algorithm has a very low memory requirements, but it could generate 
duplicate SYN-sequences (i.e., exercise a given SYN-sequence more than once) for 
certain communication patterns. The reader is referred to [13] for more discussion on 
duplicates. In our experiment, the only case where duplicates were generated was for 
program BB-Semaphore. Since the number of duplicates may vary during different 
applications of reachability testing, we performed reachability testing on BB-
Semaphore ten times and reported the average number of sequences exercised. We 
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note that the program has 324 unique sequences, and thus, on average, 64 sequences 
(or 18% of the total sequences) exercised during reachability testing were duplicates.  

Table 1. Experimental Results 

Program Config. # Seqs. Program Config. # Seqs. Program Config. # Seqs. 
BB- 
Select 

3P + 3C + 2S 144 RW-Semaphore 2R + 2W 608 DP-
MonitorSU 

3 30 

BB- 
Semaphore 

3P + 3C + 2S 384 
(avg.) 

RW-Semaphore 2R + 3W 12816 DP- 
MonitorSU 

4 624 

BB- 
MonitorSU 

3P + 3C + 2S 720 RW-Semaphore 3R + 2W 21744 DP- 
MonitorSU 

5   19330 

BB- 
MonitorSC 

3P + 3C + 2S  12096 RW-MonitorSC 3R + 2W 70020    

     RW-MonitorSU 3R + 2W 13320    
   RW-Select 3R + 2W 768    

The results in Table 1 show that the choice of synchronization construct has a big 
effect on the number of sequences generated during reachability testing. SC monitors 
generate more sequences than SU monitors since SC monitors have races between 
signaled threads trying to reenter the monitor and calling threads trying to enter for 
the first time. SU monitors avoid these races by giving signaled threads priority over 
calling threads. Selective waits generated fewer sequences than the other constructs. 
This is because the guards in the selective waits are used to generate open-lists that 
reduce the sizes of the race sets. 

6   Related Work 

The simplest approach to testing concurrent programs is non-deterministic testing. 
The main problem with non-deterministic testing is that repeated executions of a 
concurrent program may exercise the same synchronization behavior. Most research 
in this area has focused on how to increase the chances of exercising different 
synchronization behaviors, and thus the chances of finding faults, when a program is 
repeatedly executed. This is typically accomplished by inserting random delays [23] 
or calls to a randomized scheduling function [17] into carefully selected program 
locations.  

An alternative approach is deterministic testing, which is used to determine 
whether a specified sequence can or cannot be exercised. The main challenge for 
deterministic testing is dealing with the test sequence selection problem. A common 
method for selecting test sequences for deterministic testing is to derive a global state 
graph of a program (or of a model of the program) and then select paths from this 
graph [21]. This method, however, suffers from the state explosion problem. 
Moreover, it is possible to select two or more paths that correspond to the same partial 
order, which is inefficient. Most research [10] [22] in this area has focused on how to 
address these two problems.  
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Reachability testing combines non-deterministic and deterministic testing. In [9], a 
reachability testing technique was described for multithreaded programs that use read 
and write operations. A reachability testing approach for asynchronous message-
passing programs was reported in [19] and was later improved in [12]. These two 
approaches use different models to characterize program executions as well as 
different algorithms for computing race variants. Our work in this paper presents a 
general model for reachability testing. In addition, these approaches compute race 
variants by considering all possible interleavings of the events in a SYN-sequence. 
This is less efficient than our table-based algorithm where we deal with partial orders 
directly.  

Recently, there is a growing interest in techniques that can systematically explore 
the state space of a program or a model of the program. The main challenge is dealing 
with the state explosion problem. The tools Java PathFinder I [8] and Bandera [5] first 
derive an abstract model of a Java program and then use model checkers such as SPIN 
to explore a state graph of the model. Techniques such as slicing and abstraction are 
used to reduce the size of the state graph. One problem these tools encounter is the 
semantic gap between programming languages and modeling languages, which makes 
some programming language features difficult to model. To overcome this problem, 
tools such as Java PathFinder II, VeriSoft [7] and ExitBlock [3] directly explore the 
state space of actual programs, i.e., without constructing any models.  These tools use 
partial order reduction methods to reduce the chances of executing sequences that 
only differ in the order of concurrent events.  

Reachability testing also directly explores the state space of actual programs. 
However, unlike VeriSoft, ExitBlock, and Java PathFinder II, our reachability testing 
algorithm deals with partial orders directly. In contrast, partial order reduction still 
generates total orders but tries to reduce the chances of generating total orders that 
correspond to the same partial order. In addition, the SYN-sequence framework used 
by reachability testing is highly portable. This is because the definition of a SYN-
sequence is based on the language-level definition of a concurrency construct, rather 
than the implementation details of the construct. Our Java reachability testing tools do 
not require any modifications to the Java Virtual Machine (JVM) or the thread 
scheduler, and are completely portable. Our C/C++ tools for Windows, Unix, and 
Solaris, do not require any modifications to the thread scheduler either. In contrast, 
VeriSoft, ExitBlock and Java PathFinder II all rely on access to the underlying thread 
scheduler to control program execution, and the latter two tools also rely on a custom 
JVM to capture program states. As a result, these tools have limited portability.  

7   Conclusion and Future Work 

In this paper, we described a general model for reachability testing of concurrent 
programs. The main advantages of reachability testing can be summarized as follows: 

• Reachability testing uses a dynamic framework to derive test sequences. This 
avoids the construction of static program models, which are often inaccurate and 
may be too large to build. 
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• If desired, reachability testing can systematically exercise all the behaviors of a 
program. This maximizes test coverage and has important applications in program-
based verification. 

• Reachability testing tools can be implemented in a portable manner, without 
modifying the underlying virtual machine, runtime-system or operating system. 

We note that since reachability testing is implementation-based, it cannot by itself 
detect “missing sequences”, i.e., those that are valid according to the specification but 
are not allowed by the implementation. In this respect, reachability testing is 
complimentary to specification-based approaches that select valid sequences from a 
specification and determine whether they are allowed by the implementation [10]. 

We are continuing our work on reachability testing in the following directions. 
First, we are considering additional synchronization constructs, such as else/delay 
alternatives in selective wait statements. Second, exhaustive testing is not always 
practical due to resource constraints. Towards a more scalable solution, we are 
developing algorithms that can selectively exercise a set of SYN-sequences according 
to some coverage criteria. Third, there is a growing interest in combining formal 
methods and testing. Formal methods are frequently model based, which means that a 
model must be extracted from a program. Static analysis methods for model 
extraction have difficulty handling dynamic activities like creating threads and heap 
management. These things are easier to handle in a dynamic framework. Since 
reachability testing is dynamic and can be exhaustive, we are investigating the use of 
reachability testing to construct complete models of the communication and 
synchronization behavior of a concurrent program. 

References 

1.  Ada Language Reference Manual, January 1983. 
2.  A. Bechini and K. C. Tai, Timestamps for Programs using Messages and Shared 

Variables, 18th Int’l Conf. on Distributed Computing Systems, 1998. 
3.  D. L. Bruening. Systematic testing of multithreaded Java programs. Master’s thesis, MIT, 

1999. 
4.  R. Carver and K. C. Tai, "Replay and Testing for Concurrent Programs," IEEE Software, 

Vol. 8 No. 2, Mar. 1991, 66-74. 
5.  J. Corbett, Matthew Dwyer, John Hatcliff, Corina Pasareanu, Robby, Shawn Laubach, and 

Hongjun Zheng. Bandera: Extracting Finite-state Models from Java Source Code, In 
Proceedings of the 22nd International Conference on Software Engineering, June, 2000. 

6.  C. J. Fidge, Logical Time in Distributed Computing Systems, IEEE Computer, Aug. 1991, 
pp. 28-33. 

7.  P. Godefroid. Model Checking for Programming Languages using VeriSoft. Proceedings 
of the 24th ACM Symposium on Principles of Programming Languages, pages 174-186, 
Paris, January 1997. 

8. K. Havelund and Tom Pressburger. Model Checking Java Programs Using Java 
PathFinder.  International Journal on Software Tools for Technology Transfer (STTT) 
2(4): 366-381, April 2000. 



98           R.H. Carver and Y. Lei 

9. G. H. Hwang, K. C. Tai, and T. L. Huang. Reachability testing: An approach to testing 
concurrent software. International Journal of Software Engineering and Knowledge 
Engineering, 5(4):493-510, 1995. 

10. Koppol, P.V., Carver, R. H., and Tai, K. C., Incremental Integration Testing of Concurrent 
Programs, IEEE Trans. on Software. Engineering, Vol. 28, No. 6, June 2002, 607-623. 

11. L. Lamport. Time, Clocks, and the Ordering of Events in a Dist. System, Comm. ACM, 
July 1978, pp. 558-565. 

12. Yu Lei and Kuo-Chung Tai, Efficient reachability testing of asynchronous message-
passing programs, Proc. 8th IEEE Int’l Conf. on Engineering for Complex Computer 
Systems, pp. 35-44, Dec. 2002. 

13. Yu Lei and Richard H. Carver, “Reachability testing of semaphore-based programs”, to be 
published in Proc. of the 28th Computer Software and Applications Conference 
(COMPSAC), September, 2004. 

14. F. Mattern, Virtual Time and Global States of Distributed Systems, Parallel and 
Distributed Algorithms (M. Cosnard et al.), Elsevier Science, North Holland, 1989, pp. 
215-226. 

15. R. H. B. Netzer. Optimal tracing and replay for debugging shared-memory parallel 
programs. Proc. of 3rd ACM/ONR Workshop on Parallel and Dist. Debugging, pp. 1-11, 
1993. 

16. S. Savage, M. Burrows, G. Nelson, P. Sobalvarro, and T. Anderson, “Eraser: A dynamic 
race detector for multithreaded programs,” Transactions on Computer Systems 15, 4 
(November 1998), 391-411 

17. S. D. Stoller. Testing concurrent Java programs using randomized scheduling. In Proc. of 
the Second Workshop on Runtime Verification (RV), Vol. 70(4) of Electronic Notes in 
Theoretical Computer Science. Elsevier, 2002. 

18. K. C. Tai. Testing of concurrent software. Proc. of the 13th Annual International Computer 
Software and Applications Conference, pp. 62-64, 1989. 

19. K. C. Tai. Reachability testing of asynchronous message-passing programs. Proc. of the 
2nd International Workshop on Software Engineering for Parallel and Distributed Systems, 
pp. 50-61, 1997. 

20. K. C. Tai, R. H. Carver, and E. Obaid, “Debugging concurrent Ada programs by 
deterministic execution,” IEEE Trans. Software Engineering, 17(1):45-63, 1991. 

21. R. N. Taylor, D. L. Levine, and Cheryl D. Kelly, Structural testing of concurrent programs, 
IEEE Transaction on Software Engineering, 18(3):206-214, 1992.  

22. A. Ulrich and H. Konig, Specification-based Testing of Concurrent Systems, Proceedings 
of the IFIP Joint International Conference on Formal Description Techniques and Protocol 
Specification, Testing, and Verification (FORTE/PSTV '97), 1997. 

23. C. Yang and L. L. Pollock. Identifying redundant test cases for testing parallel language 
constructs. ARL-ATIRP First Annual Technical Conference, 1997. 



A Knowledge Based Analysis of
Cache Coherence�

Kai Baukus1 and Ron van der Meyden2

1,2 School of Computer Science and Engineering,
University of New South Wales

2 National ICT Australia
{kbaukus,meyden}@cse.unsw.edu.au

Abstract. This paper presents a case study of the application of the
knowledge-based approach to concurrent systems specification, design
and verification. A highly abstract solution to the cache coherence prob-
lem is first presented, in the form of a knowledge-based program, that
formalises the intuitions underlying the MOESI [Sweazey & Smith, 1986]
characterisation of cache coherency protocols. It is shown that any con-
crete implementation of this knowledge-based program, which relates a
cache’s actions to its knowledge about the status of other caches, is a cor-
rect solution of the cache coherence problem. Three existing protocols in
the MOESI class are shown to be such implementations. The knowledge-
based characterisation furthermore raises the question of whether these
protocols are optimal in their use of information available to the caches.
This question is investigated using by the model checker MCK, which is
able to verify specifications in the logic of knowledge and time.

1 Introduction

Reasoning about knowledge [FHMV95] provides an approach to concurrent sys-
tem specification, development, and verification that focuses on information flow
in the system and how information relates to action. The approach promises a
number of advantages: a high level of abstraction in specification, ease of verifi-
cation and a methodology for the development of protocols that make optimal
use of information. This paper presents a case study of the approach in a recently
developed formulation, and uses for part of the effort a new tool that enables
model checking specifications in the logic of knowledge and time [GM04].

The focus of the case study is cache coherence protocols for multi-processor
systems. Numerous cache coherency solutions have been proposed [AB86], and
the area has been a popular target for the application of model checking sys-
tems [CGH+95]. Often, the literature on verification of such protocols has con-
centrated on verifying specific concrete protocols rather than a more abstract
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design level. One exception is the work of Sweazey and Smith [SS86], who have
given an abstract characterisation of a class of cache coherency protocols in or-
der to show that these protocols can be implemented on the FutureBus. They
show that several of the protocols in the literature can be implemented as con-
crete instances of their general scheme. However, their presentation is informal
and does not provide a rigorous relationship between their intuitions and the
concrete transition tables by which they present the concrete protocols.

We show in this paper that the knowledge-based approach provides the means
to formalise the abstract intuitions of Sweazey & Smith, enabling their relation-
ship to the concrete protocols to be precisely defined and justified. We describe
how this implementation relationship can be verified. Our characterisation clar-
ifies some aspects of Sweazey and Smith’s intuitions. Moreover, our formulation
raises the interesting question of whether these concrete protocols make optimal
use of the information generated in running them. We investigate this question
using a newly developed tool, MCK, a model checker for the logic of knowledge
and time [GM04]. In some cases, we find that the protocols do make optimal use
of information, but we also identify ways in which they do not. In some cases,
this is because our analysis takes into account aspects not considered by the
protocol designers. In one case, however, the Synapse protocol, this is much less
clear, and our analysis points to a way to optimize the protocol.

2 Framework: Syntax and Semantics

In this section we recall some definitions from the literature on reasoning about
knowledge, and sketch the process notation we use in the paper. For more de-
tailed exposition and motivation on reasoning about knowledge, we refer the
reader to [FHMV95].

2.1 Reasoning About Knowledge

Consider a concurrent system comprised of a set of processes. Each process is
associated with a set of variables that we call its local variables. A global state is
an assignment of values to each of the local variables of each process. Executing
the processes from some initial state produces a run, a mapping from natural
numbers to global states. If r is a run and n ∈ N a time, then r(n) denotes the
global state at time n. A point is a pair (r, n) consisting of a run r and a time
n ∈ N.

A system is a set of runs. If Prop is a set of atomic propositions, an interpre-
tation of Prop in a system R is a mapping π associating each point in R with
the set of p ∈ Prop it satisfies. An interpreted system is a pair (R, π) where R
is a system and π is an interpretation for R.

The logic of knowledge contains a modal operator Ki, intuitively representing
the expression “process i knows that”, as well as the usual boolean operators. If
φ is a formula then so is Kiφ, where i is a process. The semantics of the logic of
knowledge is usually defined in interpreted systems as follows. First, each process
i is associated with a local state at each point (r, n) — this local state is denoted
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by ri(n), and intuitively captures all the information available to the process for
determining what it knows at that time. Two points (r, n) and (r′, n′) are said
to be indistinguishable to process i, written (r, n) ∼i (r′, n′), if ri(n) = ri(n′).
Formulas are given semantics by means of a relation of satisfaction of a formula
φ at a point (r, n) in an interpreted system I, written I, (r, n) |= φ. If I = (R, π),
this relation is defined inductively by

1. I, (r, n) |= p, for p ∈ Prop, if p ∈ π(r, n),
2. I, (r, n) |= Kiφ, if I, (r′, n′) |= φ for all points (r′, n′) ∼i (r, n) in R,

and the obvious clauses for the boolean operators. Intuitively, this definition says
that process i knows φ if φ holds at all points it is unable to distinguish from the
current point. We write I |= φ if φ is valid in the structure I, i.e, I, (r, n) |= φ
for all points (r, n) in I.

The local state can be defined in a number of ways. One, which we call
the observational interpretation of knowledge, defines ri(n) to be the restriction
r(n) � Varsi of the global state r(n) to the set Varsi of local variables of process i.
(We could furthermore restrict to a smaller set of variables if the question of what
information is carried by that smaller set of variables is of interest). Another,
the asynchronous perfect recall semantics inductively defines the local state as a
sequence of assignments as follows: ri(0) = r(0) � Varsi and ri(n + 1) = ri(n)
if r(n) � Varsi = r(n + 1) � Varsi and ri(n + 1) = ri(n) · (r(n + 1) � Varsi)
otherwise. Intuitively, in this interpretation, process i remembers its complete
history of observations except that due to asynchrony it is unable to distinguish
stuttering equivalent sequences of observations.

The semantics above has formed the basis of much of the literature on the
knowledge-based approach, but has been generalised [EMM98] in order to pro-
vide a framework that provides greater flexibility. The generalisation uses the
notion of sound local propositions. We formulate this here as follows. Introduce a
set of atomic propositions of the form kiφ, where φ is a formula, with the seman-
tics of these atomic propositions given by the first of the two clauses above. To
retain some of the key aspects of the usual semantics of the knowledge operator,
we impose the following constraints:

Locality: If ri(n) = r′
i(n

′), then kiφ ∈ π(r, n) iff kiφ ∈ π(r′, n′).
Soundness: I |= kiφ ⇒ φ

Intuitively, locality says that the proposition kiφ is a function of process i’s
local state. Sound local propositions generalise the logic of knowledge: it can
be seen that soundness and locality implies that I |= kiφ ⇒ Kiφ, so if an
interpretation of the extended set of atomic propositions also satisfies

Completeness: I |= Kiφ ⇒ kiφ

then we have I |= kiφ ⇔ Kiφ.
It has been noted [EMM98] that much of the work of knowledge formulas in

the knowledge-based approach can be done with sound local propositions, and
a formal refinement calculus embodying this generalisation of the approach is
under development [EMM01, Eng02]. We use some ideas from this calculus in
the present paper.
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Fig. 1. Caches connected via a bus

2.2 Process Notation

We will describe systems at a number of levels of abstraction. Most concretely, we
use a process algebraic notation to describe the implementation level. Variables
may be updated by assignments. We use standard nondeterministic program-
ming constructs, and a parallelism operator ||, the semantic details of which
we omit for space reasons. The overall semantics is non-deterministic and asyn-
chronous in the sense that at any time, up to one of the possible events is
nondeterministically selected for execution. The choice is fair, in the sense that
a continuously enabled event is eventually selected.

The communication mechanism in the notation is by a synchronous hand-
shake between some set of processes. This may be a two-way handshake passing
a value v from process A to B, which we represent by having A perform the
event B!v and having B perform A?x, writing the value v into B′s variable x.
This handshake event is treated as causing a single transition in the global state
of the system. In order to model communication on the bus, we also need a
handshake involving more than two processes. Such handshake events also cause
a single transition in the system state, and may change any of the local variables
of the participating processes. We define the semantics of such handshakes by
providing sequential code used by each of the participating processes to update
its local variables: this code is interpreted to run atomically.

3 The Cache Coherence Problem

We study cache coherence protocols in the standard setting of several processors
that access their data indirectly through caches, connected via a bus to each
other and the main memory. The situation is depicted in Figure 1. The proces-
sors access memory locations via read and write requests. In a system without
caches, the requests would be queued to access the main bus sequentially. Caches
are fast memories introduced to speed up access to frequently used locations.
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The direct communication between processor and cache is much faster than the
main bus serving all parties connected to it. When the requested data value
exists as a valid copy in the cache, the cache answers the request immediately.
Otherwise, the cache has to request the corresponding location via the main
bus. A cache coherence protocol is a protocol run by the caches on the main bus
in order to guarantee consistency between the copies of data values that they
maintain.

A variety of different cache coherence protocols have been designed, that have
been placed into a general framework by Sweazey and Smith [SS86], who identify
the following attributes as being of relevance in the family of cache-coherence
protocols they consider:

1. Ownership/Modification: The owner of a memory line is responsible for
the value of that line. When the owner is a cache, it is the owner just when
it holds a modified value of the memory line.

2. Exclusiveness: Copies of the memory line may be held simultaneously by
a number of caches. If it is held by just one, that cache holds it exclusively.
A non-exclusive line is said to be shared.

3. Validity: The copy held by a cache may be valid (equal to the copy of the
owner) or invalid.

These three attributes give 8 possible states, but ownership and exclusivity
are not of interest for invalid memory lines, so [SS86] aggregate the four invalid
cases into one, leaving five states, which they call M (exclusive modified), O
(shared modified), S (shared unmodified), E (exclusive unmodified) and I (in-
valid). These states are updated as a result of bus communications, where in
addition to the memory value, six different boolean signals are communicated
across the bus: each is associated with an intuitive meaning, and the possible
patterns of communication of these signals in each of the MOESI states and the
resulting state updates are described in a set of tables. The tables allow for some
choice of action in a number of states, and [SS86] show that a number of existing
cache-coherency protocols can be modelled by appropriate choice of a subset of
the MOESI states and a choice of the associated actions.

The MOESI states are not given a formal specification in [SS86], and the
associated tables are justified only by some text that provides some informal
motivation. We propose here a higher level view of the MOESI states and the
associated protocols, by describing a knowledge-based program that captures
the underlying reasons for correctness of the MOESI protocols. This will have
the benefit not just of providing a clearer exposition of the protocol, but also
of opening the way for an investigation of whether the existing protocols make
optimal use of the information being communicated across the bus (something
we investigate by model checking some particular cases) and permitting the
exploration of alternative implementations that make greater use of the pattern
of communication across the bus.
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4 Knowledge-Based Specification

We now give an abstract, knowledge-based specification of cache coherence. We
consider a single memory line, which we model using a single bit. The abstract
behaviour of the processors is to non-deterministically choose between modi-
fying the value arbitrarily and reading/writing of the value back to memory,
represented by the following term:

Pi ≡ do value := 0
[] value := 1
[] Ci!write(value); Ci?ack
[] Ci! read; Ci? value
od

We denote the set of caches by Cache. Each cache i ∈ Cache has associated
with it the following variables:

1. a variable ci denoting the value i has for the memory line. This might be ⊥
if the cache does not have any value registered. It is convenient to denote
the main memory by m and the value of the main memory by cm, but this
variable will never take the value ⊥.

2. a variable pending i which has as value either the action that process i has
requested to be performed (read or write(v), for v ∈ {0, 1}), or the value
⊥, indicating that all requests have been processed.

At each moment of time, either one of the caches or the main memory is
designated as the owner of the memory line; we represent the current owner by
the variable o, with domain Cache∪ {m}. Exactly how the owner is determined
at each moment of time is a matter of implementation detail - we provide some
examples of particular implementations later.

A cache’s actions in response to its processors read and write requests depend
on what the cache knows about the state of the system, in particular, what it
knows about the three attributes identified above. We represent this knowledge
by means of three atomic propositions: ki(excli), ki(o = i) and ki(ci = co),
which we will require to be given a sound interpretation local to cache i (see
Section 2). The meaning of the formulas in these proposition names is as follows:

1. We write excli for ci �= ⊥∧∧
j∈Cache\{i} cj = ⊥, i.e., cache i is the only cache

with a copy of the line; thus ki(excli) intuitively says that cache i knows
that it has an exclusive copy;

2. o = i says that cache i is the owner, hence ki(o = i) intuitively says that
cache i knows that it is the owner;

3. ci = co says that cache i’s copy of the data value is equal to the owner o’s
copy, hence ki(ci = co) intuitively says that cache i knows that its copy is
valid.

We relate these local propositions to the cache’s actions by the following
specification of the cache’s behaviour, in the form of a guarded do loop that
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runs forever. The clauses of this do loop have been labelled for reference, e.g.
the first is labelled “{Get request}”. Intuitively, the treatment of the variable
pending i ensures that this variable acts as a flag indicating whether there exists
a pending request from the processor. Requests to read are cleared by the cache
by executing the {Read Hit} or {Read Miss} clauses and requests to write are
cleared by executing the clause {Write Local} or {Write Bus}. The memory line
is cleared from the cache by executing the {Copy back} or {Flush} clause. The
reason we have two clauses to achieve each effect is that one involves a bus event
and the other can be achieved locally.

Ci ≡ do
{Get request}
pending i = ⊥ → Pi?pending i

[] {Read Hit}
pending i = read ∧ ki(ci = co) → Pi! ci ; pending i := ⊥

[] {Read Miss}
pending i = read ∧ ¬ki(ci = co) → [co =X, co =X ∧Ki(ci =co)]B ;

Pi! ci ; pending i := ⊥
[] {Write Local}

pending i = write(v) ∧ ki(excli) → [True, ci = v ∧ o = i]L;
Pi!ack; pending i := ⊥

[] {Write Bus}
pending i = write(v) ∧ ¬ki(excli) → [True, co = v ∧ ci = v]B ;

Pi!ack; pending i := ⊥
[] {Copy Back}

pending = ⊥ ∧ ki(o = i) → [ci = X, i �= o ∧ co = X∧
pending i = ⊥]B

[] {Flush}
pending = ⊥ ∧ ¬ki(o = i) → [i �=o, ci =⊥ ∧ pending i =⊥]L;

[] {Bus Observation}
[pending i = X, pending i = X]B

od

This specification is in the spirit of knowledge-based programs in the sense
of [FHMV95, FHMV97], in that it relates the cache’s actions to its knowledge.
However, it also draws on elements of the knowledge based refinement calculus
under development [EMM98, MM00, EMM00, EMM01, Eng02]. One of these ele-
ments is the use of sound local propositions kiφ as guards, where the [FHMV95,
FHMV97] knowledge-based programs would require use of sound and complete
guards Kiφ. As we will show in the next section, soundness of the guards suffices
for correctness of the specification. This makes our specification more general.
(The astute reader may have noticed that we do use the classical notion of knowl-
edge in the {Read Miss} clause. We comment on the reasons for this later.)

Another difference from the knowledge-based programs of [FHMV95,
FHMV97] is that in addition to having concrete actions in the clauses, we also
make use of specification statements [φ, ψ]. These are pre- and post-condition
specifications: they stand for some code, to be determined, that when executed
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from a state satisfying φ terminates in a state satisfying ψ. (The subscripts B
and L are explained below.) We give a formal definition below. The variable
X is used in the specification statements as an implicitly universally quantified
frame variable, which is required to assume the same value in the pre-condition
and the post-condition. That is, the specification in this case is required to be
satisfied for all values of X.

We place some further constraints on the code implementing the specification
statements in the program:

I1. We assume that this code does not involve any communication actions be-
tween the cache and its processor, so that the only such events in the im-
plementation are those already visible in the program above.

I2. Statements of the form [φ, ψ]L must be implemented by a program that
takes only actions local to the cache.

I3. Statements of the form [φ, ψ]B must be implemented by a single bus event.
I4. The variable ci cannot change from having value ⊥ to having a value not

equal to ⊥ without a bus event occurring.
I5. During the execution of [i �= o, ci = ⊥ ∧ pending i = ⊥]L, i �= o remains

true.

The intuition for I5 is that the clause containing this statement is intended to
flush the data value from the cache, and it does not make sense for the cache to
acquire ownership in order to do so. (This condition is also required for technical
reasons below.)

The {Bus Observation} clause is included to deal with the cache’s observa-
tions (snooping, in the terminology of the literature) of bus events generated
by other caches. The cache may update its own state as a result of observing
such events. It is assumed that all caches participate in each bus event, either by
causing it, or by observing it. Observers may also exchange information during
the bus event, e.g., by declaring that they retain a copy of the memory line.
There is a further requirement that each event observed on the bus be caused
by the action of one of the caches on the bus. Formally, we capture this by the
following conditions:

BObs. Each bus event in a run of the system corresponds to the simultaneous
execution by each cache of a bus event specification statement [α, β]B . At
least one of these is not the {Bus Observation} specification statement.

We also need some constraints on the definition of ownership:

O1. The owner’s value for the memory line is never ⊥, i.e., � co �= ⊥
O2. It is always the case that the owner, if a cache, knows that it is the owner,

i.e.,
∧

i∈Cache � (o = i ⇒ ki(o = i))
O3. If a cache is the owner, it remains the owner until a bus event occurs.

We note that O3 permits that ownership can be transferred from the main
memory to a cache without a bus event occurring. We later give an example
where this occurs.

An candidate implementation of the above specification consists of the fol-
lowing:
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1. A set of concrete processes Ci for each of the cache specifications Ci, obtained
by substituting specific code for the specification statements in the process
terms Ci, in accordance with constraints I1-I3. These concrete processes
may make use of variables additional to those mentioned above, in order to
maintain information about the state of other caches.

2. A concrete process M for the memory.
3. A definition of the semantics of any handshake actions used in these pro-

cesses, defining which combinations may occur in a handshake, and what the
effect is on the local states.

4. A definition of the local propositions kiφ: these should depend only on the
local variables of cache i in the implementation. These definitions should be
substituted in the guards of Ci in constructing the implementation Ci.

5. A definition of the ownership as a function of global state.

Given a candidate implementation, let S = M ‖ (P1 ‖ C1) ‖ . . . ‖ (Pn ‖ Cn)
be the parallel composition of all the components, and let I be the system
consisting of the set of runs of S, with propositions interpreted in accordance
with their interpretations in the candidate implementation. Then the candidate
implementation is an implementation if the following hold in I.

1. Constraints I4-I5, O1-O3 and BObs are satisfied.
2. The specification constraints are satisfied: for any run r of I, for any interval

(m,n) such that the code implementing the statement [φ, ψ] runs over inter-
val (m,n) in r, if I, (r,m) |= φ then I, (r, n) |= ψ. (Note that because the
underlying semantics is asynchronous, actions of other processes may occur
during the interval [m,n].)

For the purposes of the above definition, the knowledge operator in {Read
Miss} should be interpreted according to the observational semantics of knowl-
edge.

We now show that any implementation of the knowledge-based specification
solves the cache coherence problem, by establishing that a strong type of sequen-
tiality holds if one observes the system at the level of bus events. Say that a write
event (of cache i) is an event involving cache i, such that the next event involv-
ing cache i is Pi!ack. That is, a write event of a cache i is the final event of the
implementation of one of the specification statements [True, ci = v ∧ o = i]L
or [True, co = v ∧ ci = v]B . We say that the value v is the value written in
this write event. We call events of the form Pj !w where w is a memory line
value, read events, with value w. The following result states that values read
are always equal to the last value written. When an event corresponds to the
transition between times n and n+ 1, we say it occurs at time n.

Lemma 1 (Sequentiality). Let I be a system implementing the knowledge-
based specification, and let r be a run of I. If a write event with value v occurs
at time m in r, a read event with value w occurs at time n > m, and no write
event occurs at times p with m < p ≤ n, then v = w.

It is worth remarking that the specification statement for the {Read Miss}
clause could have used the local proposition ki(ci = co) in place of Ki(ci = co),



108 K. Baukus and R. van der Meyden

but this would be less general by validity of ki(φ) ⇒ Ki(φ). In practice, however,
ki(ci = co) could well be the postcondition established, and would have the
benefit of matching the guard of the {Read Hit} statement. If one were to weaken
Ki(ci = co) in the postcondition of the {Read Miss} clause to ci = co, the
sequentiality result would no longer hold, intuitively because there is then no
guarantee that the owner does not perform a local write interleaved between
execution of the bus event and the handshake Pi!ci. However, a closely related
result, stating that observations of reads and writes at the level of the processors
are linearisable [HW90] could still be proved with this weakening.

5 Implementation of the Cache Protocols

One of the benefits of the knowledge-based approach is that it enables high level
descriptions capturing the underlying reasons for correctness of a variety of pro-
tocols. We illustrate this by showing that three known cache coherence protocols
are implementations of our knowledge-based program for cache coherence. We
refer the reader to [AB86] for a detailed presentation of these protocols.

The first protocol is the so-called Write-Once protocol, which gets its name
from the fact that the first write hit is performed as a write-through to the
memory and gives the other caches the information to invalidate their copies.
After this write-through, reads and writes can be performed locally, and the
cache can also be flushed without a write-back if there has been no second
write. See Figure 2(a) for a graphical representation. The cache line can be in
four different states: Invalid (Inv), Valid (Vld), Reserved (Rsv), or Dirty
(Drty). Writes and reads in state Inv lead to a Write-Miss (wm) resp. Read-Miss
(rm). In all other states the protocol reacts with a hit action, e.g., Write-Hit (wh)
resp. Read-Hit (rh). Other caches observe the miss actions, and take in response
the transitions labelled wmo (write miss observed) rmo (read miss observed),
and also observe the write-hit in state Vld, taking the transition woo (write once
observed).
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Fig. 2. State graphs of the (a) Write-Once, (b) Synapse, and (c) Dragon protocols
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The Synapse protocol on the other hand gets by with only three states as
shown in Figure 2(b). There is no Rsv state, hence all miss actions of other
caches result in invalidation of the cache line.

The Dragon protocol uses both a write-through and a copy-back approach.
It needs 5 local states, but Figure 2(c) shows only 4: the invalid state is omit-
ted. Once loaded, the value is always kept up-to-date until the line is flushed.
If the cache holds the line exclusively, then all reads and writes are local.
When other caches may also have a copy of the line, all activities go over
the bus to update all of them. After supplying the line, the main memory
is involved only when the owning cache flushes the line. The four possible
states of a loaded line are: Valid-Exclusive (VldE), Shared-Clean (ShC),
Shared-Dirty (ShD), and Dirty (Drty). Both dirty states imply ownership
and copy-back responsibility.

The added (sh) at some labels indicates that other caches indicated (via the
so-called shared-line) that they share the line. For the owning cache this means
further updates need to be communicated via the bus. The protocol is writ-
ten for special hardware that features such shared-lines and offers an inter-cache
communication that is much faster than write-cycles involving the main memory.

In order to show that these protocols are implementations of the knowledge-
based program, we define additional local variables required for the processes,
and instantiate the various components in the knowledge-based program. By way
of the additional variables, it suffices to associate a variable si with each cache
Ci. The variable si is used to indicate the state the protocol associates with the
memory line in the cache. The following table shows how the propositions in the
knowledge-based program are defined.

o = i ki(o = i) ki(ci = co) ki(excli)
Write-Once si = Drty si = Drty si �= Inv si ∈ {Rsv, Drty}

Synapse si = Drty si = Drty si �= Inv si = Drty
Dragon si ∈ {Drty, ShD} si ∈ {Drty, ShD} si �= Inv si ∈ {VldE, Drty}

The implementation of the locally executed specification statements turns
out to be the same in all the protocols: the {Flush} statement [o �= i, ci =
⊥ ∧ pendingi = ⊥] is implemented by ci := ⊥; si := Inv, and the {Write Local}
statement [True, ci = v∧o = i] is implemented by ci := v; si := Drty. Using the
above table, it can be seen directly that, for each protocol, these implementations
ensure that the postcondition is satisfied.1

The remaining statements requiring definition are the bus event specification
statements. Recall that these execute as a handshake between all caches and the
memory, with all but one of the caches executing the {Observe} statement. The
following table describes, for each of the protocols, the atomic state transitions
resulting from the {Write Bus} statement. One column describes the effects at

1 For the variable pendingi we need to use the context in which the statement occurs.
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the cache initiating the bus event, the other describes the transition at each of
the caches observing the bus event.

{Write Bus} [True, co = v ∧ ci = v]B Observer j
Write-Once ci := v; if si = Inv then si := Drty cj := ⊥; sj = Inv

else if si = Vld then {cm := v; si := Rsv}
Synapse ci := v; si := Drty cj := ⊥; sj = Inv
Dragon ci := v; if sj �= Inv

if Sh then si := ShD else si := Drty then {cj := v; sj = ShC}

In this table, Sh abbreviates ∃j �= i(sj �= Inv), and corresponds to the
SharedLine used by the caches to indicate that they have a copy of the memory
line. The table for the {Read Miss} statement is as follows.

{Read Miss} [co = X, co = X ∧ Ki(ci = co)]B Observer j

Write-Once ci := co; si := Vld if sj = Drty then cm := cj ;
if sj ∈ {Rsv, Drty} then sj := Vld

Synapse ci := co; si := Vld if sj = Drty then
{ cm := cj ; cj := ⊥; sj = Inv}

Dragon ci := co; if Sh then si := ShC if sj ∈ {VldE, ShC} then sj := ShC;
else si := VldE if sj = Drty then sj := ShD

In the case of the Synapse protocol, our modelling of the {Read Miss} con-
denses two bus events into one: the actual protocol does not allow the memory
line to be read from another cache: if some cache has a Drty copy, it must first
write this back to memory, and the cache requesting a read must then reissue
its request and obtain the line from the memory.

In case of the {Copyback} statement, the implementation in all the protocols
is by cm := ci; ci := ⊥; si := Inv at the cache performing the copyback, and no
action at the observers. We remark that this implementation satisfies a stronger
postcondition than is required by our knowledge-based specification, which does
not require that ci = ⊥ after a copyback. This suggests the existence of protocols
that separate copyback from flush operations. We return to this point later.
Some other opportunities for alternate implementations are apparent: e.g., the
specification permits the copyback to transfer ownership to another cache rather
than the memory.

Another point needs to be noted concerning our modelling: by representing
the memory line as a single variable, we do not distinguish between reads and
writes of blocks versus single memory locations. Some changes would be required
to capture this: for example, in the write-once protocol, a Drty cache observing
a write must write the block back to memory, but the writing cache then need
only write through the particular memory location being written.
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6 Correctness of the Implementations

In order to verify that a concrete program is a correct implementation of the
knowledge based-program, we need to check that each of the specification state-
ments is satisfied by the code implementing that statement, that the test for
knowledge are interpreted by sound conditions for knowledge, and that the other
constraints noted are satisfied. This verification could be carried out by any
standard means, e.g., theorem proving or model checking technology, and once
carried out, implies, by the correctness theorem, that the implementation satis-
fies the correctness condition for cache coherence. (We can, of course, also verify
this condition directly on the concrete code.)

We have conducted the verification by model checking using the model checker
MCK [GM04]. In addition to providing standard temporal logic model checking
capabilities, MCK enables model checking formulas of the logic of knowledge
and time.2 This makes it possible to check not just for correctness but also to
determine if protocols are making optimal use of the information encoded in the
local states. We illustrate our methodology in this section.

6.1 Global Consistency

As an example of the global consistency properties we check, consider the re-
quirement that there be a unique owner at all times. In the Write-Once protocol,
we wish to define cache i to be the owner if statusi = Drty and the owner to
be the main memory otherwise. To check that this definition makes sense, we
first model check the following formula � (status0 �= Drty ∨ status1 �= Drty).
This implies that the definition of ownership assigns a unique owner in all cir-
cumstances. Model checking other properties of this kind also provides a useful
means to detect a variety of basic implementation errors.

6.2 Soundness

Although it may appear to involve model checking knowledge, verifying sound-
ness of a concrete interpretation of the knowledge formulas can be carried out
using only temporal logic model checking technology. For example, to obtain
the Synapse protocol we interpret the local proposition ki(excli) by the test
si = Drty. Thus, soundness of this interpretation amounts to the claim � (si =
Drty ⇒ (ci �= ⊥ ∧ ∧

j�=i cj = ⊥)), which is a pure temporal logic formula.

6.3 Completeness

The most significant novelty of our methodology concerns cases where we model
check knowledge formulas using the capabilities MCK provides for this purpose.
In particular, for some simple configurations of the 3 protocols, we have checked
the following:

2 We extended MCK to handle the asynchronous perfect recall semantics for knowledge
in order to do so - the details will be reported elsewhere.



112 K. Baukus and R. van der Meyden

K1 A {Read Miss} establishes the postcondition Ki(ci = co), with respect to the
observational (and hence also the perfect recall) interpretation of knowledge.

K2 Does the formula � (ki(φ) ⇔ Kiφ) hold for each of the local propositions kiφ
in the specification, with respect to the asynchronous perfect recall semantics
of knowledge?

The variables observable to the caches for these results included variables
recording information potentially available to the caches in bus event, such as
the transition being performed by the cache initiating the bus event. See the dis-
cussion above for the significance of property K1. A positive answer for Property
K2 shows that the protocols are optimal in their use of information, in the sense
that the variables si store all the information available to the caches that they
could use to determine whether the formulas φ hold. The answer to the question
turns out to be yes in all three protocols when the formula φ is o = i. This is to
be expected, since for each protocol, k(o = i) and o = i are identical and i-local,
from which soundness and completeness can easily be seen to follow.

However, when the formula φ is excli, we find that the i-local interpretation
for ki(φ) is sound but not complete in the Write-Once and Synapse protocols.
A scenario showing incompleteness is where the first action in a run is for a
cache to issue a {Read Miss}. Upon receipt of the value, the cache will be in
state Vld, but will know from a log of its observations that no other cache has a
copy, since it would have observed a read or write attempt by any other cache.
To some extent this negative result is to be expected, since the Write-Once and
Synapse protocols make no attempt to maintain exclusiveness information. The
Dragon protocol does maintain information about whether the value is shared,
and our model checking results indicate that whenever the Dragon cache could
know that it has an exclusive copy from a complete log of its observations of bus
events, it already knows this fact from just its Dragon state.

When the formula φ is co = ci, things are more subtle. In this case, the
interpretations we gave for ki(φ) turn out to be sound and complete for all three
protocols as we have described them. However, this conclusion hinges on the
fact that we perform the assignment ci := ⊥ whenever we perform si := Inv.
An alternate interpretation of the protocols would rely on the Flush operation
to perform ci := ⊥, and execute just si := Inv at other times.3 This allows us
to ask the question: are there situations where a cache could know that a value
that it has kept is valid, even though the protocol has marked it as invalid?

Our model checking experiments discovered that there is indeed such a sit-
uation. In the Synapse protocol, note that a cache in state Drty, on observing
a {Read Miss}, writes the value back to memory and goes to state Inv. In
fact, it could know that the value it has remains valid, since any subsequent
write would still have to involve a bus transaction. This suggests a change to
the Synapse protocol, in which the rmo transition from Drty in Figure 2(b)
goes to Vld instead of Inv. This observation has been previously made in the

3 As we noted above, the knowledge-based specification allows us to distinguish
between a copyback and a flush.
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literature ([Han93], p. 175), but the point we wish to make is that model check-
ing knowledge provides an automated way to discover such lack of optimality
in protocols.4 If we make the proposed change to the Synapse protocol,
we then find that the interpretation for ki(co = ci) is both sound and
complete.

7 Conclusion

The literature on the knowledge-based approach to the design and analysis of
distributed systems provides comparatively few examples from which to gener-
alise in development of the approach. Our results in this paper provide a new
case study, which illuminates a number of key points. In particular, we see here
an example where correctness of an implementation of a knowledge-based pro-
gram requires only soundness of the knowledge test, and can be separated from
the issue of optimality in use of information, which corresponds to completeness.

We have also clarified Sweazey and Smiths analysis of cache coherence, by
giving it a highly abstract, knowledge-theoretic presentation, that highlights a
number of subtleties and reveals some design alternatives for the development
of new cache coherence protocols. We remark that there has been a previous
analysis of cache coherence using epistemic logic [MWS94]. The key differences to
our work is that it considers a somewhat different class of protocols for network
rather than hardware settings, and uses a logic of belief rather than a logic
of knowledge. Neiger [Nei95] has also considered, from a knowledge theoretic
perspective, distributed shared memory satisfying weaker properties than cache
coherence.

Verification of cache coherence protocols has previously been approached by
refinement, e.g. [BDG+94]. What distinguishes our approach is that it allows
us to automatically discover situations where protocols are not optimal in their
use of information. It also opens up avenues for synthesis of implementations.
For example, after providing implementations of the specification statements,
we could try to determine sound and complete interpretations of the knowledge
conditions by automated synthesis. We leave this as a question for future work.
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Abstract. The feature model is a domain/product-line oriented requirements 
model based on hierarchical structure and explicit variability modeling, and has 
been adopted by several important software reuse methods. However, with 
respect to the problem of verification of constraints on features and verification 
of partially customized feature models, these methods tend to be semi-formal 
and offer little formal assistance. In this paper, we propose a propositional 
logic-based method for the verification of feature models at different binding 
times. The most important characteristic of this method is that it integrates the 
logical verification with binding times, which makes it can be used to verify 
any partially customized feature models at any binding time (except run-time). 
In this method, constraints on features are formalized by logical sentences. 
Thus, the verification of feature models is converted into satisfaction problems 
in the logic. With this formal method, verification problems such as the 
detection of inconsistent constraints or the detection of conflicting or 
unnecessary binding resolutions can be automatically revealed. 

1   Introduction 

One practical approach to software reuse is to produce general purpose (i.e., reusable) 
software artifacts, followed by customization to accommodate different situations. To 
facilitate the customization of reusable software artifacts, elements in these artifacts 
should be cohesive enough, and dependencies between elements should be specified 
clearly.  

Feature-oriented methods [1,2,3,4] have been proposed to improve the 
customization of the problem space of software. These methods treat features as the 
basic elements in the problem space, and use features, relationships (i.e. refinements 
and constraints) between features (called feature model) to structure the problem 
space. In the development for reuse phase [5, 9], a domain feature model is first 
constructed by exploring commonality and variability in a software domain. Then, in 
the later development with reuse phase, the domain feature model is customized into 
application feature models according to different reuse contexts. Those still undecided 
features in application feature models will be gradually bound or removed through a 
series of binding times (e.g. compile-time, install-time, load-time, and run-time). 

c©



116         W. Zhang, H. Zhao, and H. Mei 

Constraints specified in the domain feature model then provide criteria to verify the 
completeness and consistency of those customized feature models. In such a way, 
customization of the domain feature model is operated. 

However, as far as we know, all these feature-oriented methods lack effective 
measures to verify partially customized feature models. A real customization process 
often includes a series of binding times, in each of which, certain customizing 
resolutions are decided and a partially customized feature model is obtained. The 
inability to verify partially customized feature models increases the difficulty of 
customization. As feature models become larger and constraints on features become 
more complex, the cost of constraints modeling and maintenance will also increase 
considerably. In addition, constraints defined by these methods currently are too 
simple to describe complex constraints involving three or more features. 

In this paper, we propose a propositional logic-based method for the verification 
of feature models at different binding times. In this method, the statement “a feature is 
in the bound state” is regard as a two-value proposition in the logic. These 
propositions can further be combined with basic logical connectives to represent 
complex constraints on features. By this way, constraints in a feature model are 
formalized by a set of logical sentences. Then, at each binding time, after an 
undecided feature is bound or removed, the truth value of this feature will become the 
logical constant True or False respectively. Thus, the verification of feature models is 
converted into satisfaction problems in the logic. Therefore, verification problems 
such as the detection of inconsistent constraints or the detection of conflicting or 
unnecessary binding resolutions can be automatically revealed. 

The rest of this paper is organized as follows. Basic knowledge about feature 
models is given in Section 2. Section 3 presents a propositional logic based 
verification method in detail. Two case studies are illustrated in Section 4. Related 
work is discussed in Section 5. Finally, Section 6 concludes this paper with a short 
summary. 

2   Context: A Metamodel of Feature Models 

The focus of this paper is on the verification of feature models. Hence, we need to 
first give an introduction about feature models. In the remainder of this section, we 
introduce a metamodel of feature models. The content of this section is mainly based on 
our previous work on feature modeling [12] and other related literature [1, 2, 3, 4, 7]. 

Figure 1 shows a metamodel of feature models. This metamodel consists of three 
basic concepts: Feature, Refinement, and Constraint. All these concepts are subclasses 
of the two concepts: Classifier and Relationship in UML Core Package [22]. 

2.1   Feature 

A feature describes a product characteristic from user or customer views [2, 16], 
which essentially consists of a cohesive set of individual requirements [17, 18, 19]. In 
feature models, a feature is characterized by a set of attributes: name, description,
optionality, binding-time and binding-state.
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Fig. 1. A MetaModel of Feature Models

Name is a short character string. Its main purpose is to facilitate the 
communication between stakeholders. In this paper, we also use the name of a feature 
to denote the logic proposition of “this feature is in the bound state”. Description is a 
detailed representation of a feature.  

Optionality describes whether a feature has the chance to be removed from the 
current feature model when its parent feature (if has) has been bound. This attribute 
has two values: mandatory and optional.

Binding-time is an attribute related to optional features. It describes a phase in the 
software life-cycle when an optional feature should either be bound or removed form 
the current feature model. Typical binding-times include reuse-time, compile-time,
deploy-time, load-time, and run-time.

The attribute binding-state has three values: bound, removed and undecided. A 
bound feature means that if its trigger conditions and pre-conditions are satisfied, this 
feature will be executed. A removed feature means that it will never be bound 
again.An undecided feature means that it is currently not in the bound state, but still 
has the chance to be bound or removed in later binding-times. In this paper, we use 
“tailoring” to denote the action of changing a feature’s binding-state from undecided
to removed, use “binding” to denote the action of changing a feature’s binding-state
from undecided to bound, and also use “binding resolution” to denote the decision of 
whether to bind or tailor a feature from the current feature model in a specific 
binding-time. 

Table 1. Explanation of Feature Attributes

Attribute Description Value Range 

name The denotation of a feature possible meaningful character strings 

description 
The detailed representation of a feature 

{informal, semi-formal, formal} 

optionality 
Whether a feature must also be bound when its 
parent feature is bound {mandatory, optional}

binding-time 
The phase when a feature must be bound or 
removed 

{construct-time, reuse-time, compile-
time, install-time, load-time}

binding-state 
Whether a feature has been bound or removed, 
or is waiting for being decided {bound, removed, undecided}

name
description
optionality
binding-time
binding-state

Feature

1 *
1 0..1

+parent

+child

Detailization

Decomposition

Constraint

ComplexConstraint

*
*

1
1

+requirer

+requiree

* 2

*
1..*

Specialization

Refinement

Relationship

Require

Exclude

Classifier

1..2 0..1
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A concise explanation of these attributes is given in Table 1. Further information 
about feature model construction and feature description can be found in [12, 1, 3, 14]
and [13, 15].

2.2   Refinement 

Refinement is a subclass of Relationship and has three subclasses: decomposition,
detailization and specialization. Through refinements, features with different abstract 
levels and granularities form a hierarchy structure. 

Fig. 2. Examples of decomposition, detailization and specialization 

Refining a feature into its constituent features is called decomposition [1]. For 
example, the edit feature in many software systems is often decomposed into three 
sub-features: copy, paste and delete (see Fig. 2). Refining a feature by identifying its 
attribute features is called detailization. For example, in graph editor domain, the 
graph-move feature can be detailized by two attribute features: moving-mode and 
moving-constraint. The difference between decomposition and detailization is often 
omitted by most feature modeling methods, but the distinguishing between them does 
have necessity for binding resolutions verification, because of the different constraints 
implied by them: a fully decomposed feature must be removed if all its constituent 
features have been removed; while a feature may still be bound, even if all its 
attribute features have been removed. Refining a general feature into a feature 
incorporating further details is called specialization [1]. Specialization is often used to 
represent a set of variants of a general feature in feature models. A general feature is 
also called a variation point feature (vp-feature) in [3].  

Features with different abstract levels and granularities form a hierarchy structure 
through refinement relationships between them. More strictly, most feature modeling 
methods limit this hierarchy structure to be one or more feature trees. This limitation 
contributes to the simplicity and understandability of feature models. [20] and [21] 
present guidelines on transforming general structures into tree structures and 
maintaining tree structures in feature modeling process. 

2.3   Constraint 

Constraint captures static dependencies between features. And these dependencies  
must  be  satisfied when customizing feature models. In other words, constraints provide  
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criteria to verify the results of customization of feature models (i.e. application 
feature models). Only those results that don’t violate constraints on features are the 
candidates of valid application feature models. 

Require and exclude are two kinds of binary constraint on features [1]. For 
features A and B, “A require B” indicates the rule that B cannot be removed from the 
current feature model when A hasn’t been removed. “A exclude B” means that the 
two features can not coexist in a same context.  

Besides binary constraints require and exclude, this metamodel also define two 
kinds of ComplexConstraint on a set of features: GroupConstraint and 
CompositeConstraint (Figure 3). 

Fig. 3. Complex Constraints

GroupConstraint is a kind of constraint on a set of feature. It has three subclasses: 
Mutex-Group, None-Group and All-Group. Mutex-Group indicates that there is an 
exclude constraint on any two elements in a feature set. None-Group means there is 
no require and exclude constraints on any two elements in a feature set. Thus, features 
in a None-Group set can be bound or unbound freely without considering the binding-
state of other features in this set. All-Group indicates a kind of strong constraint on a 
feature set: features in this set must be all in the bound state, or all in the unbound state. 

CompositeConstraint is a kind of constraint on two feature sets, and the two 
feature sets themselves are constrained by some kinds of GroupConstraint. For 
example, binding one feature in a Mutex-Group set may require binding one or more 
features in another None-Group set. To represent such kind of constraint, we need to 
define three binding predicates corresponding to the three GroupConstraints
respectively. For a Mutex-Group set, there are two possible binding results which 
satisfy the Mutex-Group constraint. One result is that no feature in the set is in the 
bound state, the other is that only one feature in the set is in the bound state. Hence, 
the predicate single-bound is derived to indicate whether no feature or exactly one 
feature in a feature set is in the bound state. Similarly, predicates multiple-bound and 
all-bound can be derived from None-Group and All-Group.

ComplexConstraint

ComplexConstraint

GroupConstraint

GroupConstraint

CompositeConstraint

CompositeConstraint

Mutex-Group

Mutex-Group

None-Group

None-Group

All-Group

All-Group

Single-Bound

Single-Bound

Multiple-Bound
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BindingPredicate
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2
1..*
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Fig. 4. Visual Constraint Notation

By composing single-bound, multiple-bound and all-bound with require or 
exclude, we thus can represent constraints on two feature sets. If considering the 
mutual require constraint, there are totally 27 kinds of CompositeConstraint.

For convenience of constraint modeling, we develop a visual constraint notation 
(Figure 4), to represent all aforementioned constraints in a graphical manner. This 
notation has been supported by our feature modeling tool. It is also used in the 
remainder of this paper to represent constraints on features. 

It should be noticed that refinements between features implicitly impose one or 
two constraints on the parent feature and the children. This is the reason why there is 
an association between refinement and constraint in this metamodel. For example, for 
a feature P and its refined feature C, there is a constraint “C require P” on them, 
which means that if you want to bind C, you must firstly bind its parent P. Such 
constraints are called refinement imposed constraints in this paper, to distinguish 
them from those constructor imposed constraints. The issue of extracting refinement 
imposed constraints from refinements is addressed in section 3. 

3   Formal Verification of Feature Models 

3.1   An Overview of the Process 

The process of feature model verification is depicted in Figure 5. There are five main 
steps in the process. The first step is feature model construction. In this step, features, 
refinement  relations  between features and constraints on features associated with a 
software domain/product-line are systematically identified as in [12, 1, 3, 14]. Most 
feature-oriented reuse approaches have provided tool supporting to this step. The 
second step is to formalize constraints on features into logic sentences, which will be 
presented in section 3.3. The third step is to compute atomic-sets contained in a 
feature model, and use these atomic-sets to simplify constraints by replacing features 
involved in constraints with their corresponding atomic-sets (see section 3.4). In our 
approach, the second and third steps can be automated by tool supporting. After the 
third step, operators can apply the SUS criteria to verify constraints on features (the 
fourth step, see section 3.5), and further take binding resolutions at each binding-time 
(the fifth step) and repeatedly apply the SUS criteria to verify these resolutions. The 
fourth step can be automated by using model checkers, such as SMV [11]. 

(require) (mutual require) (exclude)

(single-bound) (multiple-bound) (all-bound)

Composite Constraints:

Basic Constraints:

Group Constraints:

Binding Predicates:

(Mutex-Group) (None-Group) (All-Group)

Constraints:
A require E, C exclude F
Mutex-Group(A, B, C),
single-bound(A, B, C) require D.

Visual Notation:

Example
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Fig. 5. The Process of Feature Model Verification

3.2   Partition Features in Feature Models 

As discussed above, tailoring and binding features in different binding times can be 
viewed as changing the binding states of features. Usually, features in a feature model 
can be partitioned into three sets according to their binding-states: BFSet, UFSet and 
RFSet. The definition of the three set is: 

 BFSet = { f | f.binding-state = bound };
UFSet = { f | f.binding-state = undecided };
RFSet = { f | f.binding-state = removed };

The partition of features among the three sets may not be stable when current 
binding time changes. Features in UFSet may move to the other two sets after 
tailoring or binding actions. Once a feature moves to BFSet or RFSet, the truth value
of this feature will become the logical constant of True or False. Figure 6 shows the 
transition of a feature’s binding-state between different binding times. 

Fig. 6. Feature Binding-State Transition Diagram

The three feature sets combined with the feature binding-state transition provide a 
uniform view of these tailoring and binding actions which are taken both at the 
development for reuse phase (i.e. construct-time) and at the development with reuse 
phase (such as reuse-time, compile-time, and so on). At the beginning, all features in a 
feature model belong to UFSet, and each feature’s binding-time is carefully decided. 
Then, at the construct-time, feature model constructors put those construct-time
bound features into BFSet through binding actions. The set of construct-time bound 
features is also called the commonality of a feature model, because these features will 
exist in every application feature models. The construct-time is the only binding time 
at the development for reuse phase. After the construct-time is the reuse-time. At this 
time, requirement analyzers for individual applications will take some tailoring and 
binding actions according their current reuse contexts. The result is that some features 
in UFSet are partitioned into BFSet or RFSet. Similar tailoring and binding actions 

undecided

bound

removed

binding action

tailoring action

4. SUS Verification 
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can be taken at each binding time, although the operators of these actions may change 
from feature model constructors to requirement analyzers, even to end users at run-
time. Thus, the verification of feature models is transformed into checking the 
rationality of tailoring and binding actions at each binding time, besides checking the 
consistency of constraints in feature models. 

3.3   Formalize Constraints on Features 

To achieve the above-mentioned verification, we need to transform the constraints 
into a form that can be processed by model checkers. According to the cause of 
constraints, constraints in a feature model can be roughly divided into two categories. 
Constraints in the first category are imposed explicitly by feature model constructors. 
Constraints in the second category are imposed implicitly by feature refinements. 

For the explicit constraints, we can formalize typical constraints on features [1, 2, 
3] and binding predicates into the propositional logic. Table 2 shows the results of our 
formalization. For conciseness, only one kind of Composite Constraint’s formalization is 
given in this table. Others can be deduced in a similar way. 

Table 2. Formalization of Typical Constraints

Constraint/Predicate Formalization 
f1 require f2 f1  f2

f1 mutex f2 ¬( f1  f2)
Mutex-Group(f1,f2,…fn)  fj ,fk { f1,f2,…fn }, j k, ¬( fj  fk)
None-Group(f1,f2,…fn) True 
All-Group(f1,f2,…fn) ( 1  j  n fj)  ( 1  j  n ¬fj)
single-binding(f1,f2,…fn)  1  i  n ( 1  j  n, j  i ¬fj)  fi
multiple-binding(f1,f2,…fn) i=1,…,n fi

all-binding(f1,f2,…fn) i=1,…,n fi

single-bound(f1,…fn) require multiple-
bound(g1,…gn)

single-bound(f1,…fn)  multiple-bound(g1,…gn)

For the implicit constraints, we can represent them as the following rules. These 
rules essentially reflect constraints imposed by refinements. 

 A pre-condition of binding a feature is that its parent must have been bound. 
 A post-condition of binding a feature is that all its mandatory children must 

also be bound. 
 A post-condition of binding a fully decomposed feature is that at least one of 

its constituent features must also be bound. 

Similarly, there are also two kinds of rules when unbinding a feature: 

 A pre-condition of unbinding a feature is that all its children must have been 
unbound. 

 A post-condition of unbinding a mandatory feature is that its parent must also 
be unbound. 

Table 3 shows constraints implied by typical refinement scenarios. 
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Table 3. Constraints Implied by Typical Refinement Scenarios

Refinement Scenario Implied Constraints 
fp: a feature; 
{fm1,fm2,…fmi}: the set of mandatory refinement features of fp;
{ fo1,fo2,…foj }: the set of optional refinement features of fp;
And there is no decomposition feature of fp;

fp  all-binding(fm1,fm2,…fmi),
multiple-binding(fm1,fm2,…fmi)  fp, 
multiple-binding(fo1,fo2,…foj)  fp

fp: a feature; 
{fm1,fm2,…fmi}: the set of mandatory refinement features of fp;
{ fo1,fo2,…foj }: the set of optional refinement features of fp;
{ fd1,fd2,…fdk }: the set of decomposition features of fp;

fp  all-binding(fm1,fm2,…fmi),
multiple-binding(fm1,fm2,…fmi)  fp, 
multiple-binding(fo1,fo2,…foj)  fp, 
fp  multiple-binding(fd1,fd2,…fdk)

fvp: a vp-feature;
{ fv1,fv2,…fvn }: the set of Mutex-Group specialized features of fvp; fvp  single-binding(fv1,fv2,…fvn)

fvp: a vp-feature;
{ fv1,fv2,…fvn }: the set of None-Group specialized features of fvp; fvp  multiple-binding(fv1,fv2,…fvn)

3.4   Atomic Feature Sets in Tailoring and Binding Actions 

In above discussions, features are the basic units in tailoring and binding actions. 
However, considering those pre-/post-conditions of binding or unbinding features (see 
section 3.3), we can find that for any feature f, all its mandatory child features, its parent 
feature (if f is a mandatory feature) and f itself can be treated as a whole in tailoring 
and binding actions if the constraints implied by refinements are not broken. Thus, 
features that can be treated as a whole in tailoring and binding actions can be viewed 
as an atomic set, which is represented as atomic-set in this paper. More formally, the 
atomic-set containing feature f can be constructed by the following four rules: 

1. Create an empty set atomic-set, put f into it. 
2. If mandatory feature g atomic-set, and this feature’ parent gp atomic-set,

then put gp into atomic-set.
3. If feature g atomic-set, feature gc is a mandatory child of g, and gc atomic-

set, then put gc into atomic-set.
4. Repeat rules 2 and 3, until no feature in atomic-set satisfies the two rules. 

Fig. 7. Atomic-Sets in a Feature Tree

Legend 
mandatory feature 

optional feature 

specialization 

decomposition or detailization 

atomic-set 
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Based on the four rules, general algorithms to compute atomic-sets of feature 
models can be further developed. Figure 7 shows atomic-sets derived from a possible 
feature tree by following the atomic-set construction rules presented above. 

Atomic-sets derived from a feature tree compose a partition of features in this 
feature tree. Any feature is only contained by one atomic-set. 

The reason for using atomic-sets as the basic units in tailoring and binding is that 
the granularity of atomic-sets is often larger than that of features, and thus, tailoring 
or binding will become more efficient. The transition to using atomic sets as the basic 
units can be achieved by simply replacing features in a constraint with their 
corresponding atomic sets.  

3.5   The SUS Verification Criteria 

To evaluate whether the proper tailoring and/or binding actions have been taken in 
each binding time, we propose three properties (i.e. Satisfiability, Usability and 
Suitability) to verify feature models. We call them “the SUS verification criteria” in 
this paper. 

Suppose {C1, C2, ..., Cn} is the set of logic sentences capturing all constraints in a 
feature model and UFSetI denotes the set of all possible interpretations of the 
proposition symbols in UFSet. After tailoring and binding actions at each binding 
time, features in UFSet should satisfy the SUS verification criteria to ensure the 
rationality of those tailoring and binding actions. 

Satisfiability:
I UFSetI, I |= i=1,..., n Ci

Usability:
f UFSet, I UFSetI, I |= ( i=1,..., n Ci )  f

Suitability:
f UFSet, I UFSetI, I |= ( i=1,..., n Ci )  (¬ f )

The Satisfiability ensures that there is no inconsistency in tailoring and binding 
actions. If this property is not satisfied, constraints on features or those tailoring and 
binding actions of the current binding time should be reconsidered to eliminate 
inconsistencies. 

The Usability ensures that every feature in UFSet has the possibility of being 
bound in some future binding time. If this property is not satisfied, it means that there 
are one or more features that will not have the chances to be bound after the current 
binding time. That is to say, these features actually have been removed from the 
feature model. The possible causes may be that the operators have ignored the 
tailoring actions on these features, or have done some improper tailoring or binding 
actions, or some constraints themselves are wrong. These causes can be eliminated by 
putting these features to RFSet, or by undoing some actions at the current binding 
time, or by revising constraint on features. 

The Suitability ensures that every feature in UFSet has the possibility of being 
removed in some future binding time. If this property is not satisfied, it means that 
there are one or more features that will not have the chances to be removed after the 
current binding time. That is to say, these features actually have been bound. The 
possible causes may be that the operators have ignored the binding of these features, 
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or have done some improper tailoring or binding actions, or some constraints 
themselves are wrong. These causes can be eliminated by putting these features to 
BFSet, or by undoing some actions of the current binding time, or by revising 
constraint on features. 

4   Case Studies 

We applied our method to two real feature models which we have found in the 
literature. The first one is the feature model of Lambda Feedback Control (LFC), 
which is presented in [10]. The second one is the feature model of Window 
Management Systems, which is presented in [1] as a case study of the FODA method. 
In these two case studies, we use the model checker SMV to automate the fifth step of 
feature model verification.  

4.1   Verification of the Feature Model of Lambda Feedback Control (LFC) 

Figure 8 depicts the feature model of LFC. Table 4 shows the 6 atomic sets in the 
feature model. In these atomic sets, only the atomic-set as0 contains 4 features, while 
others contain only 1 feature.  

After steps 2 and 3, we get the simplified constraints using atomic-sets as basic 
variables (see the SPEC section in Figure 9). In this case, the number of refinement 
imposed constraints decreases from 7 to 4 after step 3, and the number of constructor-
imposed constraints is unchanged. Then, we put these constraints to SMV to check the 
three properties in the SUS verification criteria. Figure 9 shows the input files to SMV. 

Table 4. Atomic-sets in the LFC Feature Model

The result of this verification is that constraints in the feature model satisfy the 
Satisfiability and the Suitability, but as3, as5 violate the Usability. As we are not familiar 
with LFC domain, we do not know what the cause of these two violations is. However, 
as an experiment, we omit the two violations and further verify the feature model at the
construct-time. At this binding-time, all construct-time binding (mandatory) features 
are partitioned to BFSet. Besides the two violations having been found, we further 
identify that as4, as6 violate the Suitability after these construct-time binding actions. 

Atomic-Set Features Contained by Atomic-Set 

as0
Lambda-Feedback-Control, First-Sensor-Feedback-Control, Main-Sensor-Feedback-
Control, Continous-Feedback-Control-Main-Sensor 

as1 Two-State-Feedback-Control-First-Sensor 

as2 Continous-Feedback-Control-First-Sensor 

as3 Catalyst-Outcome-Feedback-Control 

as4 Middle-Sensor-Feedback-Control 

as5 Continous-Feedback-Control-Middle-Sensor 

as6 Natural-Frequency-Feedback-Control 
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Fig. 8. The Feature Model of Lambda Feedback Control (LFC) (Recreated from [10])

Fig. 9. Input Files to the Model Checker SMV

MODULE main
VAR

as0:boolean; as1:boolean;
as2:boolean; as3:boolean;
as4:boolean; as5:boolean;
as6:boolean;

ASSIGN

//empty

//asi = 1;

//asi = 0;

SPEC
AG !( 

(as0 <-> (as1 | as2))&
(as4 <-> (as5 | as6))&
(as4 -> as0)& 
(as3 -> as2)&

(as1 -> !as2) &
(as5 -> !as6) &
(as0 -> as6) &
(as6 -> !as3) &
(as1 -> !as3)

)

Constructor imposed constraints

Refinement imposed constraints

This input is used to check the 
Satisfiability of constraints.

This input is used to check the 
Usability of .

This input is used to check the 

Suitability of .

Constructor imposed constraints 

Refinement imposed constraints 
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4.2   Verification of the Feature Model of Window Management Systems (WMS) 

The feature model of WMS is relatively a large and complex one, which contains 117 
features, and about 12 constructor-imposed constraints involving 33 features. The 
number of atomic-sets in this feature model is 93. 

After the third step of feature model verification, constraints on features are 
transformed into constraints on atomic sets. Figure 10 shows constraints in the form 
of atomic sets. Although the number of possible variables in constraints has decreased 
form 117 (features as the variables) to 93 (atomic-sets as the variables), the number of 
constructor-imposed constraints does not decrease in this case. The reason for this is 
that each atomic set, which is involved in constructor-imposed constraints, contains 
only one feature. However, the number of refinement-imposed constraints does 
decrease, since there are 5 atomic-sets that contain more than one features, and 
refinement-imposed constraints on features in these atomic sets will be eliminated 
after using atomic sets as the variables. 

Then we apply the SUS verification criteria to the feature model before and at the 
construct-time respectively, which is automated by using SMV. The result is that no 
constraint or feature in the feature model violates the SUS criteria at these two phases. 

Fig. 10. Constraints in the Form of Atomic-Sets

5   Related Work 

In [6], a first-order logic based variability validation method was proposed. In fact, 
this method only employs those propositional constructs of the first-order logic to 
capture constraints on features. The style of constraint representation adopted by this 
method is, to some extent, different from the conventional propositional logic. Thus, 
this style may not be directly parsed by those general-purpose model checkers. 
Moreover, this method does not consider the binding-time property of features, i.e. it 
does not distinguish between bound features and undecided features. Hence, this 
method may not apply well when some features in a feature model are in the 
undecided states.  

 

Constructor imposed constraints Refinement imposed constraints (part)
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[7] proposes the concept of “commonality of a feature”, which is slightly different 
from the concept of atomic set in our approach. In most cases, the commonality of a 
feature can be constructed by following the construction rules of atomic-sets (not 
including the second rule, see section 3.4). Although the commonality of a feature 
also possesses the atomic property in tailoring or binding actions, its granularity is 
less than that of the atomic-set in most cases.  

A discriminant-based tailoration method has been proposed by [8]. A discriminant 
corresponds to an optional feature in feature models. This method mainly focuses on 
refinement-imposed constraints and some simple constructor-imposed constraints. 
However, this method adapts a different way from our method to ensure that any 
application feature model will not violate these constraints. This method fully 
employs the tree structure of feature models and these pre-/post-conditions when 
binding or unbinding features, while our method transforms such knowledge into 
formal logic sentences. Our method further identifies the atomic feature sets in 
tailoring or binding actions, and translates constraints on features into constraints on 
atomic feature sets. 

6   Conclusions 

A propositional logic-based method is proposed for verification of feature models at 
different binding times in this paper. The most important characteristic of this method is 
that it integrates the logical verification with binding times, which makes it can be used 
to verify any partially customized feature models at any binding time. In this method, 
constraints on features, including refinement-imposed constraints and constructor-
imposed constraints, are firstly formalized into propositional logic sentences. Then, 
three properties (i.e. Satisfiability, Usability and Suitability) are proposed to checking 
the consistency of constraints and rationality of tailoring and binding actions taken at 
each binding time. This method also employs atomic feature sets in tailoring or 
binding actions to decrease the complexity of constraints. Since all constraints in a 
feature model are formalized into logic sentences in this method, general-purpose 
model checkers can be easily used to automate the verification process. 

We also applied our method to two real feature models, and some errors were 
detected in one of them. A phenomenon we have found in the two case studies is that, 
although using atomic sets can decrease the number of possible variables involved in 
constraints in the two case studies (one from 10 to 7, and the other from 117 to 93), the 
complexity of constructor-imposed constraints does not decrease. The reason is that 
each atomic set involved in constructor-imposed constraints in the two feature models 
accidentally contains only one feature. Hence, we still believe that replacing features 
with atomic sets in constraints can decrease the complexity of constraints in general. 
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1 Introduction

A theory of programming is intended to aid the construction of programs that
meet their specifications; for such a theory to be useful it should capture (only)
the essential aspects of the program’s behaviour, that is only those aspects which
one wishes to observe. And it should do so in a mathematically elegant – hence
tractable – way.

For conventional imperative sequential programs there are these days two
principal theories: the relational1 and the predicate transformer. Because they
have been reasonably successful, each has been used many times as a starting
point for extensions: well-known examples include treating timing and allowing
concurrency. In each case the extension somehow elaborates the model on which
it is based.

In this paper we investigate two aspects of such semantic extensions, one
general and one specific. The specific is that we concentrate on adding proba-
bilistic behaviour to our programs. The more important general point however is
to extend the theories in some sense “automatically” as far as possible. That is,
we wish to make only a few explicit assumptions and then to “generate” the rest
by following principles. We illustrate such principles with two case studies: the
relational (Sec. 3) and predicate-transformer (Sec. 4) approaches to imperative
programming.

There are two stages. In the first we extend the “base type” of the model
– the states, for relational, and the predicates for transformers – by adding
probabilistic information, and as part of that we give an explicit link between
the original type and its probabilistic extension (i.e. either an injection from the
former to the latter, or a retraction in the opposite direction). From that link
between the base and the extended type we then attempt to induce automatically
an embedding of programs over the base type: the technique is to consider the
“weakest completion” of a sub-commuting diagram.

� On leave from the SEI of East China Normal University.
�� Partly supported by Research Grant 02104 of MoE and 973 project 2002CB312001

of MoST of China.
1 We take relational to include for example the “programs are predicates” [9, 10] view.
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The second stage is to examine the image, in the extended space of programs,
of the original (probability-free) model and to determine what algebraic char-
acteristics define it. Such characteristics, often called “healthiness conditions”,
both reflect the behaviour of “real” programs and allow us to formulate and
prove further algebraic laws that are of practical use in program derivation.

In Sec. 3 we use the weakest completion to derive a semantic definition of
a probabilistic programming language from the relational semantics [12, 13] of
the “standard”, that is non-probabilistic, guarded command language; we relate
computations of probabilistic programs to computations of imperative programs.
In Sec. 4 we show how to use the weakest completion again, this time to generate
probabilistic transformer semantics, our second example, for which our staring
point is standard predicate-transformer semantics [3].

2 Probabilistic Program Syntax

The language examined in this paper extends the guarded command language
[3] by including the probabilistic choice operator P r⊕ Q which chooses between
programs P and Q with probabilities r and 1−r respectively. The abstract syntax
of the programming language is given below.

P ::= ⊥ primitive aborting program
II ‘skip’ program
x: = e assignment
P � b � P conditional
P � P demonic choice
P r⊕ P probabilistic choice
P ; P sequential composition
(µX • P (X)) recursion

For ease of exposition we have included an explicit demonic choice opera-
tor � and used a conventional ‘if-then-else’ conditional: that gives a convenient
separation of the two concepts, combined in Dijkstra’s general if · · ·fi.

3 Relational Semantics

Our first example uses weakest completion to extend a relational semantics for
the standard language (Sec. 2 without r⊕) to a semantics for the probabilistic
language (Sec. 2 with its r⊕). We use Hoare’s ‘design’ notation [12] to describe
relations.

3.1 Standard Semantics

A standard sequential program starts its execution in an initial state, and ter-
minates (if it ever does) in one of a set of final states. We give the relational
meaning of a program by a pair of predicates p, R, design, with this syntax and
interpretation:
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p(s) � R(s, s′) =df (ok ∧ p) ⇒ (ok′ ∧ R)

where

– ok records the observation that the program has been properly started,
– ok′ records the observation that the program has terminated normally (with-

out ‘error messages’), and
– s and s′ respectively denote the initial and final states of the program, map-

pings from the set of program variables to their values.

Thus if the program starts in an initial state satisfying the precondition p, it
will terminate in a final state satisfying the postcondition R.

The effect of the ‘design’ notation · · · � · · · is thus to adjoin a Boolean ok
to the state space, for the description of proper termination: if the previous
command has terminated (ok in the antecedent) and the precondition p holds of
the passed-on state, then this command will establish relation R between s and
s′, and will itself terminate too (ok′ in the consequent).

The approach used in the refinement calculus and in VDM [12, 13, 21] for
example gives semantics to programs by associating them with designs according
to this scheme:

⊥ =df false � true

II =df true � (s′ = s)

x: = e =df true � (s′ = s[e/x])

P � Q =df P ∨ Q

P � b � Q =df (b ∧ P ) ∨ (¬b ∧ Q)

P ; Q =df P ◦ Q

(µX • P (X)) =df

∨
{Q | ∀ok, s, ok′, s′ • (Q ⇒ P (Q))}

where ◦ stands for the (relational) composition of designs defined

P ◦ Q =df ∃ ôk, ŝ • P (ôk, ŝ/ok′, s′) ∧ Q(ôk, ŝ/ok, s) ,

and s[e/x] denotes the new state obtained by updating s at x with e in the usual
way.

We mention here some logical properties of designs that will be useful in later
calculations; they are proved elsewhere [12].

Theorem 3.1

1. (p0 � R0) ∨ (p1 � R1) = (p0 ∧ p1) � (R0 ∨ R1)
2. (p0 � R0) ∧ (p1 � R1) = (p0 ∨ p1) � (p0 ⇒ R0) ∧ (p1 ⇒ R1)
3. (p0 � R0) ◦ (p1 � R1) = (p0 ∧ ¬(R0 ◦ ¬p1)) � (R0 ◦ R1)
4. (p0 � R0) � b � (p1 � R1) = (p0 � b � p1) � (R0 � b � R1)

�
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A program refines another if it terminates more often and behaves less non-
deterministically than the other. We write � for “is refined by”; for predicates2

P and Q it is defined by

P � Q =df ∀ s, s′, ok, ok′ • (Q ⇒ P ) .

Theorem 3.2 (Top and Bottom Designs). For all designs D,

⊥ = (false � true) � D � (true � false) = � .

�

3.2 Probabilistic Semantics

We extend our standard states to probabilistic states by replacing the final state
s′ with a final distribution which we call prob′. Maintaining the structure of
designs in other respects, we say that a probabilistic program P can be identified
as a design with ok, s, ok′ and prob′ as free variables.

Definition 3.3 (Probabilistic Distributions and Designs). Let S be a
state space. The set of distributions over S is the set of total functions from
S into the closed interval of reals [0, 1],

PROB =df S → [0, 1]

We insist further that for any member prob of PROB the probabilities must
sum to 1:

Σs∈S prob(s) = 1 .

For any subset X of S we define

prob(X) =df Σs∈X prob(s) .

We use P to denote the set of probabilistic designs p(s) � R(s, prob′).

We begin our extension by postulating a retraction from probabilistic to
standard states; from that (below) we will induce an embedding of programs
(designs).

The difference between the standard and the probabilistic semantics is that
the former tells us which final states are or are not possible, whereas the latter
tells us the probability with which they may occur. Thus to relate the latter
to the former we take the view that a final state is possible iff it has positive
probability of occurrence:

2 Although strictly speaking we are concerned only with the predicates defined in our
design notation, this definition applies for all predicates provided the right-hand
universal quantification is understood to be over all free variables. We use that in
Definition 3.5 below.
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Definition 3.4 (Retraction of States). The design ρ relates a probabilistic
state prob to a set of standard states s′ according to the definition

ρ(ok, prob, ok′, s′) =df true � prob(s′) > 0 .

Note that we have expressed the retraction — though not properly a
computation — in the design notation as well, complete with its implicit ok
variables; that allows us to use design composition in the construction of our
sub-commuting diagram below, from which we extract the embedding of de-
signs.

Now, based on our injection ρ, we seek an embedding of designs:

Definition 3.5 (Embedding of Programs). For any standard design D, we
identify its embedding K(D), which will be a probabilistic design, as the weakest
solution in X of the equation

X ◦ ρ = D .

Thus define
K(D) =df D/ρ ,

where the notation D/ρ represents the weakest pre-specification[11] of D through
ρ:

(X ◦ ρ) � D iff X � D/ρ, for all predicates X .

The following theorem shows that K(D) is indeed a probabilistic design.

Theorem 3.6.

K(p(s) � R(s, s′)) = p(s) � (prob′(R) = 1) ,

where prob′(R) abbreviates prob′({t |R(s, t)}).

Proof:

K(p � R)
= p(s) � (R/(prob(s′) > 0)) (p � R)/(true � Q) = p � (R/Q)

= X/(prob(s′) > 0 = ¬(¬X ◦ (prob(s′) > 0))
p(s) � prob′({t |R(s, t)}) = 1 .

�

Corollary 3.7 (Inverse of K). For all designs D we have

K(D) ◦ ρ = D .

Proof: From Theorems 3.1(3) and 3.6. �
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3.3 Preservation of Program Structure

We now examine the distribution of K through the program constructors of our
language. First we note the effect of K on primitive designs.

Theorem 3.8 (Primitive Probabilistic Designs).

1. K(⊥) = ⊥.
2. K(x: = e) = true � prob′(s[e/x]) = 1.

�

Now we show that K distributes through conditional choice.

Theorem 3.9 (Conditional Choice).

K(D0 � b � D1) = K(D0) � b � K(D1) .

Proof: From Theorems 3.1(4) and 3.6. �

We now use K to discover the appropriate definition for demonic choice be-
tween probabilistic designs.

Theorem 3.10 (Demonic Choice).

K(D0 � D1) = K(D0) ∨ K(D1) ∨
∨

0<r<1

(K(D0)‖MrK(D1)) ,

where Mr is a ‘coupling predicate’ in the style of [12] used in this case as

(p0 � R0)‖Mr (p1 � R1)
=df ((p0 ∧ p1) � (R0(s, 0.prob′) ∧ R1(s, 1.prob′)) ◦ Mr

and Mr =df true � prob′ = r × 0.prob + (1 − r) × 1.prob.

Proof: Let D0 = p0 � R0 and D1 = p1 � R1, then proceed

RHS

= Def. of ‖Mr and Theorem 3.1(3)
p0 � prob′(R0) = 1

∨ (p1 � prob′(R1) = 1)
∨ ∨

0<r<1(p0 ∧ p1)
� ∃0.prob, 1.prob • 0.prob(R0) = 1

∧ 1.prob(R1) = 1
∧ prob′ = r × 0.prob + (1 − r) × 1.prob

� (r × 0.prob + (1 − r) × 1.prob)(R0 ∨ R1) = 1
(p0 � prob′(R0 ∨ R1) = 1

∨ (p1 � prob′(R0 ∨ R1) = 1)
∨ (p0 ∧ p1) � prob′(R0 ∨ R1) = 1
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= (p0 ∧ p1) � prob′(R0 ∨ R1) = 1 Theorem 3.1(1)
= K((p0 ∧ p1) � (R0 ∨ R1)) Theorem 3.6
= LHS Theorem 3.1(1)

= Theorem 3.6 and case analysis
(p0 ∧ p1) � prob′(R0) = 1 ∨ prob′(R1) = 1

∨ ∃α, β > 0 • prob′(R0 ∨ R1) = 1
∧ prob′(R0 ∧ ¬R1) = α
∧ prob′(R1 ∧ ¬R0) = β

�

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

r = α/(α + β)
0.prob(R0 ∧ ¬R1) = α + β
0.prob(R0 ∧ R1) = 1 − (α + β)
1.prob(R1 ∧ ¬R0) = α + β
1.prob(R0 ∧ R1) = 1 − (α + β)

(p0 ∧ p1) � prob′(R0) = 1
∨ prob′(R1) = 1
∨ ∃r ∈ (0, 1), 0.prob, 1.prob•

0.prob(R0) = 1∧
1.prob(R1) = 1∧
prob′ = r × 0.prob + (1 − r) × 1.prob

= RHS Theorem 3.1(1) and Def. ‖Mr

For sequential composition we follow the Kleisli-triple approach to semantics
of programming languages [20], introducing a function ↑ to deal with sequential
composition, which maps a probabilistic design taking (ok, s) to (ok′, prob′) to a
‘lifted’ design taking (ok, prob) to (ok′, prob′).

Definition 3.11 (Kleisli Lifting).

↑ (p � R)
=df (prob(p) = 1)

� ∃Q ∈ (S → PROB)•
∀s • prob(s) > 0 ⇒ R(s, Q(s)) ∧ prob′ = Σt∈S(prob(t) × Q(t))

From the facts that prob ∈ PROB and that for all t ∈ S we have Q(t) ∈ PROB
we conclude that

Σt∈Sprob(t) × G(t) ∈ PROB .

Theorem 3.12 (Sequential Composition).

K(D0; D1) = K(D0)◦ ↑ K(D1)
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Proof:

RHS

= Theorem 3.6
p0(s) � prob′({t | R0(s, t)}) = 1

◦ prob(p1) = 1 �
∃Q • ∀t • prob(t) > 0 ⇒ Q(t)({s′ | R1(t, s′)}) = 1

∧ prob′ = Σt(prob(t) × Q(t)))

= Theorem 3.1(3)
p0(s) ∧ ¬(prob′({t | R0(s, t)}) = 1 ◦ prob(p1) < 1)

� ∃ρ • ρ({t | R0(s, t)}) = 1
∧ prob′ = Σs{ρ(t) × Q(t) | ρ(t) > 0
∧ Q(t)({s′ | R1(t, s′)}) = 1}

⇒ prob′(R0 ◦ R1) = Σt{ρ(t) ∗ Q(t)({s′ | R1(t, s′)}) | R0(s, t) ∧ ρ(t) > 0

p0(s) ∧ ¬(R0 ◦ p1) � prob′(R0 ◦ R1) = 1

= LHS Theorems 3.1(3) and 3.6

⇒
⎧⎨
⎩

f(u, v) =df prob′(v)/(#{t | R0(s, t) ∧ R1(t, v)}) R0(s, u) ∧ R1(u, v) 0
ρ(u) =df Σvf(u, v)
Q(u)(v) =df f(u, v)/ρ(u) if ρ(u) > 0

p0(s) ∧ ¬(R0 ◦ ¬p1)
� ∃ρ • ρ({t | R0(s, t)}) = 1∧

prob′ = Σs{ρ(t) ∗ ×Q(t) | ρ(t) > 0 ∧ Q(t)({s′ | R1(t, s′)}) = 1}

= RHS .

�

Theorem 3.13 (New Unit).

1. ↑ K(II) = true � (prob′ = prob)
2. K(II)◦ ↑ P = P

�

Following Theorems 3.6 to 3.12 we conclude by adopting the following defi-
nition for the probabilistic programming language semantics.

Definition 3.14 (Probabilistic Programs).

⊥ =df K(true)
II =df K(true � (s′ = s))

x: = e =df K(true � (s′ = s[e/x]))
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P � b � Q =df (b ∧ P ) ∨ (¬b ∧ Q)

P � Q =df P ∨ Q ∨
∨

0<r<1

(P‖MrQ)

P r⊕ Q =df P‖MrQ, when 0 < r < 1
P 1⊕ Q =df P

P 0⊕ Q =df Q

P ; Q =df P◦ ↑ Q

(µX • P (X)) =df

∨
{Q | Q � P (Q)}

4 Predicate-Transformer Semantics

4.1 Introduction: Embedding Predicates

In Sec. 3 it was shown that a postulated retraction into the standard state space
from the probabilistic state space could, with a small number of reasonable as-
sumptions, be used to induce an embedding of standard programs into a space of
probabilistic programs. The principal tool was the ‘weakest completion’ of a sub-
commuting diagram, for which we used the weakest pre- and post-specifications.

In this section we apply the weakest completion to probabilistic transformer
(as opposed to relational) semantics, for which our starting point is standard
predicate-transformer semantics [3].

As before, we have a standard state space S; and for standard predicate
transformer semantics we are interested in predicates over S, which we will take
to be members of the powerset PS. Given a predicate P ⊆ S and a state s we
can say with certainty whether P holds (s ∈ P ) or does not hold (s �∈P ) at s.

In contrast, a ‘probabilistic predicate’ A holds at s only with some probability:
thus the type of A should be S → [0, 1], which we write ES. (Note that members
of ES are not distributions over S.)

For example, let S be the three-element state space {−1, 0, 1} and consider
this probabilistic predicate in ES over the initial state of a given program:

executing the program

s: = −s 1/3⊕ s: = +s

will establish the postcondition s ≥ 0.

In (initial) states −1, 0, 1 that probabilistic predicate has value 1/3, 1, 2/3
respectively. (Note that those values do not sum to 1.)

Standard predicates in PS are injected into ES simply by converting them
to characteristic functions: writing P ∗ for that injection of P , we note that P
holds at s if the probability that P ∗ holds at s is 1, and that P does not hold
at s if the probability that P ∗ holds at s is 0.
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4.2 Embedding Programs

Based on our injection ()∗ of predicates, we now seek an embedding of programs:
for standard transformer t in PS → PS we want a definition of its embedding
t∗, which will be a probabilistic predicate transformer in ES → ES. For that we
use the techniques of Sec. 3.

First we note that the injection of programs should be related to the injection
of predicates by

t∗(P ∗) = t(P )∗ , (1)

since it should not matter whether we analyse standard programs in their ‘native’
standard space or in the extended probabilistic space. That tells us immediately
the action t∗ has on standard elements of ES, those that are purely {0, 1}-valued
(equivalently are P ∗ for some P ).

More challenging is to deduce reasonable behaviour for t∗ on proper elements
of ES, those that are not standard. Take for example the program t to be s: = −s,
acting (as before) over the space S = {−1, 0, 1}. From (1) we know

t∗

⎛
⎝

−1 � 0
0 � 0
1 � 1

⎞
⎠ =

⎛
⎝

−1 � 1
0 � 0
1 � 0

⎞
⎠ ;

But we do not know the value of say

t∗

⎛
⎝

−1 � 1/2
0 � 0
1 � 1

⎞
⎠ .

Applying the technique of Sec. 3 directly we would choose t∗ to be the least
transformer satisfying (1), suggesting the result of applying it to the above should
be ⎛

⎝
−1 � 0

0 � 0
1 � 0

⎞
⎠ ,

But that ‘brute force’ technique of taking all proper arguments of t∗ to the
everywhere-0 expectation is unlikely to be useful: for example we would not even
have that t∗ was monotonic in general.

We turn therefore to ‘healthiness conditions’ on ES → ES, making explicit
which conditions — like monotonicity — we will impose.

4.3 Healthiness Conditions

In the minimalist spirit we impose only one principal condition on the proba-
bilistic transformers: continuity. For any u in ES → ES and any directed subset
A of ES we require

t(�A) = � {t(A) | A ∈ A} , (2)
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where the order ≤ over which � is taken is just the normal ≤ relation over [0, 1]
extended pointwise to ES. (Note that it acts as the injection of implication.)

From (2) we extract two more-specialised conditions: monotonicity, and ‘scal-
ing’. Monotonicity follows in the usual way from continuity: and as it is ≤-
monotonicity, it agrees with the usual ⇒-monotonicity of standard transformers
when restricted to their embeddings.

To ‘discover’ scaling we apply continuity to a c-indexed subset A of ES, with
c varying over reals in [0, 1]: for arbitrary fixed A in EA and state s we must
have that

t(c × A)(s)

varies smoothly, passing through each value between 0 = t(0)(s) = t(0 × A)(s)
and t(A)(s), as c itself is varied from 0 to 1. The simplest hypothesis is to suppose
that the multiplication by c distributes directly, which is the property we call
scaling :

for all c in [0, 1], probabilistic predicate A in ES and transformer u in
ES → ES we have

u(c × A) = c × u(A) . (3)

4.4 Completing the Embedding

We now define t∗, for t in PS → PS, to be the least monotonic and scaling
transformer in ES → ES that satisfies (1). (It will turn out as a consequence that
t∗ is continuous as well, so satisfying (2).) This section is devoted to exhibiting
a constructive definition of t∗.

Lemma 4.1. Let t be a predicate transformer in PS → PS. Then for any ex-
pectation A we have

t∗(A) = �P∈PS (�P A) × t(P )∗ ,

where �P A denotes the infimum of A over the subset P of S.

Proof: Clearly the right-hand side defines a transformer that is monotonic and
scaling (in A); to see that it satisfies (1) we take A to be P ∗ (renaming the bound
P to P ′), and reason

�P ′∈PS (�P ′P ∗) × t(P ′)∗

= �P ′∈PP (�P ′P ∗) × t(P ′)∗ if P ′ �⊆P then 	P ′P ∗ = 0
= �P ′∈PP t(P ′)∗ if P ′ ⊆ P then 	P ′P ∗ = 1
= t(P )∗ . monotonicity of t

Now consider any (other) u in ES → ES satisfying the three conditions; we
have

u(A)
≥ u monotonic and scaling



142 H. Jifeng, C. Morgan, and A. McIver

�{c × u(P ∗) | c ∈ [0, 1];P ∈ PS; c × P ∗ ≤ A}

= �{c × t(P )∗ | c × P ∗ ≤ A} Property (1)
= �{c × t(P )∗ | c ≤ �P A} rewrite condition
= �{(�P A) × t(P )∗ | P ∈ PS} c × t(P )∗ is monotonic in c

= �P∈PS (�P A) × t(P )∗ ,

which shows the right-hand side indeed satisfies the definition of t∗.

As remarked above, we should have t∗ continuous if t itself is. Take directed
set A of expectations, let FS denote the finite subsets of S, and reason

t∗(�A)
= �P∈PS (�P (�A)) × t(P )∗ Lem. 4.1
≤ �P∈FS (�P (�A)) × t(P )∗ t continuous
= �P∈FS;A∈A (�P A) × t(P )∗ P finite, A directed
≤ �A∈A �P∈PS (�P A) × t(P )∗

FS ⊆ PS

= �A∈A t∗(A) , Lem. 4.1
with the opposite inequality immediate from monotonicity of t∗.

4.5 Program Structure Is Preserved

The previous section obtained the main result, that an embedded t∗ can be
induced from the embedding of predicates. Here we verify the technical details
of the embedding, in particular (as in Sec. 3.3 earlier) investigating the effect on
the elementary program structures (Lem. 4.4 below); for convenience we give a
technical lemma that characterises ()∗-images.

Definition 4.2. A transformer u in ES → ES is said to be semi-linear if for
all c, c′ in [0, 1] and A in ES we have

u(c×A � c′) = c×u(A) � c′ ,

where truncated subtraction a � b is defined (a − b) � 0 with lowest
syntactic precedence, and c′ is the constant function in ES taking the value
c′ everywhere. �

Lemma 4.3. A continuous transformer u in ES → ES is semi-linear iff it is the
image t∗ of some standard transformer in PS → PS.

Proof: For if note that Lem. 4.1 allows t∗(A)(s) to be written

(�P | s ∈ t(P ) • �P A) ,

and both (c×) and (�c′) distribute through �P and �. For only if the proof is
given elsewhere [23].

We now deal with the elementary program structures.
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Lemma 4.4. The following structure-preservation laws hold for program em-
bedding.

1. ⊥ is the least program: ⊥∗(A) = 0.
2. Assignment acts as composition, in the usual way: (x: = e)∗(A) = A ◦ (λs •

s[e/x]).
3. For state-to-Boolean conditional B we have the usual (t1 � B � t2)∗ = t∗1 �

B � t∗2.
4. Demonic choice, acting as conjunction for standard transformers, becomes

minimum for probabilistic transformers:

(t1�t2)∗(A) = t∗1(A) � t∗2(A) ;

5. Sequential composition remains composition of transformers:

(t1; t2)∗ = t∗1; t
∗
2 .

Proof: Properties 1 and 3 come directly from Lem. 4.1. For Property 2 we
argue

(x: = e)∗(A)(s)
= �P∈PS (�P A) × ((x: = e)(P ))∗(s) Lem. 4.1
= �P∈PS (�P A) × P ∗(s[x/e]) s ∈ (x: = e)(P ) iff s[e/x] ∈ P

= �P�s[x/e] �P A P ∗(s[x/e]) is 0 otherwise
= A(s[x/e]) .

Properties 4 and 5 require Lem. 4.3. For the first, we have that t∗1 and t∗2
are semi-linear (Lem. 4.3 if ); and then it is easy to check that semi-linearity is
preserved by �. Thus t∗1(A) � t∗2(A) is semi-linear in A, and so for all A equals
t∗(A) for some standard t (Lem. 4.3 only if ). But since the two sides of Property
4 agree on standard arguments, the two standard transformers of which they are
images, that is t1�t2 (lhs) and t (rhs), must themselves agree on all (standard)
arguments. Hence they are equal.

For Property 5 the argument is similar, relying this time on preservation of
semi-linearity by composition.

5 Conclusion

Choosing the ‘right’ semantic extension can be a tricky business, to some extent
a lucky guess.3 Here we have isolated a principle that can reduce the guesswork.

In our two examples (Sections 3, 4) we postulated an extension of the ‘base’
type to include the desired new information — in this case probability. Although
the base types differ — states on the one hand, and predicates (sets of states)

3 Consider for example the great variety of bisimulations in demonic process algebras,
each one (via the quotient) inducing a slightly different semantic model.
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on the other — the subsequent procedure was broadly the same4 in each case:
to induce a corresponding embedding of programs, take the weakest completion
of a certain sub-commuting diagram.

We have shown in this paper that the embedding is actually a homomor-
phism, i.e. it distributes over appropriately-defined programming operators. As
a result, most of the algebraic laws, which were established in the original se-
mantical framework and were used to capture the properties of the programming
operators, remain valid in the enriched model.

The resulting probabilistic models have each been shown independently to
be useful in their own right [7, 23]; and in further work [8] it is hoped that the
value of the technique will be further demonstrated.

The weakest completion approach has been used for in support of data re-
finement in VDM and other state-based development methods, where the link is
designed to connect abstract data type with its concrete representation. It is also
used for data abstraction in model checking by dramatically reducing the size
of state space. This paper illustrates another way of using simulation to derive
enriched semantics.
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Abstract. We show how game semantics of an interesting fragment
of Idealised Algol can be represented compositionally by CSP processes.
This enables observational equivalence and a range of properties of terms-
in-context (i.e. open program fragments) to be checked using the FDR
tool. We have built a prototype compiler which implements the repre-
sentation, and initial experimental results are positive.

1 Introduction

Context. One of the main breakthroughs in theoretical computer science in the
past decade has been the development of game semantics (e.g. [11, 1]). Types
are modelled by games between Player (i.e. term) and Opponent (i.e. context
or environment), and terms are modelled by strategies. This has produced the
first accurate (i.e. fully abstract and fully complete) models for a variety of
programming languages and logical systems.

It has recently been shown that, for several interesting programming lan-
guage fragments, game semantics yields algorithms for software model checking.
The focus has been on Idealised Algol (IA) [14] with active expressions. IA is
similar to Core ML. It is a compact programming language which combines the
fundamental features of imperative languages with a full higher-order procedure
mechanism. For example, simple forms of classes and objects may be encoded
in IA.

For second-order recursion-free IA with iteration and finite data types, [9]
shows that game semantics can be represented by regular expressions, so that
observational equivalence between any two terms can be decided by equality
of regular languages. For third order and without iteration, it was established
in [13] that game semantics can be represented by deterministic pushdown au-
tomata, which makes observational equivalence decidable by equality of deter-
ministic context-free languages. Classes of properties other than observational

∗
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equivalence can also be checked algorithmically, such as language containment
or Hoare triples (e.g. [2]).

In recent years, software model checking has become an active research area,
and powerful tools have been built (e.g. [4]). Compared with other approaches to
software model checking, the approach based on game semantics has a number
of advantages [3]:
– there is a model for any term-in-context, which enables verification of pro-

gram fragments which contain free variable and procedure names;
– game semantics is compositional, which facilitates verifying a term to be

broken down into verifying its subterms;
– terms are modelled by how they interact with their environments, and details

of their internal state during computations are not recorded, which results
in small models.

Our Contribution. In this paper, we show how game semantics of second-order
recursion-free IA with iteration and finite data types can be represented in the
CSP process algebra. For any term-in-context, we compositionally define a CSP
process whose terminated traces are exactly all the complete plays of the strategy
for the term. Observational equivalence between two terms can then be decided
by checking two traces refinements between CSP processes.

Compared with the representation by regular expressions (or automata) [9],
the CSP representation brings several benefits:
– CSP operators preserve traces refinement (e.g. [17]), which means that a

CSP process representing a term can be optimised and abstracted composi-
tionally at the syntactic level (e.g. using process algebraic laws), and its set
of terminated traces will be preserved or enlarged;

– the ProBE and FDR tools [7] can be used to explore CSP processes visually,
to check traces refinements automatically, and to debug interactively when
traces refinements do not hold;

– compositional state-space reduction algorithms in FDR [16] enable smaller
models to be generated before or during refinement checking;

– composition of strategies, which is used in game semantics to obtain the
strategy for a term from strategies for its subterms, is represented in CSP
by renaming, parallel composition and hiding operators, and FDR is highly
optimised for verification of such networks of processes;

– parameterised terms (as a simple example, a program which reverses an
array of values of an arbitrary data type α) can be interpreted by single
parameterised processes, which can then be verified e.g. using techniques
from the infinite-state model checking literature.

We have implemented a prototype compiler which, given any IA term-in-
context, outputs a CSP process representing its game semantics. We report some
initial experimental results, which show that for model generation, FDR outper-
forms the tool based on the representation by regular expressions [8].

Organisation. In the next section, we present the fragment of IA we are address-
ing. Section 3 contains brief introductions to game semantics, CSP and FDR.
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In section 4, we define the CSP representation of game semantics for the IA frag-
ment. Correctness of the CSP model, and decidability of observational equiva-
lence by traces refinement, are shown in section 5. We present the experimental
results in section 6. Finally, in section 7, we conclude and discuss future work.

Further proof details and examples can be found in the full paper [5].

2 The Programming Language

Idealized Algol [14] is a functional-imperative language with usual imperative
features as iteration, branching, assignment, sequential composition, combined
with a function mechanism based on a typed call-by-name lambda calculus. We
consider only the recursion-free second-order fragment of this language. We will
only work with finite data sets.

The language has basic data types τ , which are a finite subset of the integers
and the booleans. The phrase types of the language are expressions, commands
and variables, plus first-order function types.

τ ::= int | bool
σ ::= exp[τ ] | comm | var [τ ]
θ ::= σ | σ × σ × · · ·σ → σ

Terms are introduced using type judgements of the form:

Γ � M : θ, where Γ = {ι1 : θ1, · · · , ιk : θk}
For the sake of simplicity, we assume that terms are β-normal, so there is no

λ abstractions, and also function application is restricted to free identifiers. The
terms of the language and their typing rules are given in Table 1.

For type exp[int ], the finitary fragment contains constants n belonging to a
finite subset of the set of integers, and for type exp[bool ] there are constants
true and false. For type comm, there are basic commands skip, to do nothing,
and diverge which causes a program to enter an unresponsive state similar to
that caused by an infinite loop. The other commands are assignment to vari-
ables, V := E , conditional operation, if B then C else C ′, and while loop,
while B do C . Also, we have sequential composition of commands C o

9 C ′ as
well as sequential composition of a command with an expression or a variable.
There are also term formers for dereferencing variables, !V, application of first-
order free identifiers to arguments ιM1 · · ·Mk , and local variable declaration
new [τ ] ι in C . Finally, we have a function definition let constructor.

3 Background
3.1 Game Semantics

We give an informal overview of game semantics and we illustrate it with some
examples. A more complete introduction can be found in [2].

As the name suggests, game semantics models computation as a certain kind
of game, with two participants, called Player(P) and Opponent(O). P represents



CSP Representation of Game Semantics for Second-Order Idealized Algol 149

Table 1. Terms and typing rules

Γ � true : exp[bool ] Γ � n : exp[int ]

Γ � skip : comm Γ � diverge : comm

Γ, ι : θ � ι : θ
Γ � V : var [τ ]
Γ �!V : exp[τ ]

Γ � E1 : exp[int ] Γ � E2 : exp[int ]
Γ � E1 + E2 : exp[int ]

Γ � E1 : exp[int ] Γ � E2 : exp[int ]
Γ � E1 = E2 : exp[bool ]

Γ � B1 : exp[bool ] Γ � B2 : exp[bool ]
Γ � B1 and B2 : exp[bool ]

Γ � B : exp[bool ]
Γ � not B : exp[bool ]

Γ � V : var [τ ] Γ � E : exp[τ ]
Γ � V := E : comm

Γ � C : comm Γ � M : σ
Γ � C o

9 M : σ

Γ � B : exp[bool ] Γ � M1 : σ Γ � M2 : σ
Γ � if B then M1 else M2 : σ

Γ � B : exp[bool ] Γ � C : comm
Γ � while B do C : comm

Γ � ι : σ1 × · · · × σk → σ Γ � Mi : σi
Γ � ι(M1,M2, . . . ,Mk ) : σ

Γ, ι : var [τ ] � C : comm
Γ � new [τ ] ι in C : comm

Γ, ι : σ1 × · · · × σk → σ′ � M : σ Γ, ι1 : σ1, . . . , ιk : σk � N : σ′

Γ � let ι (ι1 : σ1, . . . , ιk : σk ) = N in M : σ

the term (program), while O represents the environment, i.e. the context in
which the term is used. A play between O and P consists of a sequence of moves,
governed by rules. For example, O and P need to take turn and every move needs
to be justified by a preceding move. The moves are of two kinds, questions and
answers.

To every type in the language corresponds a game — the set of all possi-
ble plays (sequences of moves). A term is represented as a set of all complete
plays in the appropriate game, more precisely as a strategy for that game — a
predetermined way for P to respond to O’s moves.

For example, in the game for the type exp[τ ], there is an initial move q and
corresponding to it a single response to return its value. So a complete play for
a constant � c : exp[τ ] is:

O: q (opponent asks for value)
P: c (player answers to the question)

Consider a more complex example ι : exp[int ] → exp[int ] � ι(2) : exp[int ],
where the identifier ι is some non-locally defined function. A play for this term
begins with O asking for the value of the result expression by playing the ques-
tion move q , and P replies asking for the returned value of the non-local function
ι, move q ι. In this situation, the function ι may need to evaluate its argument,
represented by O’s move q ι1 — what is the value of the first argument to ι.
P will respond with answer 2ι1. Here, O could repeat the question qι1 to rep-
resent the function which evaluates its argument more than once. In the end,
when O plays the move nι — the value returned from ι, P will copy this value and
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answer to the first question with n. A sample complete play for this term, when
the function ι evaluates only once its argument, is:

O: q (asks for result value)
P: q ι (P asks for value returned from function ι)
O: qι1 (O questions what is the first argument to ι)
P: 2ι1 (P answers: 2 )
O: nι (O supplies the value returned from ι)
P: n (P gives the answer to the first question)

In the game for commands, there is an initial move run to initiate a command,
and a single response done to signal termination of the command. Thus the only
complete play for the command � skip : comm is:

O: run (start executing)
P: done (terminate command)

Variables are represented as objects with 2 methods: the “read method” for
dereferencing, represented by an initial move read , with response an element of τ ,
and the “write method”, for assignment, represented by an initial move write(x )
for any element x of τ , to which there is only one possible response ok . For
example, a complete play for the command v : var [τ ] � v :=!v + 1 : comm is:

O: run
P: readv (what is the value of v)
O: 2 (O supplies the value 2)
P: write(3)v (write 3 into v)
O: okv (the assignment is complete)
P: done

When P asks to read from v , O can return an arbitrary value, i.e. not neces-
sarily the last value P wrote into v . This is because, in general, the value of v can
also be modified by the context into which the term will be placed. However,
when a variable is declared, “good variable” behaviour is enforced within the
scope of the declaration.

3.2 CSP

CSP (Communicating Sequential Processes) is a language for modelling inter-
acting components. Each component is specified through its behaviour which is
given as a process. This section only introduces the CSP notation and the ideas
used in this paper. For a fuller introduction to the language the reader is referred
to [17].

CSP processes are defined in terms of the events that they can perform. The
set of all possible events is denoted Σ. Events may be atomic in structure or
may consist of a number of distinct components. For example, an event write.1
consists of two parts: a channel name write, and a data value 1. If N is a set
of values that can be communicated down the channel write, then write.N will be
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the set of events {write.n | n ∈ N }. Given a channel c, we can define the set of
all events that can arise on the channel c, by {| c |} = {c.w ∈ Σ}.

We use the following collection of process operators:

P ::= p | STOP | SKIP | RUNA | ?x : A → P | µ p.P | P1 � P2
| P1 <| b >| P2 | P1 ‖

A
P2 | P \ A | P [a/b] | P1 o

9 P2

where A represents a set of events, P a process expression and p is a process
name (or identifier).

The process STOP performs no actions and never communicates. It is useful
for providing a simple model of a deadlocked system. SKIP is a process that
successfully terminates causing the special event � (� is not in Σ). RUNA can
always communicate any event of set A desired by the environment. A choice
process, ?x : A → P , can perform any event from set A and then behaves as P .
For example, RUNA =?x : A → RUNA. Process µ p.P , where P is any process
involving p, represents recursion. It can return to its initial state and in that
way communicate forever. The process P1 � P2 can behave either as P1 or as
P2, its possible communications are those of P1 and those of P2. Conditional
choice process P1 <| b >| P2 means the same as if b then P else Q , and has
the obvious meaning as in all programming languages. Process P1 ‖

A
P2 runs

P1 and P2 in parallel, making them synchronise on events in A and allowing all
others events freely. The parallel combination terminates successfully when both
component processes do it. This is known as distributed termination. Process
P \ A, behaves as P except that events from A become invisible events τ (τ is
not in Σ). The renaming operator [ ] is used to rename some events of a given
process. We will only use injective renaming and notation P [a/b] to mean that
the event or channel b in P is replaced by a, and all others remain the same.
Sequential composition P1 o

9P2 runs P1 until it terminates successfully producing
the special event �, and then runs P2.

CSP processes can be given semantics by sets of their traces. A trace is a
finite sequence of events. A sequence tr is a trace of a process P if there is some
execution of P in which exactly that sequence of events is performed. Examples
of traces include 〈〉 (the empty trace, which is possible for any process) and
〈a1, a2〉 which is a possible trace of RUNA, if a1, a2 ∈ A. The set traces(P) is
the set of all possible traces of process P .

Using traces sets, we can define traces refinement. A process P2 is a traces
refinement of another, P1, if all the possible sequences of communications which
P2 can do are also possible for P1. Or more formally:

P1 �T P2 ⇔ traces(P2) ⊆ traces(P1) (1)

CSP processes can also be described by transition systems or state machines.
The transition system of a process is a directed graph showing the states which
the process can go through and the events from Σ ∪ {�, τ} that it can perform
to get from one to another state. The successful termination � is always the last
event and leads to an end state Ω.
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The FDR tool [7] is a refinement checker for CSP processes. It contains several
procedures for compositional state-space reduction. Namely, before generating a
transition system for a composite process, transition systems of its component
processes can be reduced, while preserving semantics of the composite process
[16]. FDR is also optimised for checking refinements by processes which consist
of a number of component processes composed by operators such as renaming,
parallel composition and hiding.

4 CSP Representation of Game Semantics

With each type θ, we associate a set of possible events: an alphabet Aθ. The
alphabet of a type contains events q ∈ Qθ called questions, which are appended
to channel with name Q , and for each question q, there is a set of events a ∈ A

q
θ

called answers, which are appended to channel with name A.

Aint = {0, · · · ,Nmax − 1}, Abool = {true, false}
Qexp[τ ] = {q}, A

q
exp[τ ] = Aτ

Qcomm = {run}, Arun
comm = {done}

Qvar [τ ] = {read ,write.x | x ∈ Aτ}, Aread
var [τ ] = Aτ , Awrite.x

var [τ ] = {ok}
Qσ1×···×σk→σ0 = {j .q | q ∈ Qσj , 0 ≤ j ≤ k},

A
j .q
σ1×···×σk→σ0

= {j .a | a ∈ Aq
σj

}, for 0 ≤ j ≤ k
Aθ = Q .Qθ ∪ A.

⋃
q∈Qθ

A
q
θ

We now define, for any typed term-in-context Γ � M : σ, a CSP process
which represents its game semantics. This process is denoted [[Γ � M : σ]]CSP ,
and it is over the following alphabet AΓ � σ:

Aι:θ = ι.Aθ = {ι.α | α ∈ Aθ}
AΓ =

⋃
ι:θ∈Γ Aι:θ

AΓ � σ = AΓ ∪ Aσ

4.1 Expression Constructs

[[Γ � v : exp[τ ]]]CSP = Q .q → A.v → SKIP , v ∈ Aτ is a constant
[[Γ � not B : exp[bool ]]]CSP =

[[Γ � B : exp[bool ]]]CSP [Q1/Q ,A1/A] ‖
{|Q1,A1|}

(Q .q → Q1.q → A1?v : Abool → A.(not v) → SKIP) \ {| Q1,A1 |}
[[Γ � E1 • E2 : exp[τ ]]]CSP =

[[Γ � E1 : exp[τ ]]]CSP [Q1/Q ,A1/A] ‖
{|Q1,A1|}(

[[Γ � E2 : exp[τ ]]]CSP [Q2/Q ,A2/A] ‖
{|Q2,A2|}

(Q .q → Q1.q → A1?v1 : Aτ → Q2.q → A2?v2 : Aτ →
A.(v1 • v2) → SKIP) \ {| Q2,A2 |}) \ {| Q1,A1 |}

[[Γ � ι : exp[τ ]]]CSP = Q .q → ι.Q .q → ι.A?v : Aτ → A.v → SKIP
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Any constant v : exp[τ ] is represented by a process which communicates
the events: a question q (what is the value of this expression), an answer v —
the value of that constant, and then terminates successfully. The process that
represents any arithmetic-logic operator • is defined in a compositional way,
by parallel combination of the processes that represents both operands and a
process that gets the operands values by synchronisation on the corresponding
channels and returns the expected answer (v1 • v2). All events that participate
in synchronisation are hidden. Arithmetic operators over a finite set of integers
are interpreted as modulo some maximum value. The last process interprets a
free identifier ι of type exp[τ ] by a copycat strategy.

4.2 Command Constructs

[[Γ � skip : comm]]CSP = Q .run → A.done → SKIP
[[Γ � diverge : comm]]CSP = STOP
[[Γ � C o

9 M : σ]]CSP =
[[Γ � C : comm]]CSP [Q1/Q ,A1/A] ‖

{|Q1,A1|}(
[[Γ � M : σ]]CSP [Q2/Q ,A2/A] ‖

{|Q2,A2|}
(Q?q : Qσ → Q1.run → A1.done → Q2.q → A2?a : Aq

σ → A.a → SKIP)
\ {| Q2,A2 |}) \ {| Q1,A1 |}

[[Γ � if B then M1 else M2 : σ]]CSP =
[[Γ � B : exp[bool ]]]CSP [Q0/Q ,A0/A] ‖

{|Q0,A0|}((
[[Γ � M1 : σ]]CSP [Q1/Q ,A1/A] � (A?a :

⋃
q∈Qσ

Aq
σ → SKIP)

) ‖
{|Q1,A1,A|}((

[[Γ � M2 : σ]]CSP [Q2/Q ,A2/A] � (A?a :
⋃

q∈Qσ
Aq

σ → SKIP)
) ‖

{|Q2,A2,A|}
(Q?q : Qσ → Q0.q → A0?v : Abool → (Q1.q → A1?a : Aq

σ → A.a → SKIP
<| v >| Q2.q → A2?a : Aq

σ → A.a → SKIP))
\{| Q2,A2 |}

)
\{| Q1,A1 |})\{| Q0,A0 |}

[[Γ � while B do C : comm]]CSP =
(
µ p′.([[B : comm]]CSP [Q1/Q ,A1/A] o

9 p′) � (A.done → SKIP)
) ‖

{|Q1,A1,A|}((
µ p′′.([[C : comm]]CSP [Q2/Q ,A2/A] o

9 p′′) � (A.done → SKIP)
) ‖

{|Q2,A2,A|}(
Q .run → µ p.Q1.q → A1?v : Abool → (Q2.run → A2.done → p <| v >|

A.done → SKIP)
) \ {| Q2,A2 |}

)
\ {| Q1,A1 |}

[[Γ � ι : comm]]CSP = Q .run → ι.Q .run → ι.A.done → A.done → SKIP

The command skip is represented by the question and answer events for
commands followed by the � event. The command diverge is represented by the
deadlocked process STOP , which matches with its game semantics, namely there
is not any complete play for diverge. The process for a sequential composition
Γ � C o

9 M : σ is a parallel composition of the processes for the command
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C and term M , and a “control” process which accepts a question for type σ,
runs C , then passes the original question to M , and finally copies any answer
from M as the overall answer. The synchronisations between the latter process
and the processes for C and M are hidden. The interpretations of branching
and iteration are similar. In the case of branching, choice is used to enable the
parallel composition to terminate without executing one of the processes for M1
and M2. For iteration, the processes for B and C are in general executed zero
or more times. A free identifier is interpreted by a copycat strategy.

4.3 Variable Constructs

For a free identifier of type var [τ ], the copycat strategy is a choice between two
processes: the first for reading from the variable, and the second for writing.

[[Γ � ι : var [τ ]]]CSP =
(Q .read → ι.Q .read → ι.A?v : Aτ → A.v → SKIP) �

(Q .write?v : Aτ → ι.Q .write.v → ι.A.ok → A.ok → SKIP)

The process for an assignment V := M is a parallel composition of the pro-
cesses for V and M , and a process which starts with a run (as the assignment
is a command), evaluates M , then writes the obtained value to V , and fin-
ishes with done. The synchronisations with the former two processes are hidden.
Note that V can be an arbitrary term of type var [τ ], perhaps containing
side-effects.

[[Γ � V := M : comm]]CSP =
[[Γ � M : exp[τ ]]]CSP [Q1/Q ,A1/A] ‖

{|Q1,A1|}(
[[Γ � V : var [τ ]]]CSP [Q2/Q ,A2/A] ‖

{|Q2,A2|}
(Q .run → Q1.q → A1?v : Aτ → Q2.write.v → A2.ok

→ A.done → SKIP) \ {| Q2,A2 |}) \ {| Q1,A1 |}
A dereference expression !V is interpreted by reading from V :

[[Γ �!V : exp[τ ]]]CSP =
[[Γ � V : var [τ ]]]CSP [Q1/Q ,A1/A] ‖

{|Q1,A1|}
(Q .q → Q1.read → A1?v : Aτ → A.v → SKIP) \ {| Q1,A1 |}

The semantics of a local variable block consists of two operations: imposing
the “good variable” behaviour on the local variable, and removing all references
to the variable to make it invisible outside its binding scope. The first condition
is accomplished by synchronising the process for the scope with a “cell” process
Uι:var [τ ],aτ

which keeps the current value of ι. The initial value aτ is defined by
aint = 0 and abool = false.

Uι:var [τ ],v = ( ι.Q .read → ι.A!v → Uι:var [τ ],v ) �

( ι.Q .write?v ′ : Aτ → ι.A.ok → Uι:var [τ ],v ′ ) �

( A.done → SKIP )
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The second condition is realised by hiding all interactions between the process
for the scope and the cell process:

[[Γ � new [τ ] ι in M : comm]]CSP =
(
[[Γ � M : comm]]CSP ‖

{|ι,A|}
Uι:var [τ ],aτ

) \ {| ι |}

4.4 Application and Functions

Application ι(M1 . . .Mk ), where ι is a free identifier, is represented by a process
that communicates the usual question and answer events for the return type of
the function on the channel ι.0, and runs zero or more times any processes of the
function arguments. Arguments events are appended on the channels comprised
of the function name followed by the index of that argument.

[[Γ � ι(M1 . . .Mk ) : σ]]CSP = Q?q : Qσ → ι.0.Q .q →
µL.

((

�
k

j=1

(
[[Γ � Mj :σj ]]

CSP ‖
{|Q,A|}

(ι.j .Q?q :Qσj →Q .q→A?a :Aq
σj

→ ι.j .A.a → L)
) \ {| Q ,A |}

)
� SKIP

)
o
9 ι.0.A?a : Aq

σ → A.a → SKIP

Finally, we give a CSP representation for the let construct. The process for the
scope M is put in parallel with the process for the definition term N , where the
latter is enabled to execute zero or more times. Synchronisation is on interactions
of M with the defined identifier ι, which are then hidden.

[[Γ � let ι(ι1 : σ1, . . . , ιk : σk ) = N in M : σ]]CSP =(
[[Γ � M : σ]]CSP ‖

{|ι|}
(
µ p.([[Γ � N :σ′]]CSP [ι.0.Q/Q , ι.1/ι1, . . . , ι.k/ιk , ι.0.A/A]o9p)� SKIP

))

\ {| ι |}

5 Correctness and Decidability

Our first result is that, for any term, the set of all terminated traces of its CSP in-
terpretation is isomorphic to the language of its regular language interpretation,
as defined in [9].

Theorem 1. For any term Γ � M : σ, we have:

LR(Γ � M : σ)
φ∼= LCSP (Γ � M : σ) (2)

where

LR(Γ � M : σ) = L([[Γ � M : σ]]R) (defined in [9]) (3)

LCSP (Γ � M : σ) = {tr | tr ̂〈�〉 ∈ traces([[Γ � M : σ]]CSP )} (4)
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and φ is defined by:

φ(〈a1, . . . , ak 〉) = φ(a1) · . . . · φ(ak )
φ(Q .m) = m φ(A.n) = n
φ(ι.Q .m) = mι φ(ι.A.n) = nι

Proof. The proof of this Theorem is by induction on the typing rules defined in
Table 1. �

Two terms M and N in type context Γ and of type σ are observationally
equivalent, written Γ � M ≡σ N , iff for any term-with-hole C [−] such that
both C [M ] and C [N ] are closed terms of type comm, C [M ] converges iff C [N ]
converges. It was proved in [1] that this coincides to equality of sets of complete
plays of the strategies for M and N , i.e. that the games model is fully abstract.
(Operational semantics of IA, and a definition of convergence for terms of type
comm in particular, can be found in the same paper.)

For the IA fragment treated in this paper, it was shown in [9] that obser-
vational equivalence coincides with equality of regular language interpretations.
By Theorem 1, we have that observational equivalence corresponds to two traces
refinements:

Corollary 1 (Observational Equivalence).

Γ � M ≡σ N ⇔ [[Γ � M : σ]]CSP
� RUNΣ �T [[Γ � N : σ]]CSP ∧

[[Γ � N : σ]]CSP
� RUNΣ �T [[Γ � M : σ]]CSP (5)

Proof.

Γ � M ≡σ N
(i)⇔ L([[Γ � M : σ]]R) = L([[Γ � N : σ]]R)
(ii)⇔ LCSP (Γ � M : σ) = LCSP (Γ � N : σ)
(iii)⇔ [[Γ � M : σ]]CSP

� RUNΣ �T [[Γ � N : σ]]CSP ∧
[[Γ � N : σ]]CSP

� RUNΣ �T [[Γ � M : σ]]CSP

where (i) is shown in [9], (ii) holds by Theorem 1, and (iii) is straightforward.
�

Refinement checking in FDR terminates for finite-state processes, i.e. those
whose transition systems are finite. Our next result confirms that this is the
case for the processes interpreting the IA terms. As a corollary, we have that
observational equivalence is decidable using FDR.

Theorem 2. For any term Γ � M : σ, the CSP process [[Γ � M : σ]]CSP is
finite state.

Proof. This follows by induction on typing rules, using the fact that a process can
have infinitely many states only if it uses either a choice operator ?x : A → P ,
where A is an infinite set and P varying with x , or certain kinds of recursion. �
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Corollary 2 (Decidability). Observational equivalence between terms of
second-order recursion-free IA with iteration and finite data types is decidable
by two traces refinements between finite-state CSP processes. �

We now consider an example equivalence and prove it using the CSP model.

Example 1. Γ � while true do C ≡comm diverge.

We prove the first traces refinement of the equivalence (5), i.e.
[[Γ � while true do C : comm]]CSP

� RUNΣ �T [[Γ � diverge : comm]]CSP (∗)
Since [[Γ � diverge : comm]]CSP = STOP , and the process STOP traces refines
any other process, it implies that (∗) holds.

The second traces refinement is:

[[Γ � diverge : comm]]CSP
� RUNΣ �T [[Γ � while true do C : comm]]CSP (∗∗)

We have:

traces([[Γ � while true do C : comm]]CSP ) =
= {〈〉, 〈Q .run〉, 〈Q .run 〉̂ tr ′, 〈Q .run 〉̂ tr , 〈Q .run 〉̂ tr t̂r ′, . . . |

〈Q .run 〉̂ tr 〈̂A.done 〉̂ 〈�〉 ∈ traces([[Γ � C ]]CSP ), tr ′ � tr}
Since there is not any sequence with successful termination in the traces set

of [[Γ � while true do C : comm]]CSP , all sequences from this traces set will be
also in the traces set of RUNΣ process, so (∗∗) holds too. �

5.1 Property Verification

Suppose φ is any property of terms with type context Γ and type σ such that
the set of all behaviours which satisfy φ is a regular language L(φ) over AΓ � σ.
A finite-state CSP process whose set of terminated traces equals L(φ) can then
be constructed. Thus, we can verify whether a term Γ � M : σ satisfies φ by
checking the traces refinement:

Pφ � RUNΣ �T [[Γ � M : σ]]CSP (6)

Example 2. Consider a term x : var [τ ], c : comm � M : comm. We want to
check the property “a value is written into x before c is called”. A CSP process
which interprets this property is:

Pφ = µ p.

(
(
?e : Acomm ∪ Ax :var [τ ]\{|x .Q.write|} → p

)
�

(
x .Q .write?v : Aτ →

µ p′.
(
?e : Acomm ∪ Ax :var [τ ] → p′) � (c.Q .run →

µ p′′.
(
?e : AΓ � comm → p′′) � SKIP)

))

�
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6 Experimental Results

We have implemented a compiler from IA terms-in-context into CSP processes
which represent their game semantics. The input to the compiler is code, with
some simple type annotations to indicate what finite sets of integers will be used
to model integer variables.

Here, we discuss the modelling of a sorting program, report the results from
our tool and compare them with the tool based on regular expressions [8]. We will
analyse the bubble-sort algorithm, whose implementation is given in Figure 1.
The code includes a meta variable n, representing array size, which will be
replaced by several different values. The integers stored in the array are of type
int%3, i.e. 3 distinct values 0, 1 and 2, and the type of index i is int%n+1, i.e. one
more than the size of the array. The program first copies the input array x [ ] into
a local array a[ ], which is then sorted and copied back into x [ ]. The array being
effectively sorted, a[ ], is not visible from the outside of the program because it is
locally defined, and only reads and writes of the non-local array x [ ] are seen in
the model. The transition system of final (compressed) model process for n = 2
is shown in Figure 2. It illustrates the dynamic behaviour of the program, where
the left-side half of the model reads all possible combinations of values from x [ ],
while the right-side half writes out the same values, but in sorted order.

var int%3 x [n]; �
new int%3 a[n] in
new int%n+1 i in
while (i < n) {a[i ] := x [i ]; i := i + 1; }
new boolean flag := true in
while(flag){

i := 0;
flag := false;
while (i < n − 1) {

if (a[i ] > a[i + 1]) {
flag := true;
new int%3 temp in
temp := a[i ];
a[i ] := a[i + 1];
a[i + 1] := temp; }

i := i + 1; } }
i := 0;
while (i < n) {x [i ] := a[i ]; i := i + 1; }
: comm

Fig. 1. Implementation of bubble-sort algorithm

Table 2 contains the experimental results for model generation. We ran FDR
on a Research Machines Xeon with 2GB RAM. The results from the tool based
on regular expressions were obtained on a SunBlade 100 with 2GB RAM [8].
We list the execution time, the size of the largest generated state machine dur-
ing model generation, and the size of the final compressed model. In the CSP
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Fig. 2. A transition system of the model for n = 2

Table 2. Experimental results for minimal model generation

n CSP Regular expressions
Time (min) Max. states Model states Time (min) Max. states Model states

5 6 1 775 164 5 3 376 163
10 20 18 752 949 10 64 776 948
15 50 115 125 2 859 120 352 448 2 858
20 110 378 099 6 394 240 1 153 240 6 393
30 750 5 204 232 20 339 failed

approach, the process output by our compiler was input into FDR, which was
instructed to generate a transition system for it by applying a number of com-
positional state-space reduction algorithms. The results confirm that both ap-
proaches give isomorphic models, where the CSP models have an extra state due
to representing termination by a � event.

We expect FDR to perform even better in property verification. For checking
refinement by a composite process, FDR does not need to generate an explicit
model of it, but only models of its component processes. A model of the compos-
ite process is then generated on-the-fly, and its size is not limited by available
RAM, but by disk size.

7 Conclusion

We presented a compositional representation of game semantics of an interesting
fragment of Idealised Algol by CSP processes. This enables observational equiva-
lence and a range of properties of terms-in-context (i.e. open program fragments)
to be checked using the FDR tool.
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We also reported initial experimental results using our prototype compiler
and FDR. They show that, for minimal model generation, the CSP approach
outperforms the approach based on regular expressions.

As future work, we plan to compare how the two approaches perform on a
range of equivalence and property checking problems.

We also intend to extend the compiler so that parameterised IA terms (such
as parametrically polymorphic programs) are translated to single parameterised
CSP processes. Such processes could then be analysed by techniques which com-
bine CSP and data specification formalisms (e.g. [6, 15]) or by algorithms based
on data independence [12].

Another important direction is dealing with concurrency (e.g. [10]) and fur-
ther programming language features.
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Abstract. In this paper we show that, by translating Alloy formulas to
formulas in the language of fork algebras, we obtain a complete, equa-
tional, and purely relational calculus for Alloy.

1 Introduction

Alloy [10] is a formal modeling language that is gaining acceptance within the
formal methods community. Its main feature is its tool support. The Alloy An-
alyzer [8] performs a kind of bounded model checking that allows one to find
counterexamples of supplied assertions within a model description written in
Alloy. Another important feature of Alloy is its amenable language, which in-
corporates constructs ubiquitous in object modeling notations. Also, its easy to
understand semantics, based on relations, makes the language appealing.

Contributions of This Paper: At the same time a vast research has been carried
on about the analysis of Alloy specifications using SAT solving [9, 10], not much
research has been done so far on the analysis of Alloy specifications using theorem
proving. In order to prove Alloy assertions from Alloy specifications, in this paper
we propose the following procedure:

1. Translate both the assertions and the specification to equations in the lan-
guage of fork algebras [4].

2. Verify equationally whether the translated assertions can be derived from
the translation of the specification.

The language of fork algebras is quite similar to Alloy in that it predicates
exclusively about relations (binary in this case). The advantage of moving to fork
algebras comes from the fact there is a complete (equational) calculus for rea-
soning about this class of algebras. Therefore, proving an Alloy formula reduces
to proving its translation in this complete equational calculus.
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Relevance to Formal Engineering Methods: The Alloy modeling language and
the Alloy Analyzer are being applied in domains such as air traffic control [3]
or verification of medical software [12]. While the kind of analysis provided by
Alloy is extremely useful, it does not substitute analysis techniques such as
theorem proving. There has been a growing interest in combining the SAT-
solving approach of Alloy with theorem proving (we will elaborate on this in the
next paragraph), and our hope is that new tools developed in this direction take
into account the limitations pointed out here, as well as the possible solutions
we offer.

Comparison with Previous Work: Since a broad comparison with other formal
methods that combine model checking and theorem proving might make us loose
focus, we will compare with the specific work that has already been done on the-
orem proving from Alloy specifications. Prioni [2] is a tool that combines the
model checking capabilities offered by Alloy with the theorem proving capa-
bilities provided by the (semi-automatic) theorem prover Athena [1]. Athena’s
characterisation of Alloy allows one to reason about specifications, using (semi
automatic) theorem proving. However, the proposed characterisation does not
capture well some features of Alloy and its relational logic, such as, for instance,
the uniform treatment for scalars, singletons and relations. Quoting the authors,

“Recall that all values in Alloy are relations. In particular, Alloy
blurs the type distinction between scalars and singletons. In our Athena
formalization, however, this distinction is explicitly present and can be
onerous for the Alloy user.” (cf. [2, p. 6])

Prioni has also a number of further shortcomings, such as the, in our opinion,
awkward representations of Alloy ’s composition operation ‘.’ and of ordered pairs
[2, p. 4]. This tool, however, manages to integrate the use of theorem proving with
the SAT solving based analysis of the Alloy Analyzer, cleverly assisting theorem
proving with SAT solving and vice versa. The mechanisms used to combine SAT
solving and theorem proving are independent of the theorem prover used and
the axiomatic characterisation of Alloy. Thus, they could also be employed to
combine the Alloy Analyzer with other approaches to reasoning about Alloy
specifications, such as, for instance, the one presented in this paper.

In a previous paper [6] we presented a semantics for Alloy based on fork
algebras. In that paper, the way in which we assigned semantics to quantification
followed Alloy’s definition, which is not equational. In this paper we present a
complete and equational calculus for reasoning about Alloy assertions, in the
context of Alloy specifications. Moreover, the language of fork algebras is closer
to Alloy than the language used in Prioni because fork algebras talk about
relations at the same level of abstraction that Alloy does.

Structure of the Paper: In Section 2 we present the syntax and semantics of
Alloy, as well as a sample of Alloy specification that will be used in Section 3.4.
In Section 3 we present the main results of the paper. It contains a descrip-
tion of fork algebras, including ways to deal with relations that are not binary.
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It presents the translation of Alloy formulas to fork algebra equations, and a
theorem that shows that the translation indeed captures the meaning of Alloy
formulas. The section finishes with an example. Finally, in Section 4, we state
our conclusions about the presented work.

2 Syntax and Semantics of Alloy

In this section we present the syntax and semantics of Alloy’s relational logic as
extracted from [10]. The relational logic is the kernel of Alloy. The language is
then defined by means of extensions of the kernel that can be reduced to rela-
tional logic formulas. Constructs such as ‘Functions’ allow one to define abbrevi-
ations for formulas. ‘Facts’ are axioms constraining the model, and ‘Assertions’
are properties intended to hold that are subject to analysis within the model.
For a careful description of these concepts, the reader is directed to [10]. A good
source of information on Alloy is the paper [9], but the semantics is given in
terms of binary relations unlike the latest version of Alloy [10], where relations
have arbitrary finite ranks. In Fig. 1, we present the grammar and semantics
of Alloy ’s relational logic. Composition of binary relations is well understood;
but for relations of higher rank, the following definition for the composition of
relations has to be considered:

R ;S = {〈a1, . . . , ai−1, b2, . . . , bj〉 :
∃b (〈a1, . . . , ai−1, b〉 ∈ R ∧ 〈b, b2, . . . , bj〉 ∈ S)} .

Example 1. Let us consider the following fragment of Alloy specification for
memories, extracted from [10].

sig Addr { } sig Data { }
These are basic signatures. We do not assume any special properties regarding

the structures of data and addresses.
A possible way of defining memories is by saying that a memory consists of

set of addresses, and a (total) mapping from these addresses to data values:

sig Memory {
addrs: set Addr
map: addrs ->! Data

}
The symbol “!” in the above definition indicates that “map” is functional and

total (for each element a of addrs, there exists exactly one element d in Data
such that map(a) = d).

Alloy allows for the definition of signatures as subsets of the set denoted by
other “parent” signature. This is done via what is called signature extension. For
the example, one could define other (perhaps more complex) kinds of memories
as extensions of the Memory signature:
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problem ::= decl∗form
decl ::= var : typexpr
typexpr ::=
type
| type → type
| type ⇒ typexpr

form ::=
expr in expr (subset)
|!form (neg)
| form && form (conj)
| form || form (disj)
| all v : type/form (univ)
| some v : type/form (exist)

expr ::=
expr + expr (union)
| expr & expr (intersection)
| expr − expr (difference)
|∼ expr (transpose)
| expr.expr (navigation)
| +expr (closure)
| {v : t/form} (set former)
| V ar

V ar ::=
var (variable)
| V ar[var] (application)

M : form → env → Boolean
X : expr → env → value
env = (var + type) → value
value = (atom × · · · × atom)+

(atom → value)

M [a in b]e = X[a]e ⊆ X[b]e
M [!F ]e = ¬M [F ]e
M [F&&G]e = M [F ]e ∧ M [G]e
M [F || G]e = M [F ]e ∨ M [G]e
M [all v : t/F ] =∧{M [F ](e ⊕ v�→{x })/x ∈ e(t)}
M [some v : t/F ] =∨{M [F ](e ⊕ v�→{x })/x ∈ e(t)}

X[a + b]e = X[a]e ∪ X[b]e
X[a&b]e = X[a]e ∩ X[b]e
X[a − b]e = X[a]e \ X[b]e
X[∼ a]e = (X[a]e)̆
X[a.b]e = X[a]e;X[b]e
X[+a]e = the smallest r such that

r ;r ⊆ r and X[a]e ⊆ r
X[{v : t/F}]e =

{x ∈ e(t)/M [F ](e ⊕ v�→{x })}
X[v]e = e(v)
X[a[v]]e = {〈y1, . . . , yn〉/

∃x. 〈x, y1, . . . , yn〉 ∈ e(a) ∧ 〈x〉 ∈ e(v)}

Fig. 1. Grammar and semantics of Alloy

sig MainMemory extends Memory {}

sig Cache extends Memory {
dirty: set addrs

}
With these definitions, MainMemory and Cache are special kinds of memo-

ries. In caches, a subset of addrs is recognised as dirty.
A system might now be defined to be composed of a main memory and a

cache:

sig System {
cache: Cache
main: MainMemory

}
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3 A Complete Equational Calculus for Alloy, Based on
Fork Algebras

We begin this section by introducing in Section 3.1 the class of fork algebras.
Fork algebras are closely related to Alloy’s semantics because they provide a
formalism for dealing with (binary) relations. Actually, fork algebras are even
closer to NP [7], a specification language also developed by Jackson and that
later evolved to Alloy. Since fork algebras allow us to deal with binary relations
and Alloy handles relations of arbitrary arity, in Sections 3.2 and 3.3 we show
how to emulate these kinds of relation in fork algebras. Finally, in Section 3.4 we
present the mapping and present a theorem connecting Alloy terms with their
translation. Finally, we present an example illustrating the way the translation
works.

3.1 Fork Algebras

Fork algebras [4] are described through few equational axioms. The intended
models of these axioms are structures called proper fork algebras, in which the
domain is a set of binary relations (on some base set, let us say B), closed under
the following operations for sets:

– union of two binary relations, denoted by ∪,
– intersection of two binary relations, denoted by ∩,
– complement of a binary relation, denoted, for a binary relation r, by r,
– the empty binary relation, which does not relate any pair of objects, and is

denoted by ∅,
– the universal binary relation, usually B × B, that will be denoted by 1.

Besides the previous operations for sets, the domain has to be closed under
the following operations for binary relations:

– transposition of a binary relation. This operation swaps elements in the pairs
of a binary relation. Given a binary relation r, its transposition is denoted
by r̆,

– composition of two binary relations, which, for binary relations r and s is
denoted by r ;s,

– reflexive–transitive closure, which, for a binary relation r, is denoted by r∗,
– the identity relation (on B), denoted by Id.

Finally, a binary operation called fork is included, which requires the base set
B to be closed under an injective function �. This means that there are elements
x in B that are the result of applying the function � to elements y and z. Since
� is injective, x can be seen as an encoding of the pair 〈y, z〉. The application of
fork to binary relations R and S is denoted by R∇S, and its definition is given
by:

R∇S = { 〈a, b � c〉 : 〈a, b〉 ∈ R and 〈a, c〉 ∈ S } .

The operation cross (denoted by ⊗) performs a kind of parallel product. Its
set-theoretical definition is given by:

R⊗S = { 〈a � c, b � d〉 : 〈a, b〉 ∈ R ∧ 〈c, d〉 ∈ S } .
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Once the class of proper fork algebras has been presented, the class of fork
algebras is axiomatized with the following formulas:

1. Your favorite set of equations axiomatizing Boolean algebras. These axioms
define the meaning of union, intersection, complement, the empty set and
the universal relation.

2. Formulas defining composition of binary relations, transposition, reflexive–
transitive closure and the identity relation:

x; (y ;z) = (x;y) ;z,
x;Id = Id;x = x,
(x;y) ∩ z = ∅ iff (z ; y̆) ∩ x = ∅ iff (x̆;z) ∩ y = ∅,
x∗ = Id ∪ (x;x∗) ,
x∗ ;y ;1 ≤ (y ;1) ∪ (

x∗ ;(y ;1 ∩ (x;y ;1))
)
.

3. Formulas defining the operator ∇:

x∇y = (x; (Id∇1)) ∩ (y ; (1∇Id)) ,
(x∇y) ;(w∇z)̆ = (x;w̆) ∩ (y ; z̆) ,
(Id∇1)̆ ∇(1∇Id)̆ ≤ Id.

The axioms given above define a class of models. Proper fork algebras satisfy
the axioms [5], and therefore belong to this class. It could be the case that there
are models for the axioms that are not proper fork algebras. Fortunately, as was
proved in [5], [4, Thm. 4.2], if a model is not a proper fork algebra then it is
isomorphic to one.

In Section 3.4 we will need to handle fork terms involving variables denoting
relations. Following the definition of the semantics of Alloy, we define a mapping
Y that, given an environment in which these variables get values, homomorphi-
cally allows to calculate the values of terms. The definition is given in Fig. 2.
The set U is the domain of a fork algebra, and therefore a set of binary relations.

Y : expr → env → U
env = (var + type) → U.

Y [∅]e = smallest element in U
Y [1]e = largest element in U

Y [a]e = Y [a]e
Y [a ∪ b]e = Y [a]e ∪ Y [b]e
Y [a ∩ b]e = Y [a]e ∩ Y [b]e
Y [ă]e = (Y [a]e)̆
Y [Id]e = Id
Y [a;b]e = Y [a]e;Y [b]e
Y [a∇b]e = Y [a]e∇Y [b]e
Y [a∗]e = (Y [a]e)∗

Y [v]e = e(v)

Fig. 2. Semantics of fork terms involving variables
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3.2 Representing Objects and Sets

We will represent sets by binary relations contained in the identity relation.
Thus, for an arbitrary type t and an environment env , env(t) ⊆ Id must
hold. That is, for a given type t, its meaning in an environment env is a binary
relation contained in the identity binary relation. Similarly, for an arbitrary
variable v of type t, env(v) must be a relation of the form { 〈x, x〉 }, with
〈x, x〉 ∈ env(t). This is obtained by imposing the following conditions
on env(v)1:

env(v) ⊆ env(t),
env(v);1;env(v) = env(v),
env(v) 
= ∅ .

Actually, given binary relations x and y satisfying the properties:

y ⊆ Id, x ⊆ y, x;1;x = x, x 
= ∅, (1)

it is easy to show that x must be of the form { 〈a, a〉 } for some object a. Thus,
given an object a, by a we will also denote the binary relation { 〈a, a〉 }. Since y
represents a set, by x : y we assert the fact that x is an object of type y, which
implies that x and y satisfy the formulas in (1).

3.3 Representing and Navigating Relations of Higher Rank in
Fork Algebras

In a proper fork algebra the relations π and ρ defined by

π = (1,∇1)̆ , ρ = (1∇1,)̆

behave as projections with respect to the encoding of pairs induced by the injec-
tive function �. Their semantics in a proper fork algebra A whose binary relations
range over a set B, is given by

π = { 〈a � b, a〉 : a, b ∈ B } ,

ρ = { 〈a � b, b〉 : a, b ∈ B } .

From the definitions of fork, π and ρ, operation ⊗ is definable as follows:

R⊗S = (π ;R)∇(ρ;S) .

Given a n-ary relation R ⊆ A1 × · · · ×An, we will represent it by the binary
relation

{ 〈a1, a2 � · · · � an〉 : 〈a1, . . . , an〉 ∈ R } .

1 The proof requires relation 1 to be of the form B × B for some nonempty set B.
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This will be an invariant in the representation of n-ary relations by binary
ones.

For instance, given an Alloy ternary relation

map ⊆ Memory × addrs × Data,

in our framework it is encoded as a binary relation map whose elements are pairs
of the form 〈m,a � d〉 for m : Memory , a : Addr and d : Data. We will in general
denote the encoding of a relation C as a binary relation, by C. Given an object
(in the relational sense — cf. 3.2) m : Memory, the navigation of the relation
map through m should result in a binary relation contained in Addr × Data.
Given a relational object a : t and a binary relation R encoding a relation of
rank higher than 2, we define the navigation operation • by

a • R = π̆ ;Ran (a;R) ;ρ . (2)

Operation Ran in (2) returns the range of a relation as a partial identity. It
is defined by

Ran (x) = (x;1) ·1, .

Its semantics in terms of binary relations is given by

Ran (R) = { 〈a, a〉 : ∃b s.t. 〈b, a〉 ∈ R } .

If we denote by x R y the fact that x and y are related via the relation R,
then Fig. 3 gives a graphical explanation of operation •.

y ��
��

π̆
y

�

z

Ran(x a x R
z
�
y

)
z

�

y

��
�� ρ

z

Fig. 3. Semantics of •

For a binary relation R representing a relation of rank 2, navigation is easier.
Given a relational object a : t, we define

a • R = Ran (a;R) .

Going back to our example about memories, it is easy to check that for a
relational object m′ : Memory such that m′ = { 〈m,m〉 },

m′ • map = {〈a, d〉 : a ∈ Addr , d ∈ Data and 〈m,a � d〉 ∈ map} .

3.4 Translating Alloy Formulas to Fork Algebra Equations

It is well known [13, p. 26] that Boolean combinations of relation algebraic
equations can be translated into a single equation of the form R = 1. Since
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Alloy terms are typed, the translation must be modified slightly. We denote by 1
the untyped universal relation. By 1k we will denote the universal k-ary relation,
and by Idk we denote the k-ary identity relation. The transformation, for n-ary
Alloy terms a and b, is:

a in b � 1n − (a − b) = 1n

For a formula of the form !(a = 1n), we reason as follows:

!(a = 1n) ⇐⇒ !(1n − a = 0) .

Now, from a nonempty n-ary relation, we must generate a universal n-ary
relation. Notice that if 1n − a is nonempty, then 11.(1n − a) is nonempty, and
has arity n − 1. Thus, the term

11.(· · · .(11︸ ︷︷ ︸
n−1

.(1n − a)) · · · )

yields a nonempty 1-ary relation. If we post compose it with 12, we obtain
the universal 1-ary relation. If the resulting relation is then composed with the
(n+1)-ary universal relation, we obtain the desired n-ary universal relation. We
then have

!(a = 1n) � (11.(· · · .(11︸ ︷︷ ︸
n−1

.(1n − a)) · · · ).12).1n+1 = 1n .

If we are given a formula of the form

a = 1n && b = 1m,

with n = m, then the translation is trivial:

a = 1n && b = 1m � a&b = 1n .

If m > n, we will convert a into a m-ary relation a′ such that a′ = 1m if and
only if a = 1n. Let a′ be defined as

a.Id3.1m−n+1 .

Then,
a = 1n && b = 1m � a′&b = 1m .

Therefore, we will assume that whenever a quantifier occurs in a formula,
it appears being applied to an equation of the form R = 1n, for some n. Since
variables in RL stand for single objects, we will first convert term R into a term
of the form

(IdS1⊗ · · · ⊗IdSk
) ⊗R .
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Intuitively, the term IdS1⊗ · · · ⊗IdSk
allows us to pass on the value of the

free variables occurring in R so that the values can be retrieved at any time. If
we define relations Xi(1 ≤ i ≤ k) by

Xi =

{
ρ ;(i−1) ;π if 1 ≤ i < k,

ρ ;(i−1) if i = k ,

an input a1 � · · · �ak is related through term Xi to ai. Notice then that the term
Dom (π ;Xi ∩ ρ) filters those inputs (a1 � · · · � ak) � b in which ai 
= b (i.e., the
value b is bound to be ai). The translation is defined as follows:

T (C) = (IdS1⊗ · · · ⊗IdSk
) ⊗C,

T (xi) = Dom (π ;Xi ∩ ρ) ,
T (r+s) = T (r) ∪ T (s),
T (r&s) = T (r) ∩ T (s),
T (r − s) = T (r) ∩ T (s) ∩ ((IdS1⊗ · · · ⊗IdSk

) ⊗1) ,
T (∼ r) = T (r)̆ ,
T (+r) = T (r);T (r)∗.

In order to define the translation for navigation r.s and application s[v], we
need to distinguish whether s is a binary relation, or if it has greater arity. The
definition is as follows:

T (r.s) =

{
T (r) • T (s) if s is binary,

T (r) • (T (s); ((Id⊗π)∇(Id⊗ρ))) otherwise.

T (s[v]) =

{
T (v) • T (s) if s is binary,

T (v) • (T (s); ((Id⊗π)∇(Id⊗ρ))) otherwise.

In case there are no quantified variables, there is no need to carry the values
on, and the translation becomes:

T (C) = C,
T (r+s) = T (r) ∪ T (s),
T (r&s) = T (r) ∩ T (s),
T (r − s) = T (r) ∩ T (s),
T (∼ r) = T (r)̆ ,
T (+r) = T (r);T (r)∗,
T (r.s) = T (r) • T (s),
T (s[r]) = T (r) • T (s) .

It is now easy to prove a theorem establishing the relationship between Alloy
terms and the corresponding translation. Notice that:

– Given a type T , e(T ) is a nonempty set.
– Given a variable v, e(v) is a n-ary relation for some n ∈ IN.
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We define the environment e′ by:

– Given a type T , e′(T ) = { 〈a, a〉 : a ∈ e(T ) }.
– Given a variable v such that e(v) is a n-ary relation,

e′(v) =

{
{ 〈a, a〉 : a ∈ e(v) } if n = 1,

{〈a1, a2 � · · · � an〉 : 〈a1, a2, . . . , an〉 ∈ e(v)} otherwise.

Theorem 1 establishes the relationship between the semantics of Alloy terms
and their translation, and allows us to assess that the translation is sound in the
sense that it captures the semantics of Alloy terms. For the theorem we assume
that whenever the transpose operation or the transitive closure occur in a term,
they affect a binary relation. Notice that this is the assumption in [10]. We also
assume that whenever the navigation operation is applied, the argument on the
left-hand side is a unary relation (set). This is because our representation of
relations of arity greater than two makes defining the generalized composition
more complicated than desirable. At the same time, use of navigation in object-
oriented settings usually falls in the situation modeled by us. In order to simplify
notation, we will denote by b� the element b1 � · · · � bm.

Theorem 1. For every Alloy term t such that:

1. X[t]e defines a n-ary relation,
2. there are m free variables x1, . . . , xm in t,

Y [T (t)]e′ =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
{〈b� � a, b� � a〉 :

a ∈ X[t]e(b �→x)
}

if n = 1
{〈b� � a1, b

� � (a2 � · · · � an)〉 :
〈a1, . . . , an〉 ∈ X[t]e(b �→x)

}
if n > 1

Proof. (Sketch of the proof) With the aim of using a shorter notation, the value
(according to the standard semantics) of an Alloy term t in an environment e
will be denoted by e(t) rather than by X[t]e. Similarly, the value of a fork algebra
term t in an environment e′ will be denoted by e′(t) rather than by Y [t]e′. The
proof follows by induction on the structure of term t. As a sample we prove it
for the variables, the remaining cases end up being simple applications of the
semantics of the fork algebra operators.

If v is a quantified variable (namely, xi), then e(t) is a unary relation.

e′ (T (xi))
= e′ (Dom (π ;Xi ∩ ρ)) (by def. T )
= { 〈b� � a, b� � a〉 : a = bi } (by semantics)
= { 〈b� � a, b� � a〉 : a ∈ { bi } } (by set theory)

=
{ 〈b� � a, b� � a〉 : a ∈ (

e(b �→x)
)
(xi)

}
. (by def. e(b �→x))

If v is a variable distinct of x1, . . . , xm, there are two possibilities.
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1. e(v) denotes a unary relation.
2. e(v) denotes a n-ary relation with n > 1.

If e(v) denotes a unary relation,

e′ (T (v)) = e′ ((IdS1⊗ · · · ⊗IdSm
) ⊗v) (by def. T )

= (IdS1⊗ · · · ⊗IdSm
) ⊗e′(v) (by semantics)

= (IdS1⊗ · · · ⊗IdSm
) ⊗ { 〈a, a〉 : a ∈ e(v) } (by def. e′)

= { 〈b� � a, b� � a〉 : a ∈ e(v) } (by semantics)

=
{ 〈b� � a, b� � a〉 : a ∈ (e(b �→x)))(v)

}
. (by def. e(b �→x))

If e(v) denotes a n-ary relation (n > 1),

e′ (T (v)) = e′ ((IdS1⊗ · · · ⊗IdSm) ⊗v) (by def. T )
= (IdS1⊗ · · · ⊗IdSm) ⊗e′(v) (by semantics)
= (IdS1⊗ · · · ⊗IdSm) ⊗ { 〈a1, a2 � · · · � an〉 : 〈a1, . . . , an〉 ∈ e(v) }

(by def. e′)

= { 〈b� � a1, b
� � (a2 � · · · � an)〉 : 〈a1, . . . , an〉 ∈ e(v) } (by semantics)

=
{ 〈b� � a1, b

� � (a2 � · · · � an)〉 : 〈a1, . . . , an〉 ∈ (e(b �→x)))(v)
}

.

(by def. e(b �→x))

From the set-theoretical definition of fork and the remaining relational oper-
ators, it follows that2

(x1 � · · · � xn) � x T (t) (x1 � · · · � xn) � y ⇐⇒
(x1 � · · · � xn) � x � y ∈ ran (Id ∇ T (t);ρ) . (3)

Now, it only remains to adequately quantify, using relational expressions,
variables x1, . . . , xn, x, y. We define the relational term ∃xi as follows:

∃xi = X1∇ · · · ∇Xi−1∇1S∇Xi+1∇ · · · ∇Xk .

For instance, if k = 3, we have ∃x2 = X1∇1S∇X3. This term defines the
binary relation

{ 〈a1 � a3, a1 � a2 � a3〉 : a2 ∈ S } .

Notice that the term generates all possible values for variable x2. The term

∃x2 ;Ran (Id ∇ T (t(x1, x2, x3));ρ) ;1

describes the binary relation

2 Given a binary relation R, ran (R) denotes the set { b : ∃a such that 〈a, b〉 ∈ R }.
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{ 〈(a1 � a3) � a � b, c〉 : (∃a2 : S) (〈a1 � a2 � a3) � a, b〉 ∈ T (t(x1, x2, x3)) } .

This term allows us to quantify over the right domain. Profiting from the
interdefinability of ∃ and ∀, the term

∃x2 ;T (t)

allows us to quantify variable x2 universally. We will denote such a term as
∀x2T (t).

Since variables x and y abstract the input and output values for term T (t)
(cf. (3)) and the original equation is of the form T (t) = 1, variables x and y
must be quantified universally.

Example 2. Let us consider the following Alloy assertion, to be understood in
the context of the specification for memories provided in Section 2.

some s : System | s.cache.map in s.main.map . (4)

Once converted to an equation of the form R = 1, assertion (4) becomes

some s : System | 12 − (s.cache.map − s.main.map) = 12 . (5)

If we apply translation T to the term on the left-hand side of the equality in
(5), it becomes

Dom (π ;Xs ∩ ρ) •
IdS

⊗
cache

•
⎛
⎝ IdS

⊗
map

;
Id⊗π
∇

Id⊗ρ

⎞
⎠ ∩

⎛
⎝ IdS

⊗
1

⎞
⎠

∪ Dom (π ;Xs ∩ ρ) •
IdS

⊗
main

•
⎛
⎝ IdS

⊗
map

;
Id⊗π
∇

Id⊗ρ

⎞
⎠ . (6)

Since s is the only variable, Xs = ρ0 = Id, and therefore (6) becomes

Dom (π ∩ ρ) •
IdS

⊗
cache

•
⎛
⎝ IdS

⊗
map

;
Id⊗π
∇

Id⊗ρ

⎞
⎠ ∩

⎛
⎝ IdS

⊗
1

⎞
⎠

∪ Dom (π ∩ ρ) •
IdS

⊗
main

•
⎛
⎝ IdS

⊗
map

;
Id⊗π
∇

Id⊗ρ

⎞
⎠ . (7)

Certainly (7) is harder to read than the equation in (4). This can probably
be improved by adding adequate syntactic sugar to the language. Let us denote
by E the term in (7). Following our recipe, we arrive to the following equation

∃s ;∀x∀y (Ran (Id ∇ E ;ρ) ;1) = 1 . (8)
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4 Conclusions

Even although theorem proving was not considered a critical issue during the
development of Alloy, it has been lately recognized as a significant problem that
deserves to be addressed. The tool Prioni allows one to prove properties from
Alloy specification but at the expense of requiring the user to learn another
language conceptually different of Alloy in order to understand proof steps. Al-
though the language of fork algebras is not the same as Alloy, from a conceptual
viewpoint the language of fork algebras shares common principles with Alloy, as
for instance the fact that objects are relations. This is one of the cornerstones of
Alloy, and is shared by fork algebras but not by the language used in Athena.
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Abstract. In this paper we present a technique for the Spin tool, in-
spired by practical experiences with Spin and a FireWire protocol. We
show how to guide simulations with Spin, by constructing a special guide
process that limits the behaviour of the original system. We set up a the-
oretical framework in which we prove under some sufficient conditions
that the adjusted system (with the added guide process) exhibits a sub-
set of the behaviour of the original system, and has no new deadlocks.
We have applied this technique to a Promela specification of the IEEE
1394.1 FireWire net update algorithm. The experiment shows that this
technique increases the error detecting power of Spin in the sense that we
found errors in the guided specification, which could not be discovered
with Spin simulation and validation in the original specification.

1 Introduction

When validating designs using exhaustive verification methods, one can nowa-
days employ a wealth of model checking tools and methods, such as Spin [8],
CADP [5], µCRL [1], Murphi [4], SMV [3], HyTech [7], Kronos [16], TVS [2], and
Uppaal [12]. However, for real-life designs of complex systems, one quickly en-
counters the limits of what these tools and methods can handle, and exhaustive
verification of the full required functionality often turns out to be infeasible.

An alternative method in such cases is to perform experiments rather than to
do a verification, which may help to find errors. Many verification tools provide
this possibility in the form of simulation. Often, simulation helps in finding errors
in two ways: (1) by experimenting with the model interactively, the user obtains
a better understanding of the behaviour of his/her system and can check specific
scenarios, and (2) by random simulations, unpredicted situations can be found.
Based upon these findings, the model of the system can be improved.

The major drawback of such an experimenting approach is of course that
coverage of the full behaviour is not achieved: when no (more) errors are found

� This research is supported by NWO under project 016.023.015 “Improving the Qual-
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using simulation, there is no guarantee whatsoever that a system is correct. But
if verification is infeasible, experimenting may be the only way to gain confidence.

This paper presents a technique for lifting a practical drawback of simula-
tion with the tool Spin, which allows a mixture of interactive and automated
simulation by adjusting the Promela code to be simulated. This approach is use-
ful when ordinary interactive simulation requires a disproportionate number of
simulation steps and automated (random) simulation does not cover enough of
the interesting parts of the state space. Our technique, called guiding, consists of
adjusting the Promela specification somewhat, and most importantly, construct-
ing a special extra process called Guide. The Guide restricts the behaviour of
the system that it is added to, such that by some sufficient conditions no new
behaviour and no new deadlocks are introduced. The Guide can be employed to
drive the simulations into interesting parts of the state space, and enables a user
to experiment with certain (types of) scenarios.

In order to guide sensibly, the direct intervention and judgement of the user
are needed: it is not possible to decide automatically how arbitrary Promela code
should be guided. However, it is likely that such interesting scenarios can often
easily be determined by the user who has a good understanding of at least part
of his/her specification. We do not provide an automation of the adjustment
itself, since this would introduce more overhead and limit the freedom for the
user to use Promela language constructs freely.

Besides simulation, it is also possible to perform verification on the guided
Promela code. The guiding construction is such that whenever a safety property
is violated in the guided Promela, this holds for the original Promela as well.

Related Work. In [6], a high-level approach to guiding is taken, called temporal
debugging. Here, a property in the temporal logic LTL is used to restrict the sys-
tem behaviour and an exploration algorithm is developed that allows for interac-
tive simulation with backtracking facilities. This approach has the advantage of
a high abstraction level that is independent of the actual specification language
and supporting tools used. However, since there is no implementation available,
it is hard to assess its practical value. For instance, we wonder if one can guide
inter-process communication and scheduling as naturally as in our lower-level
approach. It may be very cumbersome to express guiding properties in LTL,
especially if all basic properties must be expressed in state formulas. Also, it
seems that any implementation of the exploration algorithm in [6] would add
quite a lot of overhead due to its model checking-like features. This would be
very undesirable for the specifications we are interested in, which are too large
and complicated for the current model checkers.

Our work can be seen as a dedicated instantiation of the superimposition
approach as described in [14], in sequential order with specific constraints and
properties for the Promela syntax and semantics.

Further, our approach to guiding may seem similar to techniques based on
monitoring. In Spin, the Promela trace proctype can be used for this purpose.
However, when monitoring, the behaviour of a specification is not limited or
steered (as we intend to do), but rather observed. Another Promela construct,
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variable x

final state

x=...x=...

:

:

... non−deterministic
choice for setting

process A

initial state

the value of 

(a) Behaviour of original model

final state

initial state

process Guideprocess A

pre−selected

:

:

:

:

c!mess(3)c?mess(x)

rendez−vous

the value of
choice for 

variable x

communication

(b) Behaviour of guided model

Fig. 1. Guiding non-determinism in internal computation

the STDIN channel, does resemble our guiding approach, because it allows to
mix user (or application) interaction with automated simulation. However, here
only one parameter per communication is allowed on the one special channel. In
our approach, as many parameters as desired are allowed. Moreover, we allow to
pre-select in a set of possible rendez-vous communications, to schedule internal
activity among different processes, and even to attempt verification, all of which
cannot be done with the STDIN channel. The breakpoints present in Spin which
can be used during random simulation can help in monitoring, but not in guiding
since it is not possible to switch to interactive simulation.

Finally, tools exist in which during simulation, a special environment process
is always present, and user interaction at certain points is possible. One of these
tools is Telelogic/Tau [15]. In such a tool, the specification is an open system,
where the environment must guide everything (with or without user interaction).
We are interested in guiding only part of the behaviour of Promela specifications,
which are closed, and in opening up such a closed system only partly.

Our approach has been applied in Spin simulation of a Promela specification
of the net update protocol from the IEEE P1394.1 FireWire Bridges draft stan-
dard [11]. This has resulted in the detection of errors that were not found with
ordinary Spin simulation and verification.

Organization. Section 2 presents the idea and techniques of guiding on the
Promela level, which is rather informal. Section 3 presents the theoretic frame-
work and the proofs. Finally, Section 4 describes our experiments with the net
update algorithm from the IEEE P1394.1 draft standard.

Acknowledgements. We thank Arjan Mooij and the anonymous referees for use-
ful comments on this paper, and Gia Tagviashvili for his input in an early stage
of this research.

2 Guiding Promela

In this section, we explain what we mean with guiding Promela specifications,
and what we intend to achieve. We present our examples, definitions, sufficient
conditions, and desired properties informally, on the level of Promela code. This
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(a) Behaviour of original model
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:

:
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:

:

Sender(i)

 

ReceiverGuide

(b) Behaviour of guided model

Fig. 2. Guiding rendez-vous communication possibilities

yields a compact, understandable view, which can also serve as instruction for a
user who would like to guide Spin simulations with the techniques presented. It
is, however, too informal for actual proof. Section 3 presents the same definitions,
sufficient conditions and desired properties, now on the level of the automata
that provide semantics to Promela specifications. That section is harder to read,
but does show the theoretic soundness and feasibility.

Familiarity is assumed with Promela language constructs such as assignments
(with =), conditions ((c)), conditional expressions ((c->e1:e2)), selection state-
ments (if ... fi), loops (do ... od) and grouping (atomic{...}). We refer
to the Spin book and web site [8].

What we want in Spin simulation is control over what happens, without hav-
ing to perform all simulation steps interactively, by fixing some choices which
are left open in the Promela specification. We signal three important kinds of
choices that we intend to guide: (1) non-determinism inside a process, (2) multi-
ple rendez-vous communication possibilities between sending and receiving pro-
cesses, and (3) scheduling possibilities between different processes. We guide
these choices by adding an extra Guide process that interferes and provides
pre-selected fixed values. The definitions of processes to be guided are altered
a little. The guided Promela specification is simulated without user interaction,
exhibiting only the restricted behaviour, and can even be model checked for
safety properties, where each erroneous behaviour found in the guided Promela
is also present in the original Promela (but not the other way around).

The Guide process can interfere with the original processes only through
communication and the values of global variables. In order to only restrict be-
haviour and not introduce new behaviour, the Guide can only use communication
channels and affect global variables that are not present in the original Promela
specification. We choose to guide non-determinism inside a process by having it
communicate with the Guide process, and to guide multiple rendez-vous commu-
nication possibilities and scheduling possibilities by having the communication
and process enabling depend on fresh global variables which are controlled by
the Guide process. All of these are depicted in Figures 1, 2, and 3.

In the first example, the behaviour of process A (Figure 1(a)) can be restricted
by adding a Guide process that fixes a value (3, in this case) and communicates
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x=f(...) x=f(...)
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(a) Behaviour of original model

:

:

x=f(...)x=f(...)

:
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Fig. 3. Guiding scheduling possibilities

with process A. In process A, the internal computation fragment is replaced with
this new communication (Figure 1(b)).

In the second example, there are many instances of a Sender proctype that
can communicate with one Receiver process (Figure 2(a)). The multiple com-
munication possibilities can be restricted by adding a fresh global variable (y
in this case) which is controlled by the Guide process, changing the type of the
channel in question to an array with an extra index, and adding an expression
index for each Sender that depends on the new global variable. The Receiver
is modified such that it expects the communication on index 0. Now the Guide
process can control for which Sender process the index expression evaluates to
true, and thus enable the communication with the Receiver for only that Sender
process. All other Sender process try to send on a channel which has no receiver.

In the third example, there are many instances of a proctype A. In Figure 3(a)
two of these are represented. Each instance can execute a transition labelled with
an assignment to variable x. In the guided model (Figure 3(b)) only instance
A(1) will be scheduled to execute this transition. This is realized by adding a
transition before the assignment, labelled with a condition that uses the new
global variable choice, whose preset value is fixed by the Guide process.

Isolated Fragment. In order to guide internal non-determinism, it is necessary to
identify the fragment of Promela code in which the non-determinism is present.
An isolated fragment is a valid sequence of Promela statements that does not
contain: (1) communication; (2) assertions; (3) goto statements that jump out-
side the sequence (the end state of the sequence is allowed). Also, the fragment
may not be a part of a larger atomic sequence, when one or more statements
precede it in this atomic sequence.

Guiding Promela. Here we describe the three types of guiding. Consider Promela
specifications S, S′, a proctype definition G, and sets of global variables V and
channels C that are not used in S. We call S′ a guided version of S if S′ can be
obtained by adjusting S a number of times with any of the following construc-
tions, and adding the extra proctype G, which is instantiated exactly once.
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}

...
x=0; /* start of fragment F */
do
:: (x<N) −> x++;
:: (true) −> break;
od; /* end of fragment F */
...

proctype A(...) {

(a) Original Promela

}

...
chan?mess(x); /* F replaced by rendez−vous receive */
...

}
proctype Guide() {
...
chan!mess(3); /* pre−selected value for x */
...

proctype A(...) {

(b) Guided Promela

Fig. 4. Type I Guiding in Promela

}

proctype Sender(i:ID) {
...
chan!mess; /* unconditional send */
...

}

...
chan?mess;
...

proctype Receiver() {

(a) Original Promela }

proctype Sender(i:ID) {
ID y; /* fresh global variable */

...
c[((i==y)−>0:1)]!mess; /* send on c[0] or c[1] */
...

}

...
c[0]?mess; /* nobody receives on c[1] */
...

}
proctype Guide() {
...
y=3; /* selecting sender A(3) */
...

proctype Receiver() {

(b) Guided Promela

Fig. 5. Type II Guiding in Promela

1. Type I: Guiding internal non-determinism. In the Promela code of a proc-
type, an isolated fragment of Promela may be replaced with a rendez-vous
receive statement on a fresh channel c ∈ C.

2. Type II: Guiding rendez-vous communication possibilities. If the Promela
code of proctype P contains a send (resp. receive) statement on rendez-vous
channel (array) c, the specification may be adjusted as follows, where e′ is
an expression involving local variables of P and global variables from V :
– If c is an array with range 0..R−1, and is indexed in P as c[e], then c must

become an array with range 0..R, and be indexed in P as c[(e′->e:R)].
– If c is not an array, then c must become an array with range 0..1, and c be

indexed in P as c[(e′->0:1)]. Any other occurrence of c in any proctype
must be indexed as c[0].

3. Type III: Guiding scheduling possibilities. In the Promela code of proctype
P , an isolated fragment F may be guided by adding a condition e′:
– If the first statement of F is a condition (e) then it is changed to (e∧e′).
– If the first statement of F is an assignment then it is preceded by a new

condition statement (e′) such that the new statement plus the original
isolated fragment are contained in one atomic block.

The guide process G may modify global variables in V , perform rendez-vous
send actions on channels in C, and perform any internal activity.
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 ...

 ...

proctype A(id) {

 x=f(...); /* assignment */

}

(a) Original Promela

 choice=1; /* selection of A(1) */

 ...

 ...
}
proctype Guide() {
 ...

 ...
}

proctype A(id) {

    x=f(...)} ;
 atomic{(id==choice); /* guided assignment */

(b) Guided Promela

Fig. 6. Type III Guiding in Promela

The Promela code corresponding to the examples in Figures 1, 2 and 3 is
depicted in Figures 4, 5 and 6.

Desired Properties. The following two properties express that the guided Promela
specification does not exhibit new behaviour or new deadlocks. Let S, S′ be
Promela specifications such that S′ is a guided version of S. (1) When only ob-
serving communication and global variables from S, all behaviour exhibited by
S′ is also exhibited by S, and (2) whenever S′ encounters a deadlock state, in
the corresponding original state S also deadlocks. If these properties hold, we
can conclude that each safety property that holds for S, must also hold for S′.
Hence, if a simulation or verification finds an error in S′ (a deadlock or assertion
violation S), the same error must be present in S as well.

Sensible Guiding. In order to conclude that the desired properties hold, some
sufficient conditions must be met. Let S, S′ be Promela specifications such that
S′ is a guided version of S. S′ is guided sensibly if the following holds for the
behaviour exhibited by S and S′.

– (Type I Guiding does not introduce new behaviour). Whenever process in-
stance p can communicate with the Guide in S′, it must be possible for p to
execute the corresponding isolated fragment in S, such that the effect of the
communication on the global variables and the local variables of p in S′ is
contained in the possible end states of the fragment in S.

– (The guided processes do not introduce new deadlocks). Whenever process
instance p can execute some statement in S that was adjusted or replaced
in S′, either some non-guided statement must be executable in S as well, or
it must be possible in S′ to execute an adjusted or newly added statement.

– (The Guide process does not introduce new deadlocks). Whenever S′ reaches
a state for which the counterpart in S is a valid end state, then in S′, the
Guide must be in a valid end state as well.

These sufficient conditions require a good understanding of the dynamic be-
haviour of both the original and the guided system. This may be a problem
since the original specification is being debugged. However, in some cases one
can decide purely on the syntax of the Promela code that it is guided sensibly.
The following conditions imply that the sufficient conditions are satisfied.
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– (Type I Guiding does not introduce new behaviour). If process instance p has
been adjusted with Type I Guiding, and no variables occur in any expression
in the isolated fragment, nor in the rendez-vous send communication of the
Guide, then it can be decided statically whether the values communicated by
the Guide in the guided specification are contained in the possible outcomes
of the isolated fragment in the original specification.

– (No new deadlocks). In each state of the Guide proctype definition, both of
the following hold. (1) There is a statement possible that is not a condition
or a rendez-vous send communication, and (2) the state is a valid end-state.

Note that if these very restrictive conditions are not met, it is still possible
that the Promela is guided sensibly. For example, even if Type I Guiding involves
expressions with variables, the user might know with certainty some of the values
that these variables can obtain and use these values for guiding. In such a case
the Promela is still guided sensibly.

3 Theory Section

In this section, we will provide the theoretic framework for guiding a Promela
specification. All the elements of the previous section reappear, and particularly
the two desired properties are proved to hold.

We rely on the Promela semantics defined in terms of automata, as presented
in the Spin book [8] in Chapters 7, 8 and 16 and Appendix A, with as little detail
as possible from the semantics engine. This is the most straightforward way to
define precisely what we mean by guiding, and to construct the proofs.

3.1 Preliminaries

We assume the notions of (finite state) automaton, run, asynchronous product,
and the semantics for Promela basic statements as defined in the Spin book [8]
in Chapters 7, 8 and 16 and Appendix A.

Since we are only considering safety properties, we may assume for sake of
simplicity that there is no never claim or trace process present. We also abstract
from the details of dynamic process instantiation and termination.

For our purposes, it is convenient to characterize a system with the global
variables V , global channels C, and automata A1, . . . , An that are used to build
it (skipping details such as the global handshake, timeout, else variables), and
keep the array structures on the channels. So a system Σ = (V, C, A1, . . . , An)
is assumed to generate the asynchronous product of the automata A1, . . . , An

with semantics provided by the semantics engine.
We will characterize an automaton (generated from a Promela proctype) as

a tuple (W,L, l0,F,R), where W is the set of local variables, L is the set of
locations1, l0 ∈ L is the initial location, F ⊆ L is the set of final locations, and
R is the set of transitions. Transitions are denoted l1

a→ l2, where the action

1 To avoid confusion, we call the abstract states in automata locations.
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label a can be an assignment, a condition, an assertion or a communication
send/receive part. For automaton A, we denote its components with A.W, A.L,
etc. Moreover, for system Σ = (V, C, A1, . . . , An) we often use the abbreviations
Σ.R for A1.R ∪ . . . ∪ An.R and Σ.F for A1.F ∪ . . . ∪ An.F.

A global system state s of Σ is a tuple containing (1) for each variable v ∈
V ∪Ai.W∪. . .∪An.W, a value: s.v, (2) for each buffered channel c ∈ C, the buffer
status: s.c, and (3) for each automaton Ai, a location of Ai.L: s.Ai. For the initial
global system state s0 we assume that each variable v ∈ (V ∪Ai.W∪ . . .∪An.W)
has a preset initial value v0, and we assume that s0.Ai is Ai.l0. Given global
system states s, t, a step of a system is denoted s → t with transition l1

a→ l2
to indicate both the effect on the global system state, and the (uninterpreted)
automaton transition that governs it. A run σ of the system from global system
state s to t is denoted s

σ⇒ t. A global system state s is reachable if there is a
run from the initial global system state to s. A global system state s is said to
deadlock if there is no step possible from s and at least one automaton Ai is not
in a final location, that is, s.Ai �∈Ai.F.

In order to relate the behaviour of the original and the guided Promela sys-
tem, we need some notion of observable behaviour. We will require the two
systems to exhibit the same communication behaviour (channel names and mes-
sage values per communication, and ordering in a run), and the assertions. The
latter is implied if related states have the same values for state variables. We
denote an observable step of a system with s

a
� t, where a is the label for the

combined send and receive part in case of a rendez-vous communication, or the
label of either the send or the receive part in case of buffered communication.
In all other cases, a is ε (the empty label). The reflexive transitive closure is
denoted with s

ab···
�∗ t.

Promela Language Constructs. Here we list the most important Promela lan-
guage constructs and indicate their counterparts in the generated automaton in
our framework. Constructions such as selections (if ... fi), loops (do ... od),
interrupts (...unless...), and jumps (goto ... and break) are encoded in the
structure of the automaton. Grouping with dstep{...} is encoded in one tran-
sition, whereas each basic statement in an atomic{...} group gives rise to a
separate transition in the automaton, with a special mark to be recognised as
atomic. Basic statements such as assignments (with =), conditions ((c)), commu-
nication on channels (c!m(...) and c?m(...)) and assertions (assert(...))
each give rise to a separate transition in the automaton that is labelled with
the statement itself. Note the use of array variables var[index] and conditional
expressions (c->a:b).

3.2 Guiding

We start with the definition of an isolated fragment, needed for the first type
of guiding. For this definition, we assume that given an automaton, it can be
decided syntactically for each location whether it is contained in an atomic
sequence (i.e. not the start or the end location of the atomic sequence). We
call a location atomic if it is, and non-atomic otherwise.
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Definition 1 (Isolated Fragment). Let A be an automaton, l1, l2 ∈ A.L, and
T ⊆ A.R, such that each transition in T starts in l1. If each run in A that begins
with a transition from T , either contains l2 or can be extended in A such that it
ends in l2, then we say that the combination of l1, l2, T isolates fragment T ′ of
A, where T ′ ⊆ A.R is the set of all transitions occurring in any run in A that
begins with a transition from T , ends in l2, and does not visit l2 in between. We
demand that fragment T ′ contains only conditions and assignments, and that
location l1 is non-atomic.

If the conditions for isolating a fragment are met, it is easy to compute the
fragment by finding the fixpoint of k-step reachable transitions in A for arbitrary
k, starting with T and k = 1.

Now the three types of guiding follow.

Definition 2 (Guiding). Let Σ = (V, C, A1, . . . , An) be a system, G an au-
tomaton, and V ′ a fresh set of global variables.

Σ can be guided yielding system Σ′ = (V ∪ V ′, C ′ ∪ CG, A′
1, . . . , A

′
n, G) iter-

atively in m steps, as follows. We call Σ′ a guided version of Σ.
To start: C0 = C and C0

G = ∅, and each A0
i = Ai. To end: C ′ = Cm,

CG = Cm
G , and each A′

i = Am
i . In each step j + 1, Cj+1, Cj+1

G , and each Aj+1
i

can be constructed from Cj , Cj
G, and Aj

i in any of the following ways2 (only
describing the components that change, any component not mentioned is assumed
to stay the same in step j + 1).

1. (Type I: Guiding internal non-determinism). Let l1, l2, T isolate fragment T ′

of Aj
i , and c be a fresh rendez-vous channel. Then Aj+1

i is Aj
i where the set

T ′ is deleted from the transitions, and a transition from l1 to l2 is added,
with a rendez-vous receive action on channel c, with as message parameters
only variables in V ∪ Aj

i .W, and Cj+1
G = Cj

G ∪ {c}.
The freshly introduced channel may also be an array, with appropriate

index expressions on the sending and receiving parts.
2. (Type II: Guiding rendez-vous communication possibilities). Let l1

a→ l2 be a
transition of Aj

i with rendez-vous communication on channel (array) c from
Cj. Let e′ be an expression over variables in V ∪ V ′ ∪ Aj

i .
(a) If c is an array with range 0..R − 1 and is indexed on the transition as

c[e], then Aj+1
i is Aj

i where on the adjusted transition c is indexed as
c[(e′->e:R)]. Further, in Cj+1, c has range 0..R.

(b) If c is not an array then Aj+1
i is Aj

i where on the adjusted transition c is
indexed as c[(e′->0:1)]. Further, in Cj+1, c is an array with range 0..1,
and for each occurrence of channel c in another transition of any Aj

k is
replaced in Aj+1

k by c[0].
3. (Type III: Guiding scheduling possibilities). Let l1, l2, {l1

a→ l3} isolate frag-
ment T ′ of Aj

i , such that l1 and l2 are non-atomic and either all other loca-

2 Each step may be performed simultaneously on a set of automata Aj
i1

, . . . , Aj
ih

pro-
vided these automata are equal (i.e. generated from one Promela proctype).
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tions in T ′ are atomic or l2 = l3 (i.e. T ′ consists of one transition). Let e′

be an expression over variables in V ∪ V ′ ∪ Aj
i .W .

(a) If the transition l1
a→ l3 is a condition with label a = (e), then Aj+1

i is

Ai where transition l1
(e)→ l3 is replaced by l1

(e∧e′)→ l3.
(b) If the transition l1

a→ l3 is an assignment, then Aj+1
i is Ai where tran-

sition l1
a→ l3 is replaced by two transitions: l1

(e)→ l4 and l4
a→ l3, such

that l4 is a fresh location which is atomic in Aj+1
i .

The guide automaton G may contain conditions over and assignments to vari-
ables in V ′ ∪G.W, as well as rendez-vous send actions on channels from CG. We
assume a function map that maps each channel from C ′ and each transition from
A′

i (except rendez-vous communication with Guide G) to their original counter-
part in C and Ai, respectively. Moreover, we extend map to global system states
such that for global system state s′ of Σ′, s = map(s′) is the global system state
of Σ with the values of s′ for each global variable, each channel, and the local
variables and current state for each automaton. Note that we may have added
locations in Type III Guiding for A′

i that are not present in Ai. Given newly

added location l4 for transitions l1
(e)→ l4 and l4

a→ l3, if s′.A′
i = l4, then we let

map(s′).Ai = l1 (i.e. we map back to the starting location3).

We need some sufficient conditions to prove the desired properties of guiding.

Definition 3 (Sensible Restriction). Let system Σ′ = (V ′, C ′, A′
1, . . . , A

′
n, G)

be a guided version of system Σ = (V, C, A1, . . . , An) with mapping map.
This guided version is sensible if the following holds for each reachable global

system state s′ of Σ′ and global system state s of Σ where s = map(s′).

1. (Type I Guiding, no new behaviour). If s′ → t′ with some transition in G.R
labelled with a rendez-vous send action and t′ → u′ with transition l1

b→ l2
in A′

i, which is the result of Type I Guiding of isolated fragment T in Ai,
then there is a run σ of transitions in T such that s

σ⇒ u, u.Ai = l2, and for
each variable v ∈ V ∪ Ai.W, u.v = u′.v.

2. (No new deadlocks in guided automata) If s → t with transition l1
a→ l2 in

Ai.R − A′
i.R then either (1) s → u with some transition(s) in Ai.R ∩ A′

i.R,
or (2) s′ → t′ with some transition(s) in Σ′.R − Σ.R.

3. (No new deadlocks in Guide) If for each Ai, s.Ai is a final location of Ai

(s.Ai ∈ Ai.F), then s′.G is a final location as well (s′.G ∈ G.F).

The next two propositions ensure that the guided system does not exhibit
new behaviour (Proposition 1) or new deadlocks (Proposition 2). The proofs are
in Appendix A.

3 This will not cause problems when Type III Guiding is applied more than once, since
new locations are only added for assignment transitions with a non-atomic starting
location which rules out assignment transitions that have already been guided.
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Fig. 7. An example spanning tree in a bus-based view

Proposition 1. Let system Σ′ = (V ′, C ′, A′
1, . . . , A

′
n, G) be a sensibly guided

version of system Σ = (V, C, A1, . . . , An), with mapping map.
Then for each reachable global system state s′ of Σ′ and global system state

map(s′) of Σ, the following holds. (1) If s′ is the initial global system state of
Σ′, then map(s′) is the initial global system state of Σ. (2) If s′ a

� t′ in Σ′ then
map(s′) â

�∗ t in Σ, and t = map(t′). Here, â = map(a) if map(a) is an assertion
or a communication on a channel from C, and a = ε (empty) otherwise.

Proposition 2. Let system Σ′ = (V ′, C ′, A′
1, . . . , A

′
n, G) be a sensibly guided

version of system Σ = (V, C, A1, . . . , An), with mapping map. Then whenever
Σ′ deadlocks in reachable global system state s′, Σ deadlocks in global system
state map(s′).

In the following section we describe an experiment where we successfully
applied the theory from this section.

4 The IEEE 1394.1 Case Study

This section reports on our experience in guiding a Promela specification of the
IEEE 1394.1 FireWire net update algorithm. Section 4.1 summarizes relevant
details of the net update algorithm. Section 4.2 shortly describes the Promela
specification of the net update algorithm (for better descriptions see [11, 13, 10]),
and our Spin experiences. Section 4.3 describes the error Spin could not find,
and Section 4.4 reports the guiding process.

4.1 Introduction to the Net Update Algorithm

A 1394 bus consists of a number of connected nodes that communicate as de-
scribed by the IEEE 1394 standard. An IEEE 1394.1 net [10] consists of IEEE
1394 buses [9] connected with bridges. The bridges themselves consist of two
nodes, called portals, connected with some fabric. Each portal acts as an ordi-
nary 1394 node on the bus that it is connected to.

A 1394.1 net is supposed to be “plug-and-play”, which means that devices
(including bridges!) can be connected and disconnected at all times, and the
resulting net is expected to continue to function without too much disruption.
Whenever the connection state of any of the nodes on a bus changes, then
immediately a 1394.1 algorithm called net update starts to process the new net
topology. This algorithm maintains a spanning tree which is used to give the net
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Fig. 8. Examples of loops

an identity and to deal with cycles in the net topology. The root of the tree is
called the prime portal. See Figure 7 for an example. Here, each node represents
a bus, and each arrow represents a bridge with a direction. The bridge connecting
bus C and bus D is not part of the spanning tree: it has no direction as indicated
with the dotted line. The numbers indicate the distance to the root bus.

4.2 Using Spin

The Promela Specification. The Promela specification models the spanning tree
functionality of net update. In the code, there are ten bridge portals, constitut-
ing five bridges, expressed in a total of twenty processes which are all active all
along. Another process models the changes in the network topology, by nonde-
terministically connecting and disconnecting bridge portals to buses. A bus is
not modelled separately by a process, it can be identified through the connec-
tion state of the portals. Safety properties are added in assertions to check the
successful termination of net update, and the spanning tree.

Verification Experience. All verification experiments were done on an Intel i686
dual CPU, running Linux RedHat 7, with 2 Gbyte main memory and 3 Gbyte
swap memory. We tried both exhaustive and approximative verification. The
former did not complete. None of the experiments detected an error.

Simulation Experience. Apart from our verification attempts, we tried many
simulations in order to find errors. This led to many modelling errors being
detected and fixed. All simulation experiments were done on an i686 647 MHz
CPU, with 256 Mbyte main memory and 870 Mbyte swap memory.

After many adjustments, we had a version of the specification in which we
did not find errors with random simulation anymore, (seemingly) however many
random seed numbers we supplied. At first, we were inclined to trust our specifi-
cation, but as explained in the following section, this confidence was misplaced.

4.3 An Error Spin Could not Find

An Error Found by Spin. Not all loops are detected by the original net update
protocol, and the algorithm may not terminate at all. The basic criterion for
detecting a loop in the network is that on a bus, there either are two bridges
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proctype AllBuses(...) {

}
 od;
 :: ...
    ...
      choose(i,j); } /* inline macro */
      (!TopologyMayChange);
 :: atomic {
 :: ...
 do
 int i,j;

(a) Original Promela

proctype AllBuses(...) {

}
 ...
 fromGuide!Choose(0,1);
 ...
proctype Guide() {
}
 od;
 :: ...
    ...
 :: fromGuide?Choose(i,j);
 :: ...
 do
 int i,j;

(b) Guided Promela

Fig. 9. Type I Guiding in FireWire Promela specification

pointing away from that bus into the direction of the same prime portal or the
bus has a prime portal and a bridge pointing away to that same prime portal, see
Figure 8(a). However, after some network topology changes, a loop can exist in
the network where this criterion is not met: all buses on the loop have exactly one
portal pointing towards the prime portal, but the prime portal itself is not there.
This can be seen by observing the information of the distance of each portal to
the prime portal. There must be at least one bus that has an outgoing bridge
with a distance larger than a corresponding incoming bridge, see Figure 8(b).
Here, all bridge portals belong with the same prime portal, and on bus B, the
loop could be detected with an adjusted loop detection criterion.

In this situation, the net update algorithm as presented in the current draft
does not terminate, but keeps being executed on consecutive buses in the loop,
and the distances keep increasing. This is a major error. It was discovered by
extensive simulation with Spin.

An Error not Found by Spin. Upon discovering this erroneous behaviour, we
tried a small adjustment of the algorithm, by undirecting the incoming bridge
with the erroneous distance. We simulated with Spin and verified the new speci-
fication. No error was found. The new specification seemed to eliminate the pos-
sibility of having non-present prime portal identities in the net. Consequently,
the loop detection problem seemed to be solved. But later it turned out that the
new specification still has the same problem as the old one.

We were rather surprised that in our verification and extensive simulation ex-
periments with Spin, no error was reported. Suspecting that the error is there,
and knowing what behaviour should produce it, we tried to guide our Promela
specification by constructing an extra process Guide and pre-selecting the topol-
ogy changes in the net. How we proceeded is explained in the next section.

4.4 Guiding Net Update

In the new specification a new process called Guide was added. It sufficed to
only restrict the internal non-determinism with Type I Guiding, for steering the
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(a) Initial situation

   Choose(1, 2)

0 1 2 3 4 5 6 7 8 9

(b) Step 1

  Choose(3, 4)

0 1 2 3 4 5 6 7 8 9

(c) Step 2

  Choose(5, 6)

0 1 2 3 4 5 6 7 8 9

(d) Step 3

  Choose(7, 8)

0 1 2 3 4 5 6 7 8 9

(e) Step 4

  Choose(7, 8)

0 1 2 3 4 5 6 7 8 9

(f) Step 5

   Choose(7, 0)

0 1 2 3 4 5 6 7 8 9

(g) Step 6

90 1 2 3 4 5 6 7 8

(h) End situation

Fig. 10. Guiding net update to find an error

simulation in the desired direction. The Promela construction is demonstrated
in Figure 9. The guided scenario is depicted in Figure 10.

The Guide process sends inputs to the topology process via a new channel,
deciding which pair of portals connects or disconnects at a given time. In the
original model the portals connect and disconnect completely at random. The
message used is Choose(x, y) where x and y are portal identities. In the network
there are five bridges formed from the following pairs of portals: 0/1, 2/3, 4/5,
6/7, and 8/9. In the beginning, the Guide connects the bridges in the follow-
ing order: Choose(1, 2); Choose(3, 4); Choose(5, 6); Choose(7, 8). Then the Guide
waits for some time to let the network form the spanning tree. After stabiliza-
tion the portal with the greatest identity, 9, is the prime portal. The rest of the
portals have the following distances to the prime: 8 and 7 (being on the same
bus) both have distance 1; 6 and 5 have distance 2; 4 and 3 have distance 3;
2 and 1 have distance 4; 0 has distance 5. Now the Guide sends two inputs:
first Choose(7, 8) which acts as a disconnection of portals 7 and 8, and then
Choose(0, 7) which creates a loop. The portal identity 9, of the bridge which is
now disconnected, is still present as a prime portal identity in all bridge portals
on the loop. The bridges in the loop are: 0/1; 2/3; 4/5; 6/7.

As a result of the new situation created, two waves of net update are active,
and they are chasing each other’s tail: one wave with messages transporting
the new prime portal identity 7, and one wave transporting the absent prime
portal identity 9. Each bridge portal on the loop keeps changing its prime portal
identity between 7 and 9. The configuration does not stabilize and the distance
of each portal to the prime portal increases to values which are not allowed,
causing an assertion violation. This behaviour reveals that the guided Promela
specification does not adequately handle the scenario created by the Guide.
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The violated assertions show the errors in the model which are errors of
the net update protocol. In the current 1394.1 draft standard, which is being
finalized, an extra protocol has been added to deal with the mistakes we found.

We finally discuss shortly why our Promela specification is guided sensibly
and hence assertion violations found in the guided Promela exist in the behaviour
of the original Promela as well. The first major point is that the Guide limits
the number and timing of the topology changes which in the original Promela
are unlimited. This may be a source of deadlocks for the guided process that
communicates with the Guide about topology changes. However, this process
can also at any point decide not to accept topology changes anymore. Hence
our Guide satisfies the condition 2.(1) of Definition 3. Deadlocks in the Guide
itself are prevented by labelling each Promela statement that may block with an
end label to accomodate condition 3 of Definition 3. Finally, since we know that
each topology change in the original Promela is possible for all portal identities
(which is easy to prove), we can be sure that replacing the isolated fragment
does not introduce new behaviour, and condition 1 of Definition 3 is satisfied.
Hence, our Promela is guided sensibly.
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A Proofs

Proof of Proposition 1. Let s′ be a global system state of Σ′, and s a global
system state of Σ such that s = map(s′).

– Suppose s′ is the initial global system state of Σ′. By the properties of map,
the values of s and s′ are the same for all global variables, channels, and the
local variables and current location of each process of Σ. So trivially, s must
be the initial global system state of Σ.

– Suppose s′ a
� t′ in Σ′.

• (Unchanged transitions). If this step is caused by one transition l1
a→ l2

that is not new in Σ′ (i.e. l1
a→ l2 ∈ Σ.R∩Σ′.R), then by the properties

of map, trivially s
â
�∗ t in Σ and t = map(t′).

If this step is a rendez-vous communication, caused by two transitions
l1

a→ l2 and l3
b→ l4 which are not new in Σ′ (i.e. {l1

a→ l2, l3
b→ l4} ⊆

Σ.R ∩ Σ′.R), then again by the properties of map, trivially s
â
�∗ t in Σ

and t = map(t′).
• (Type I guided transitions). Suppose a is a rendez-vous communication

label that was introduced by Type I Guiding. Then this step is caused
by a rendez-vous send transition l1

a→ l2 of Guide G, and a rendez-vous
receive transition l3

b→ l4 of A′
i, and both these transitions are new (i.e.

{l1
a→ l2, l3

b→ l4} ⊆ Σ′.R − Σ.R), and â = ε. Let transition l3
b→ l4

be the result of applying Type I Guiding to Ai for isolated fragment T .
By Definition 3, and since s′ and u′ agree on all variables in V ∪ Ai.W
and on the current location of A′

i, there is a run σ of transitions in T

such that s
σ⇒ t and for each variable v ∈ V ∪ Ai.W, t.v = t′.v. Since

the communication of G and A′
i can only affect variables in V ∪ A′

i.W
and the current location of A′

i and G, and σ can only affect variables
in V ∪ Ai.W and the current location of Ai, no other part of s and s′

is altered to reach t and t′. By all the above, t = map(t′). Trivially, σ

contains no communication, ε̂ is ε, and s
â
�∗ t.

• (Type II guided transitions). Suppose a is a rendez-vous communication
label that was adjusted by Type II Guiding. Whatever has been altered is
the addition of conditions to the channel array index expression. Hence,
if in s′ this expression evaluates to an index for which another process is
actually ready to receive rendez-vous communication, the same can be
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executed in s for the original channel (array). So s
â
�∗ t. Since the effect

has not been altered, certainly t = map(t′).
• (Type III guided transitions). Suppose a is a condition that was adjusted

by Type III Guiding. Whatever has been altered is the addition of a con-
junct to the condition expression. Hence, if in s′ this expression evaluates
to true, the condition expression without the conjunct (which is weaker)
evaluates to true in s since s and s′ agree on all variables occurring in
the original condition. So s

â
�∗ t. Since the effect has not been altered,

certainly t = map(t′).
Suppose a is a condition that was added by Type III Guiding to Ai.

Clearly, the original system should not perform a step. Since â = ε = ε̂

and s
ε̂

�∗ s by not performing a transition, it is enough to show that
s = map(t′). The only effect of the transition on the global system state
is that the current location of A′

i is changed to the location that was
freshly added. The function map has been defined such that it maps
that current location, t′.A′

i onto the same location as s′.A′
i which is

exactly what is needed. Since t′ and s′ agree on all other parts, clearly
s = map(t′).

Suppose a is an assignment that was adjusted by Type III Guiding for
Ai. The assignment transition is present in Ai and A′

i, and differs only
in its starting location. Since an assignment is always enabled, s

â
�∗ t.

Since the effect of this assignment is equal on s and s′, t = map(t′).
• (Remaining transitions of the Guide). Suppose a is a condition or assign-

ment in the Guide G. Clearly, the original system should not perform
a step. Since â = ε = ε̂ and s

ε̂
�∗ s by not performing a transition, it

is enough to show that s = map(t′). The effect of any such transition
of the Guide on the global system state is that the new global variables
and the local variables and current location of the Guide are changed.
These have nothing to do with the parts of s′, t′ which are mapped to
global system states of the original system. Hence s = map(t′). �

Proof of Proposition 2. Suppose Σ′ deadlocks in reachable global system
state s′. By Definition 3, at least one A′

i is not in a final location (otherwise G
would be in a final location and there would not be a deadlock). By definition
of map, no transition in Σ.R ∩ Σ′.R is enabled in map(s′) (otherwise it would
be enabled in s′ as well).

Suppose map(s′) enables a transition in Σ.R − Σ′.R. Then by Definition 3,
either map(s′) also enables a transition in Σ.R − Σ′.R or s′ enables a transition
in Σ′.R − Σ.R. Both cases lead to a contradiction, so map(s′) does not enable a
transition in Σ.R − Σ′.R. �
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Abstract. We develop a way of analyzing the behavior of systems modeled us-
ing Discrete Time Markov Chains (DTMC). Specifically, we define iLTL, an
LTL with linear inequalities on the pmf vectors as atomic propositions. iLTL
allows us to express not only properties such as the expected number of jobs
or the expected energy consumption of a protocol during a time interval, but
also inequalities over such values. We present an algorithm for model check-
ing properties of DTMCs expressed in iLTL. Our model checker differs from
existing probabilistic ones in that the latter do not check properties of the transi-
tions on the probability mass function (pmf) itself. Thus, iLTLChecker can check,
given an interval estimate of current pmf, whether future pmfs will always sat-
isfy a specification. We believe such properties often arise in distributed systems
and networks and may, in particular, be useful in specifying requirements for
routing or load balancing protocols. Our algorithm has been implemented in a
tool called iLTLChecker and we illustrate the use of the tool by means of some
examples.

1 Introduction

Many aspects of the behavior of distributed and embedded systems are stochastic and
memoryless in nature; Markov chains provide a good model to analyze such behavior.
In particular, queueing systems and network protocols are often analyzed using Markov
chains [14, 4]. We develop a simple and efficient algorithm for model checking the
behavior of such systems. An advantage of using Markov chains is that one can directly
obtain the model from a system by estimating the probability mass functions (pmf) over
time. For example, in a sensor network, we can obtain a sequence of pmfs of sensor
states by taking successive snapshots.

We are interested in the temporal behavior of a system that can be expressed by lin-
ear inequalities over the pmfs. For example, such inequalities may be used to compose
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the expected queue length of a queueing system or the expected energy consumption of
a network protocol. We define a Linear Temporal Logic, iLTL, which expresses prop-
erties of a Markov chain; the atomic propositions of iLTL include linear inequalities
over pmfs. We develop a method for model checking formulae in this logic given the
Markov chain representation of a system and implement the method in a tool called
iLTLChecker.

iLTLChecker may also be used as a run-time safety checker. For example, by analyz-
ing a snapshot, we can get an interval estimate of the probability distribution of current
states. Since such an interval estimate may be expressed as a set of linear inequali-
ties about the pmf, we can check with certain confidence level whether some (possibly
future) safety property may be violated.

A number of useful probabilistic logics and associated model checkers have been
developed based on logics. In particular, model checking logics pCTL and pCTL* are
probabilistic extensions of the Computation Tree Logic (CTL). They express quanti-
tative bounds on the probabilities of correct behavior [1]. Continuous-time Stochastic
Logic (CSL) is a logic for Continuous Time Markov Chains (CTMC) which has an
operator to reason about the steady-state probabilities of a system [13].

PRISM is a tool that can model check DTMC, CTMC and Markov Decision Pro-
cesses for specifications written in pCTL or CSL [16]. Alfaro introduces nondetermin-
ism, or strategy, in pCTL and pCTL* [2]. A strategy is expressed as a conditional prob-
ability and his model checker checks the worst case and the best case probabilities.
Recently, Andova et al. [19] extended pCTL to model check a Markov reward model.
With their logic, we can specify such characteristics as the expected value. An LTL
model checker for Markov chains has been developed by Vardi which checks whether
the probability measure of the paths that do not satisfy a specification is zero [17].
However, all the above model checkers use logics that cannot express dynamic be-
haviors of Markov processes: using these logics, one cannot compare one probabil-
ity directly with another probability. For example, in pCTL we can express the prop-
erty “The probability that a process p will eventually terminate is larger than 0.9.”
Similarly, in CSL we can express “The probability that in the long run the queue
will be full is 0.5” [16]. But in neither logic can we express the property “Eventu-
ally the probability of p in a busy state will be at least 10% larger than the probability
of p in a terminating state.” Although extended logic in Andova et al. [19] can ex-
press these properties through a Markov reward model, it cannot express the reward in
terms of a current pmf. In particular, it cannot model check a property such as ”Given
an interval estimate of the current pmf, the energy consumption of the network will
be within [30 mW, 50 mW].” Such properties are often of interest in practical sys-
tems.

The essential idea behind our approach is quite simple. Inequalities combined by
logical connectives are expressive enough to specify a finite union or complement of
polytopes in the pmf space. Using temporal operators, we can also specify the time in
which the sequence pmf’s of a Markov chain should remain in a given polytope. Since
the pmf sequence of a Markov chain is a function of the initial pmf, model checking is
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about determining whether there is an initial pmf that may violate the specification. In
our model checking algorithm, we find the monotonic bounding functions that bound
the left-hand side of inequalities. Together with the boundedness of the initial pmf, these
bounding functions make the model checking a finite procedure. The model checking
is done by feasibility checking for the sets of inequalities.

2 The Discrete Time Markov Chain Model

A Markov process is a stochastic process whose past has no influence on the future if its
present is specified and a Markov chain is a Markov process having a countable number
of states [5]. In this paper we represent a Discrete Time Markov Chain (DTMC) X as a
tuple (S ,M) where S is a finite set of states S = {s1, s2, . . . sn} that X can take and M is
a Markov transition matrix that governs the transitions of X’s probability mass function
(pmf). We also use a column vector x(t) = [x1(t), x2(t), . . . , xn(t)]T to represent the pmf
of X at time t such that xi(t) = P{X(t) = si}. Thus,

x(t + 1) =M · x(t).

Since M is a Markov matrix, the sum of each column is one. This guarantees that
M has an eigenvalue λ1 = 1 [11]. We consider only the Markov matrices which are
diagonalizable, and their eigenvalues λi have absolute values strictly less than 1 except
λ1 = 1 (|λi| < 1 for i ∈ [2, n]). Since all the eigenvalues other than λ1 have absolute
values less than 1, regardless of the initial pmf x(0), there is a unique final pmf x(∞)
which is a multiple of the eigenvector ζ1 = [ζ1

1 , ζ
1
2 , . . . , ζ

1
n ]T corresponding to the eigen-

value λ1. That is, M · ζ1 = 1 · ζ1 and x(∞) = ζ1/
∑n

i=1 ζ
1
i [11]. The constraint about the

eigenvalues is a necessary and sufficient condition for the existence of a unique steady
state pmf of X. Note that an ergodic Markov chain satisfies this eigenvalue constraint
and the irreducibility and aperiodicity are the necessary and sufficient conditions for the
ergodicity of X since |S | is finite [15]. This condition is generally true in practical sys-
tems [14]. The diagonalizability constraint can be easily enforced even if the original
Markov matrix is not diagonalizable by adding and subtracting small random numbers
from its elements [11]. Observe that such very small perturbation to the probability
values do not change the behavior significantly.

A Markov process is a deterministic system in the sense that once the initial pmf
x(0) is given, the rest of the transitions x(t), t ≥ 1 are uniquely determined by the
Markov matrix M: x(t) =Mt · x(0).

3 Specification Logic

Because we are interested in the temporal behavior of the pmf, the specification logic
should be able to express properties of the transitions of the pmf. The sort of proper-
ties we are interested in compare a probability that a DTMC will be a particular state
with a constant or with another such probability possibly at a different time. We use
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linear inequalities about the pmf vectors as atomic propositions of our specification
logic.

3.1 Syntax

We use LTL as the specification logic where the atomic propositions of the LTL are
linear inequalities about the pmf x(t). The syntax of the specification logic is:

ψ ::= T | F | ineq |
¬ψ | ψ ∨ φ | ψ ∧ φ |
X ψ | ψ U φ | ψ R φ

ineq ::=
∑n

i=1 ai · P{X = si} < b,

where X = ({s1, . . . , sn},M), ai ∈ � and b ∈ �. As usual, →, � and � are defined as
follows:

ψ→ φ ≡ ¬ψ ∨ φ,
�ψ ≡ F R ψ,
�ψ ≡ T U ψ.

Observe that the comparison between two probabilities at different times can
be expressed by the linear inequalities of the form ineq. For example, given the
DTMC X = ({s1, . . . , sn},M), the probability that X is in state si at time t + k is given
by

P{X(t + k) = si} = xi(t + k) =Mk
i · x(t),

where Mk
i is the ith row of Mk and x(t) is the pmf at time t.

Predicates about a Markov reward process [10] can also be expressed by linear in-
equalities. We consider only a constant reward function ρ : S → � for each state. A
performance metric is an accumulated reward over time. A predicate about an expected
accumulated reward can be expressed as follows:

∑T
k=0
∑

si∈S ρ(si) · P{X(t + k) = si} = r ·
(∑T

k=0 Mk
)
· x(t)

= r · S ·
(∑T

k=0 Λ
k
)
· S−1 · x(t)

where ρ(si) is a reward function associated with a state si, r is a row vector [ρ(s1), . . . ,
ρ(sn)], M = S · Λ · S−1 with Λ a diagonal matrix of eigenvalues of M and the T on the
summation is an upper bound of the accumulation interval. It can be ∞ if the reward
vector r is orthogonal to the steady state pmf vector.

3.2 Semantics

A ternary satisfaction relation |= over tuples consisting of a Markov matrix, an initial
pmf vector and an LTL formula is recursively defined as:
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M, x |= T
M, x 	|= F
M, x |= Σai · P{X = si} < b iff Σai · xi < b
M, x |= ¬φ iff M, x 	|= φ
M, x |= φ ∨ ψ iff M, x |= φ or M, x |= ψ
M, x |= φ ∧ ψ iff M, x |= φ and M, x |= ψ
M, x |= X φ iff M,M · x |= φ
M, x |= φ U ψ iff there exists an i ≥ 0 such that M,Mi · x |= ψ and

for all 0 ≤ j < i,M,M j · x |= φ
M, x |= φ R ψ iff for all j ≥ 0, if for every i < j M,Mi · x 	|= φ then

M,M j · x |= ψ
.

A binary satisfaction relation |=, over tuples of a Markov chain and an LTL formula
is define as follows:

X |= ψ iff for all initial pmf x(0), M, x(0) |= ψ,
where M is the Markov matrix of X. The model checking problem to find out whether
a given tuple (X, ψ) is in the binary relation |= above.

3.3 Example

We give a simple example of a send/ack protocol to illustrate the notation. The protocol
is represented by a state transition diagram where the transition labels are probabilities
and the labels of the state include the reward (energy consumption in this example) in
that state.

s:10

ra:2

rX:1

XX:0

1 1

1

1

.81

.1

.09

d:0 M =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 1 1 0
.81 0 0 0 0
.09 0 0 0 0
.1 0 0 0 0
0 1 0 0 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

E = [10 2 1 0 0] ·
(∑T

t=0 Mt
)
· x(0)

Fig. 1. A simple send/ack protocol (left) and its Markov matrix (M) and expected energy con-
sumption (E) during the interval 0 and T (right)

The LHS of Figure 1 shows a simple send/ack network protocol. In this protocol, a
sender sends a packet and a receiver, on receiving the packet, replies an ack. If the sender
does not receive the ack during a certain period of time it sends the packet again. The
states s, ra, rX, XX and d represent ‘sent’, ‘received and acknowledged’, ‘received
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but not acknowledged’, ‘not received’ and ‘done’. The Markov matrix of this process
and the expected energy consumption during the interval 0 and T with initial pmf x(0)
are on the RHS of Figure 1. Because the reward vector [10 2 1 0 0] is orthogonal to the
steady state pmf vector [0 0 0 0 1], the expected energy consumption is bounded even
if T is infinite.

4 Model Checking

Let sX(x(0)) be a string whose alphabet is Σ = 2AP and its ith alphabet is {ineq ∈ AP :
ineq(Mi ·x(0))}where X is a DTMC, x(0) is an initial pmf and AP is a set of inequalities.
Let LX ⊆ Σ∗ be a set of strings sX(x(0)) for all x(0). Then our model checker checks
whether LX ⊆ Lψ where Lψ is a language accepted by the Büchi automata built from
an LTL formula ψ. More specifically, for a given specification ψ, it checks whether any
sX ∈ LX is in L¬ψ.

Our model checking algorithm has two steps. First, we build a Büchi automaton for
the negated normal form of a given LTL specification ψ using the expand algorithm [18].
Second, we check the feasibility of the initial pmf x(0) against the set of inequalities
collected along finite paths obtained from the automaton. From the set of inequalities, if
there is a feasible solution, then a counterexample that does not satisfy the specification
ψ is found. Otherwise, the DTMC X satisfies the given specification. Note that given
the linear inequalities of an LTL formula ψ and a Markov matrix M, we can compute
an upper bound N on the number of time steps after which the atomic propositions of ψ
become constant. The following section derives the upper bound.

4.1 Computation of Search Depth

Since we consider only Markov matrices M that are diagonalizable and whose eigen-
values have absolute values strictly less than 1 (except for λ1 = 1), there is a stationary
final pmf x(∞). That is, x(∞) = S ·Λ∞ ·S−1 ·x(0) = ζ1/

∑n
i=1 ζ

1
i , where S = [ζ1, . . . , ζn],

ζ i is the eigenvector corresponding to λi, Λ is a diagonal matrix whose diagonal is
[λ1, . . . λn] [11]. Furthermore, since x(t) is a pmf, 0 ≤ xi(t) ≤ 1 for all t. This constraint
on the initial pmf and the existence of the final stationary pmf leads to bounding func-
tions within which left-hand side of the inequalities, a · x(t) < b, will remain for t ≥ 0.
So, for the set of inequalities of a given LTL specification, there is a number N after
which the truth values of the inequalities become constant for every initial pmf x(0).
This guarantees the termination of the model checking procedure.

Theorem 1. Let M ∈ [0, 1]n×n be a Markov matrix which is diagonalizable with
eigenvalues |λi| < 1 for i = 2 . . . n and λ1 = 1, and let x(t) ∈ [0, 1]n×1 be the
pmf at t transited by M. Then for all inequalities

∑n
j=1 ai j · x j(t) < bi of a given

LTL formula ψ, if
∑n

j=1 ai j ·x j(∞) � bi then there is an integer N such that for any integer
N′ ≥ N,

Σn
j=1ai j · x j(N

′) < bi iff Σn
j=1ai j · x j(N) < bi.
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Proof. For an inequality
∑n

i=1 ai · xi(t) < b, let a be the row vector [a1, . . . , an] and let
b∞ be the inner product of a and the final pmf of M such that b∞ = a ·M∞ · x(0) where
x(0) is any initial pmf. From both sides of the inequality at step t, a ·x(t) < b we subtract
the equality a · x(∞) = b∞. Thus

a · (Mt · x(0) − x(∞)) < b − b∞.

Since the left hand side of the inequality tends to 0 as t → ∞ and b � b∞, for a given
x(0) there is a bound n′ after which the truth value of the inequality becomes a constant
(true if b∞ < b, false otherwise).

Now, we show that for all initial pmf x(0) there is a bound N after which the inequal-
ity become a constant. The bound N can be a value of t such that |a ·(Mt ·x(0)−x(∞))| <
|b − b∞| even though this bound may not be minimal. The fact that x(0) is a pmf
(0 ≤ xi(0) ≤ 1) leads to a monotonically decreasing function which is larger than
the left side of the previous inequality regardless the choice of x(0).

∣∣∣a · (Mt · x(0) − x(∞)
)∣∣∣ =
∣∣∣∣a ·
(
S · Λt · S−1 · x(0) − x(∞)

)∣∣∣∣

=
∣∣∣∣
∑n

i=2 ci · λt
i ·
∑n

j=1 S −1
i j · x j(0)

∣∣∣∣

≤ ∑n
i=2 |ci| · |λi|t ·∑n

j=1 |S −1
i j | · x j(0)

≤ ∑n
i=2 |ci| · |λi|t ·∑n

j=1 |S −1
i j | · 1,

where M = S ·Λ ·S−1,Λ is the diagonal matrix of eigenvalues λi and S is the eigenvector
matrix [ζ1, ζ2, . . . , ζn] and c = [c1, c2, . . . , cn] = a · S. Since

∑n
i=2 |ci| · |λi|t ·∑n

j=1 |S −1
i j | is

a monotonically decreasing function of t which is larger than |a · (Mt · x(0)− x(∞))|, the
integer N is the maximum Ni of all inequalities in ψ such that Ni is the minimum t that
satisfies

∑n
i=2 |ci| · |λi|t ·∑n

j=1 |S −1
i j | < |b − b∞|.

Given a DTMC X = (S ,M), an initial pmf x(0) and an LTL formula, because we can
compute the bound after which the truth value of the inequalities in the LTL formula
become constants, after a finite expansion of the LTL formula, we can evaluate it. Recall
that the ‘until’ and ‘release’ operators may be rewritten as

φ U ψ ≡ ψ ∧ (φ ∨ X (φ U ψ))
φ R ψ ≡ (φ ∧ ψ) ∨ (φ ∧ X (φ R ψ)).

However, because iLTL uses a Büchi automaton for a given LTL formula, we do not
explicitly expand the formula as above.

4.2 Model Checking as Feasibility Checking

In order to check the model X against a specification ψ, we first build a Labeled Gen-
eralized Büchi Automata (LGBA) by the expansion algorithm in [18]. The LGBA is a
6-tupleA = (S ,R, S 0, F,D, L) where S is a set of states, R ⊆ S × S is a transition rela-
tion, S 0 ⊂ S is a set of initial states, F ∈ 22S

is a set of sets of final states, D is a set of
inequalities and L : S → 2D is a labeling function that returns a set of inequalities that
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a state should satisfy. Note that ¬(a · x < b) is converted to the inequality −a · x < −b
while finding the negation normal form of ψ.

We call a (possibly infinite) sequence of states q = q0q1 · · · qω a sequence of A if
(qi, qi+1) ∈ R for i ≥ 0. For each final set Fi ∈ F, if some elements of the set appear
infinitely often in q then we call q an accepting sequence ofA. A sequence q ofA is an
execution of A if q0 ∈ S 0. We say that a sequence q of A accepts a pmf x(t) if x(t + τ)
satisfies all inequalities of L(qτ) for τ ≥ 0. An LGBA A accepts a pmf x(0) if there is
an accepting execution ofA that accepts x(0).

Let F′ = {qi : an accepting sequence of A (q1, . . . , qi, . . . , qk)∗ accepts the pmf
x(∞)} where q∗ means an infinite concatenation of q. And, let F+ = {qi : a sequence
of A q1, . . . , qi, . . . , qk accepts the pmf x(∞), and qk ∈ F′}. Note that any state in F+

is reachable to an accepting sequence of A. So, we check only those search paths of
length N that ends with a state in F+.

Theorem 2. Let A be an LGBA (S ,R, S 0, F,D, L) for a specification ψ, let M be the
Markov matrix of X and let a set of inequalities I(q) for an execution q be I(q) =
{a ·Mi · x < b : a · x < b ∈ L(qi), i ∈ [0,N]} where the N is the bound computed in
theorem 1.

A pmf x(0) is accepted by A iff there is an execution q = q0q1 · · · qω of A with
qN ∈ F+ and x(0) is a feasible point of I(q).

Proof. →: SinceA accepts x(0) there is an accepting execution q ofA that accepts x(0).
That is, x(t) satisfies all inequalities in L(qt) for t ≥ 0. Since a·x(t) < b ≡ a·Mt ·x(0) < b,
x(0) is a feasible point of I(q)

Let qN be the suffix of q after first N elements. Since qN is an accepting sequence
of A with infinite length over a finite set of states, there is a loop in the sequence that
includes at least one elements of Fi for all Fi ∈ F. Since some states of the loop are in
F′, and since qN is reachable to that states qN ∈ F+.
←: Since x(0) satisfies all inequalities of I(q), q accepts x(0) and since qN ∈ F+, q

is an accepting execution ofA. Hence,A accepts x(0).

Since A accepts exactly those executions that satisfy ψ [18] if there is a feasible
solution for I(q) of an execution q of A with qn ∈ F+ then M, x(0) |= ψ. Hence,
x(0) is a counterexample of the specification ¬ψ the original specification. The fea-
sibility can be checked by solving a linear programming problem with artificial vari-
ables [7]. Since we check the feasibility by linear programming we have a problem
dealing with inequality. For example ¬(a > b) will be translated as −a < −b in-
stead of −a ≤ −b. However, because we are dealing with continuous values, precise
equality is not meaningful. Instead, we can check properties such as, |a − b| < ε or
|a − b| > ε.

Figure 2 shows a Büchi automaton for the negation of []a. Let us assume that
¬a is true for the final pmf. Then all three states are in F+ = {{T }, {¬a}, {}} and af-
ter N transitions the model checker will decide []a false. If ¬a is false for the final
pmf then the only state in F+ is the final state with an empty set of atomic propositions
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(F+ = {{}}). So, if F+ is reachable by N transitions then []a is false, otherwise it is
true.

{T}

{−a}

{}

Fig. 2. A Büchi automaton for an LTL formula ¬[]a

One difficulty in the DTMC model checking is the size of the initial pmf space. Since
x(0) ∈ [0, 1]n with

∑n
i=1 xi(0) = 1, we cannot build an automaton for the intersection of

X and an LTL formula ψ as is done in [8]. Instead, we check the feasibility of the initial
distribution against the transformed inequalities (i.e., consider the inequalities as linear
constraints).

LetA be the Büchi automaton for an LTL formula ¬ψ and let N be the bound for a
DTMC X and the inequalities in ψ. Then the LTL DTMC model checking can be done
by a depth-first-search for a sequence q = q0q1 · · · qN of A with q0 ∈ S 0 and qN ∈ F+

and has a feasible solution x(0) for the set of inequalities I(q). Thus, X |= ψ iff there is
a such sequence q. If X 	|= ψ then x(0) is a counterexample.

Since we depth-first search the sequences, if infeasibility is found early in the search
tree by the set ∪k

i=0{a ·Mk−1 · x < b : a · x < b ∈ L(qi)} with a small k then we can skip
checking large sub-branches. One small but very efficient optimization is checking the
newly added inequalities with the feasible vector from the previous state before doing
the linear programming. In many cases we can skip the linear programming.

As an example of the model checking let us consider the the Büchi automaton of
Figure 2. Assume that N is 3 and ¬a is false by the final pmf x(∞). Then F+ is the states
labeled by {{¬a}, {}}. All paths of length 3 that end with the closure are:

(¬a, φ, φ), (T,¬a, φ), (T,T,¬a).

So the set of inequalities to check are (let ¬a is c · x < b):

{c · x < b}, {c ·M · x < b}, {c ·M2 · x < b}
If there is a feasible solution vector x(0) that satisfies any of the three sets of in-

equalities, then x(0) is a counterexample that satisfies the negated specification ¬[]a.
That is, the initial pmf x(0) violates the specification []a.

5 iLTLChecker: A Markov Chain Model Checker

The syntax of iLTLChecker is straight forward; it has two main blocks: corresponding to
the model and to the specification. We input the states of a DTMC and its Markov tran-
sition matrix in the model block. In the specification block, we write optional inequality
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definitions followed by an iLTL formula. Figure 3 shows a snapshot of the execution of

,

Fig. 3. iLTLChecker: a snapshot of an execution of iLTLChecker

iLTLChecker. It is available from the web site http://osl.cs.uiuc.edu/∼ykwon4.

5.1 Example: An M/M/1 Queueing System

Consider a queuing system of Figure 4. It is an M/M/1 queueing system [12] with capac-
ity 5, arrival rate λ = 60/sec and service rate µ = 70/sec. To simplify the discretization
process, we over-sample the system (1000 sample/sec) and assume that on each sample
a single new job arrives or a single job is finished with the probability of 0.06 (λ) and
0.07 (µ) each. If a new job arrives when the queue is full, it will be dropped.

,

=60/sec
µ=70/sec

λ

Fig. 4. A queueing system example: M/M/1 queue with capacity 5, λ = 60/sec and µ = 70/sec

Let q = ({q0, q1, q2, q3, q4, q5},M) be the DTMC for the queueing system. Each state
of q represents the number of jobs in the queue. The Markov transition matrix M can
be obtained from the following probability equations:

P{q(t + 1) = qi} = λ · P{q(t) = qi−1} + µ · P{q(t) = qi+1}
+(1 − λ − µ) · P{q(t) = qi} where i ∈ {1, . . . , 4}

P{q(t + 1) = q0} = µ · P{q(t) = q1} + (1 − µ) · P{q(t) = q0}
P{q(t + 1) = q5} = λ · P{q(t) = q4} + (1 − λ) · P{q(t) = q5}.



204 Y. Kwon and G. Agha

The steady state pmf vector of q is [ 0.24 0.20 0.17 0.15 0.13 0.11 ] and the expected
number of jobs in the queue at the steady state is 2.0569.

Our model checker description for the system is as follows:

model:

Markov chain q

has states :

{ q0, q1, q2, q3, q4, q5},

transits by :

[ .94, .07, .00, .00, .00, .00;

.06, .87, .07, .00, .00, .00;

.00, .06, .87, .07, .00, .00;

.00, .00, .06, .87, .07, .00;

.00, .00, .00, .06, .87, .07;

.00, .00, .00, .00, .06, .93 ]

specification:

a : P{q=q4} + 0.7 < P{q=q5},

b : P{q=q3} + 0.1 < P{q=q4},

c : P{q=q2} + 0.1 < P{q=q3},

d : 1*P{q=q1} + 2*P{q=q2} + 3*P{q=q3}

+ 4*P{q=q4} + 5*P{q=q5} < 2.057,

e : 1*P{q=q1} + 2*P{q=q2} + 3*P{q=q3}

+ 4*P{q=q4} + 5*P{q=q5} < 2.056

a -> <> b

The model block of the checker defines the DTMC for the diagram: the states and
the Markov transition matrix. The ‘has states’ block specifies an ordered set of the
states of the Markov process q. The ‘transits by’ block defines the Markov matrix
that governs the transitions of the pmf of q. The rows and columns are ordered according
to the order of the state set defined previously. That is, the (i, j)th element of the matrix
mi j is the probability P[q(t + 1) = si|q(t) = s j].

The first part of the specification block contains optional inequality definitions.
The time index of the random variable is omitted from the inequalities for convenience.
The second part of the specification block is an LTL formula against which the
model will be checked. Its atomic propositions are either T, F or the inequalities defined
previously.

The LTL formula a-><>b checks whether once P{q = q5} is at least 0.7 larger than
P{q = q4} then eventually P{q = q4} will be at least 0.1 larger than P{q = q3}. The
following is the result of the model checking.

Depth: 138

Result: T

The depth value 138 is the search depth. Since the depth appears before the actual
model checking algorithm begins, a user can abort the model checking and adjust the
specification if the bound is too large. The result of the model checking is true meaning
the DTMC q satisfies the formula a-><>b.
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Again we checked the formula a-><>c. The formula checks a similar condition with
the previous example except q4 is replaced by q3 and q3 is replaced by q2. The model
checking result is:

Depth: 95

Result: F

counterexample: [ 0.30 0.00 0.00 0.00 0.00 0.70 ]

The checker disproves the property by providing a counterexample above.
Figure 6 shows the probability transitions. It shows that once the inequality a is satisfied,
P{q = q3} is never larger than P{q = q2} by 0.1.

Finally, the specification <>[](d /\ ˜e) checks whether the expected number of
entities in the queue at the steady state is in between 2.057 and 2.056. Since the com-
puted value of it is 2.0569, the checker should return true. However, the required depth
to check the specification is 630 and it cannot be checked easily because the num-
ber of paths to be searched is exponential in N. In this example, the early checking
strategy does not prune many branches. As a result the checking did not finish in 10
minutes with a 1.2GHz Pentium III machine. However, since the eigenvalues of the
Markov matrix are { 1.0,0.98,0.93,0.87,0.80,0.76 } the Markov process has a unique
steady state pmf. So, for the purpose of steady state expected queue length, we can
check <>[]˜(d /\ ˜e) instead of <>[](d /\ ˜e). The result is as follows:

Depth: 630

Result: F

counterexample: [ 0.13 0.21 0.12 0.53 0.00 0.00 ]

Since there is a steady state expected value and the expected value is not outside of
the interval (2.057,2.056), it must be in the interval. Figure 5 shows how the expected
value changes from the initial pmf of the counterexample. The value always eventually
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Fig. 5. The transition of the expected number of jobs in the queue beginning with the counter
example discovered by the model checker
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remains in the interval. So the model does not satisfy the specification, and we can infer
that the steady state expected value will remain in the interval.
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Fig. 6. The transition of the probabilities P{q = q2} and P{q = q3} beginning with the counter
example discovered by the model checker

6 Conclusions

We have developed an LTL model checking algorithm for discrete time Markov chain
models. To specify the temporal behavior of Markov chains, we add linear inequalities
about pmf vectors to the atomic propositions of LTL. Such inequalities combined with
logical connectives are expressive enough to specify temporal behavior of a Markov re-
ward model. Since the future rewards are expressed in terms of initial pmfs, we can use
an interval estimate of the current pmf in the specification. For example, an expected
energy consumption of a network protocol given current pmf about states can be speci-
fied and checked. Given a Markov transition matrix, we can find a monotonic bounding
function within which the pmf must remain. With the bounding function, we can find a
time bound after which the inequalities become constant. Hence the model checking is
guaranteed to terminate.

In a practical system like wireless sensor network (WSN), modeling states of the
network as they are will encounter a state-explosion problem. For example, a WSN of
100 nodes modeled as queueing systems of capacity 10 has 10100 states which cannot
be represented directly. For this matter, state lumping techniques and space efficient
structures like MDD (multi-valued decision diagram) are introduced [3]. There also is
a probabilistic simulation based approach for this problem [6]. As a future work for
verifying large scale system, we are looking for these directions.

Although model checking is expensive, some preliminary experiments with a tool
based on our model checker suggests that it may be useful for a number of practical
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examples. Recall that the model checker does a depth-search for a counterexample over
the executions of the Buchi automata of the specification. A bound for the length of
executions is found; this bound is a function of the Markov matrix M and the inequal-
ities used in the specification. The time complexity of our algorithm is O((maximum
out degree of the nodes in Büchi automaton)N). However, in practice the model checker
skips many branches of the search tree by checking the feasibility early in the path. We
are planning to introduce the partial order reduction technique used in the SPIN model
checker which can reduce the search space substantially [9].

We describe a queueing system and model check several properties for this system as
a way to illustrate the usefulness of our model checking tool. We are currently carrying
out further work on the tool and applying it to other applications.
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Abstract. Iterative abstraction refinement has emerged in the last few
years as the leading approach to software model checking. In this con-
text Boolean programs are commonly employed as simple, yet useful
abstractions from conventional programming languages. In this paper
we propose Linear Programs as a finer grained abstraction for sequential
programs and propose a model checking procedure for this family of pro-
grams. We also present the eureka toolkit, which consists of a prototype
implementation of our model checking procedure for Linear Programs
as well as of a library of Linear Programs to be used for benchmarking.
Experimental results obtained by running our model checker against the
library provide evidence of the effectiveness of the approach.

1 Introduction

As software artifacts get increasingly complex, there is growing evidence that
traditional testing techniques do not provide, alone, the level of assurance re-
quired by many applications. To overcome this difficulty, a number of model
checking techniques for software have been developed in the last few years with
the ultimate goal to attain the high level of automation achieved in hardware
verification. However, model checking of software is a considerably more difficult
problem as software systems are in most cases inherently infinite-state, and more
sophisticated solutions are therefore needed. In this context, iterative (predicate)
abstraction refinement has emerged as the leading approach to software model
checking. Exemplary is the technique proposed in [2]: given an imperative pro-
gram P as input,

Step 1 (Abstraction). The procedure computes a boolean program B having
the same control-flow graph as P and whose program variables are restricted
to range over the boolean values T and F. By construction, the execution
traces of B are a superset of the execution traces of P .

� We are indebted to Pasquale De Lucia for his contribution to the development of a
preliminary version of the model checker described in this paper.

J. Davies et al. (Eds.): ICFEM 2004, LNCS 3308, pp. 209–223, 2004.
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Step 2 (Model Checking). The abstract program B is then model-checked
and if the analysis of B does not reveal any undesired behaviour, then the
procedure can successfully conclude that also P enjoys the same property.
Otherwise an undesired behaviour of B is detected and scrutinised in order
to determine whether an undesirable behaviour of P can be derived from it.
If this is the case, then the procedure halts and reports this fact; otherwise,

Step 3 (Counterexample-Driven Refinement). B is refined into a new
boolean program with the help of a theorem prover. The new program does
not exhibit the spurious execution trace detected in the previous step; then
go to Step 2.

While the approach has proven very effective on specific application areas
such as device drivers programming [2, 20], its effectiveness on other, more mun-
dane classes of programs has to be ascertained. Notice that since the detection
of a spurious execution trace leads to a new iteration of the check-and-refine
loop, the efficiency of the approach depends in a critical way on the number of
spurious execution traces allowed by the abstract program. Of course, the closer
is the abstraction to the original program the smaller is the number of spurious
execution traces that it may be necessary to analyse.

In this paper we propose Linear Programs as an abstraction for sequential
programs and propose a model checking procedure for this family of programs.
Similarly to boolean programs, Linear Programs have the usual control-flow
constructs and procedural abstraction with call-by-value parameter passing and
recursion. Linear Programs differ from boolean programs in that program vari-
ables range over a numeric domain (e.g. the integers or the reals); moreover, all
conditions and assignments to variables involve linear expressions, i.e. expres-
sions of the form c0 + c1x1 + · · · + cnxn, where c0, . . . , cn are numeric constants
and x1, . . . , xn are program variables ranging over a numeric domain. Linear Pro-
grams are considerably more expressive than boolean programs and can encode
explicitly complex correlations between data and control that must necessarily
be abstracted away when using boolean programs.

The model checking procedure for Linear Programs presented in this paper
is built on top of the ideas presented in [1] for the simpler case of boolean
programs and amounts to an extension of the inter-procedural data-flow analysis
algorithm of [25]. We present the eureka toolkit, which consists of a prototype
implementation of our model checking procedure for Linear Programs as well
as of a library of Linear Programs. We also show the promising experimental
results obtained by running eureka against the library.

2 Linear Programs

Most of the notation and concepts introduced in this Section are inspired by, or
are extensions of, those presented in [1]. A Linear Program basically consists of
global variables declarations and procedure definitions; a procedure definition is
a sequence of statements; and a statement is either an assignment, a conditional
(if/then/else), an iteration (goto/while), an assertion or a skip (;), much like in
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ordinary C programs. Variables are of type int, and expressions can be built
employing +, − and the usual arithmetic comparison predicates =, �=, <, >,≤, ≥.

Given a Linear Program P consisting of n statements and p procedures, we
assign to each statement a unique index from 1 to n, and to each procedure a
unique index from n + 1 to n + p. With si we denote the statement at index i.
For the sake of simplicity, we assume that variable and label names are globally
unique in P . We also assume the existence of a procedure called main: it is the
first procedure to be executed.

We define Globals(P ) as the set of global variables of P ; FormalsP (i) is
the set of formal parameters of the procedure that contains the statement si;
LocalsP (i) is the set of local variables and formal parameters of the procedure
that contains the statement si, while sLocalsP (i) is the set of strictly local
variables (i.e. without the formal parameters) of the procedure that contains
statement si; InScopeP (i) is the set of variables that are in scope at statement
si. Finally, FirstP (pr) is the index of the first statement of procedure pr and
ProcOfP (i) the index of the procedure belonging to the statement si.

The Control Flow Graph. The Control flow Graph of a Linear Program P is a
directed graph GP = (VP , SuccP ), where VP = {0, 1, . . . , n, n + 1, . . . , n + p}
is the set of vertices, one for each statement (from 1 to n) and one Exitpr

vertex for each procedure pr (from n + 1 to n + p). Vertex 0 is used to model
the failure of an assert statement. Vertex 1 is the first statement of procedure
main: FirstP (main) = 1. To get a concrete feeling of how a linear program and
its control flow graph look like, the reader may refer to the program parity.c,
given in Figure 1.

As one can see, parity(n) looks reasonably close to a small, real C procedure
recursively calling upon itself 10 times (the actual parameter x is set to 10) whose
task is to determine the parity of its argument by “flipping” the global variable
even, which ends up being 1 if and only if x is even. Again Figure 1 gives an
intuition of how the function NextP (i) and sSuccP (i) behave. Roughly speaking,
given a vertex i, sSuccP (i) follows the execution trace of the program,1 while
NextP (i) is the lexical successor of i.

Valuations and Transitions. We now informally define valuations and transitions
for a Linear Program. The reader may find more formal and precise definitions
in a longer version of this article [22]. Let D be a numerical domain, called
the domain of computation. Given a vertex i ∈ VP , a valuation is a function
ω : InScopeP (i) → D (it can be extended to expressions inductively, in the
usual way), and a state of a program P is a pair 〈i, ω〉. A state 〈i, ω〉 is initial
if and only if i = 1. State transitions in a linear program P are denoted by
〈ik, ω1〉 →α

P 〈ik+1, ω2〉 where ik+1 is one of the successors of i and α is a label
ranging over the set of terminals:

1 Conditional statements represent the only exception: there, TsuccP (i) and
FsuccP (i) denote the successors in the true and false branch, respectively.
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int x, even;

main(){
x = 10;
even = 1;
parity(x);
if ( even==1 ) { ; }
else { ERROR: ; }

}

parity(n){
int i;
if( n==0 ){ ; }
else {
i = n - 1;
even = -1 * even;
parity(i);

}
}

even = −1*even

;

Exitparity

if(even==1)

Exitmain

even = 1;

if(n==0)

i=n−1;

; ;

parity(x);

parity(i);

x = 10;

Fig. 1. parity.c and its control flow graph. The dashed lines show the NextP function,
while the continuous lines show the successor relations between the vertices

Σ(P ) = {σ} ∪ {〈call, i, δ〉, 〈ret, i, δ〉 : ∃j ∈ VP s.t.
sj = call, i = NextP (j), δ : LocalsP (j) → D}.

Terminals of the form 〈call, i, δ〉 and 〈ret, i, δ〉 represent, respectively, entry and
exit points of the procedure invoked by sj . A path is a sequence 〈i0, ω0〉 →α1

P

〈i1, ω1〉 →α2
P · · · →αn

P 〈in, ωn〉 such that 〈ik, ωk〉 →αk+1
P 〈ik+1, ωk+1〉 for k =

0, . . . , n − 1. Notice that not all paths represent potential execution paths: in
a transition like 〈Exitpr, ω1〉 →〈ret,i2,δ〉

P 〈i2, ω2〉, the valuation δ can be chosen
arbitrarily and therefore ω2 is not guaranteed to coincide with ω1 on the locals
of the caller, as required by the semantics of procedure calls. To rectify this,
the notion of same-level valid path is introduced. A valid path from 〈i0, ω0〉
to 〈in, ωn〉 describes the transmission of effects from 〈i0, ω0〉 to 〈in, ωn〉 via a
sequence of execution steps which may end with some number of activation
records on the call stack; these correspond to “unmatched” terminals of the
form 〈ret, i, δ〉 in the string associated with the path. A same-level valid path
from 〈i0, ω0〉 to 〈in, ωn〉 describes the transmission of effects from 〈i0, ω0〉 to
〈in, ωn〉—where 〈i0, ω0〉 and 〈in, ωn〉 are in the same procedure—via a sequence
of execution steps during which the call stack may temporarily grow deeper
(because of procedure calls) but never shallower than its original depth, before
eventually returning to its original depth. A state 〈i, ω〉 is reachable iff there
exists a valid path from some initial state to 〈i, ω〉. A vertex i ∈ VP is reachable
iff there exists a valuation ω such that 〈i, ω〉 is reachable.
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3 Symbolic Model Checking of Linear Programs

The reachability of a line in a program can be reduced to computing the set
of valuations Ωi such that 〈i, ω〉 is reachable iff ω ∈ Ωi, for each vertex i in
the control flow graph of the program: the statement associated to vertex i
is reachable iff Ωi is not empty. Following [1], our model checking procedure
computes (i) “path edges” to represent the reachability status of vertices and
(ii) “summary edges” to record the input/output behaviour of procedures.

Let i ∈ VP and e = FirstP (ProcOfP (i)). A path edge πi = 〈ωe, ωi〉 of i is a
pair of valuations such that there is a valid path 〈1, ω0〉 →α1

P · · · →αk

P 〈e, ωe〉
and a same-level valid path 〈e, ωe〉 →αk+1

P · · · →αn

P 〈i, ωi〉 for some valuation ω0.
In other words, a path edge represents a suffix of a valid path from 〈1, ω0〉 to
〈i, ωi〉.

Let i ∈ VP be such that si = pr(e1, . . . , en), let y1, . . . , yn be the formal
parameters of pr associated to the actuals e1, . . . , en respectively, and let π =
〈ωi, ωo〉 be a path edge of a vertex Exitpr. A summary edge σ = 〈ω1, ω2〉 of π is
a pair of valuations such that

1. ω1(g) = ωi(g) and ω2(g) = ωo(g) for all g ∈ Globals(P ), and
2. ω1(yj) = ωi(ej) = ωo(ej) for j = 1, . . . , n.

The computation of the summary edges is one of the most important parts of
the algorithm. Summary edges record the output valuation ω2 of a procedure for
a given input valuation ω1. Therefore, there is no need to re-enter a procedure
for the same input, since the output is known already. In some cases of frequently
called procedures and of recursion, this turns into a great improvement in per-
formance. We represent path edges and summary edges symbolically, by means
of Abstract Disjunctive Linear Constraints. In the rest of this section we give
the formal definitions needed and define the operations over them.

3.1 Representing Path Edges and Summary Edges Symbolically

A linear expression over D is an expression of the form c0 + c1x1 + . . . + cnxn,
where c0, c1, . . . , cn are constants and x1, x2, . . . , xn are variables, both ranging
over D. A linear constraint is a relation of the form e ≤ 0, e = 0, e �= 0,
where e is a linear expression over D. A linear formula is a boolean combination
of linear constraints. A Disjunctive Linear Constraint D (DLC for short) is a
linear formula in disjunctive normal form (that is, a disjunction of conjunctions
of linear constraints). Formally, D =

∨
i

∧
j cij , where cij are linear constraints.

The symbol 
 stands for a tautological linear formula, while ⊥ stands for an
unsatisfiable linear formula. An Abstract Disjunctive Linear Constraint (ADLC
for short) is an expression of the form λxλx′.D, where D is a DLC, and x,x′

are all and the only variables in D.2 The following operations over DLCs are
defined:

2 For sake of simplicity, in the rest of the paper we will write λxx′.D instead of
λxλx′.D.
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- Application. Let λxx′.D be an ADLC and s and t be vectors of linear ex-
pressions with the same number of elements as x. The application of λxx′.D
to (s, t) is the DLC obtained by simultaneously replacing the i-th element
of x (x′) with the i-th element of s (t resp.).

- Conjunction. Let D1 and D2 be two DLCs, then D1 � D2 is any DLC for
D1 ∧ D2. Conjunction is extended to ADLCs as follows. Let δ1 and δ2 be
two ADLCs. Then, δ1 � δ2 = λxx′.(δ1(x,x′) � δ2(x,x′)).

- Disjunction. Let D1 and D2 be two DLCs, then D1 �D2 is D1 ∨D2. Disjunc-
tion is extended to ADLCs in the following way. Let δ1 and δ2 be two ADLCs.
Then, δ1 � δ2 = λxx′.(δ1(x,x′) � δ2(x,x′)) = λxx′.(δ1(x,x′) ∨ δ2(x,x′)).

- Negation. Let D be a DLC. Then ∼D is obtained by putting the negation
¬D of D in disjunctive normal form. Negation is extended to ADLCs in the
following way: ∼δ = λxx′.(∼δ(x,x′)).

- Quantifier Elimination. Let D be a DLC, then ∃x.D is any DLC equivalent
to D obtained by eliminating from D the variables x.

- Entailment. Let δ1 and δ2 be two ADLCs, δ1 � δ2 iff all the pairs of valuations
satisfying δ1 satisfy also δ2: δ1 � δ2 iff δ1(x,x′) |=D δ2(x,x′). With the
subscript D in |=D we denote that assignments over variables range over D
and that the symbols +, −, ∗, =, �=, ≤ have the intended interpretation.

Summary Edges. Let c be a vertex of VP for a procedure call, say sc = pr(a),
and let i be the exit vertex of pr. Let y = FormalsP (i), x = InScopeP (i), z =
sLocalsP (i), g = Globals(P ); then Liftc(δ) = λgg′y.∃zz′y′.δ(x,x′). A summary
edge of a procedure pr records the “behaviour” of pr in terms of the values of
the global variables just before the call (i.e. g) and after the execution of pr (i.e.
g′). These valuations depend on the valuations of the formal parameters (i.e. y)
of pr.

Transition Relations. From here on, we will use the expression x′ = x as a
shorthand for x′

1 = x1 ∧ . . . ∧ x′
n = xn. Let ExitP be the set of exit vertices

in VP , CondP be the set of conditional statements in VP , and CallP be the
set of all procedure calls in VP . We associate with each vertex i of VP \ ExitP
a transfer function, defined as follows: if si is a ; or a goto statement, then
τi = λxx′.(x′ = x) where x = InScopeP (i); if si is an assignment of the form
y=e, then τi = λxx′λyy′.(y′ = e ∧ x = x′) where x = InScopeP (i) \ y; if
i ∈ CallP , i.e. si is of the form pr(a), then τi = λy′gg′.∃yzz′.(y′ = a ∧ x =
x′) where y = FormalsP (FirstP (pr)), z = LocalsP (i), x = InScopeP (i) and
g = Globals(P); finally, if i ∈ CondP , that is, si is of the form if(d(x)),
while(d(x)) or assert(d(x)), then τi,true = λxx′.(d(x′)�x′ = x), and τi,false =
λxx′.((∼d(x′)) � x′ = x), where x = InScopeP (i).

The Join Functions. We now define the Join and the SEJoin functions. The
first one applies to a path edge the given transition relation for a vertex, while
the second one is used only during procedure calls, adopting the summary edge
as a (partial) transition relation.
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Let δ be an ADLC representing the path edges for a given vertex i and
let τ be an ADLC representing the transition relation associated with i; then
Join(δ, τ) computes and returns the ADLC representing the path edges obtained
by extending the path edges represented by δ with the transitions represented
by τ . Formally, Join(δ, τ) = λxx′.∃x′′.(δ(x,x′′) � τ(x′′,x′)).

Let δ be an ADLC representing the path edges for si = pr(a) and let σ be
an ADLC representing the summary edges for pr. The Join operation between
δ and σ is defined as follows. Let g = Globals(P), y = FormalsP (FirstP (pr)),
z = LocalsP (i); then SEJoin(δ, σ) = λgg′zz′.∃g′′.(∃y′.(σ(g′,g′′,y′)�a′ = y′))�
δ(g,g′′, z, z′).

Self Loops. SelfLoop(δ) is used to model the semantics of procedure calls, by
making self loops with the target of the path edges. Formally, given an ADLC
δ, SelfLoop(δ) = λxx′.∃x′′.(δ(x,x′′) � x′′ = x′).

3.2 The Model Checking Procedure

The Model Checking procedure works by incrementally storing in a worklist the
next statement to be analyzed, by computing path edges and summary edges
accordingly, and by removing the processed statement from the worklist. Let W
be the worklist, P be an array of n + p + 1 ADLCs, and let S be an array of p
ADLCs3. P collects the path edges of each vertex of the control flow graph, and
S collects the summary edges of each procedure.

We define the initial state of our procedure as a triple
(
1.ε, P 1, S1

)
, where

P 1
1 = λxx′.(x = x′) with x = InScopeP (1) and P 1

i = λyy′.⊥ for each 0 ≤ i ≤
(n + p) such that i �= 1, and S1

j = λyy′.⊥ for each 1 ≤ j ≤ p.
We also need to define a function that updates the array P of the path edges

and the worklist W , when needed. Given a vertex j (the next to be verified), the
current worklist W = i.is, an ADLC D (the one just computed for vertex i), and
the array P of path edges, the function returns the pair containing the updated
worklist W ′ and the updated array P ′ of path edges, according to the result of
the entailment check D � Pj . We refer to this function as the “propagation”
function prop.4

prop(j, i.is, D, P ) =

⎧
⎨

⎩

(Insert(j, is), P [(D � Pj)/j]) if D �� Pj

(is, P ) otherwise.

A generic transition of the procedure is of the form (W, P, S) → (W ′, P ′, S′),
where the values of W ′, P ′, S′ depend on the vertex being valuated, that is, on
the vertex on top of the worklist. Let i be the vertex on top of W , that is,
W = i.is. The procedure evolves according to the following cases.

3 We recall that n is the number of statements, and p is the number of procedures.
With Pi and Si we denote the i-th element of the arrays.

4 The function Insert(El, List) returns a new list in which El is added to List in a
non-deterministically chosen position.
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Procedure Calls. Let si = pr(a), p = Exitpr, li = SelfLoop(Join(Pi, τi)), and
ri = SEJoin(Pi, Sp). In this case the procedure is entered only if no summary
edge has been built for the given input. This happens if and only if li does
not entail PsSuccP (i); otherwise the procedure is skipped, using ri as a (partial)
transition relation. The call stack is updated only if the procedure is entered. If
li �� PsSuccP (i), then

W ′ = Insert(sSuccP (i), is),
P ′ = P [(PsSuccP (i) � li)/sSuccP (i)],
S′ = S.

Otherwise, (W ′, P ′) = prop(NextP (i), W, ri, P ) and S′ = S.

Return from Procedure Calls. Let i ∈ ExitP . When an exit node is reached, a
new summary edge s is built for the procedure. If it entails the old summary
edges Si, then S′ = S; otherwise s is added to Si. For each w ∈ SuccP (i) let
c ∈ CallP such that w = NextP (c), and let s = Liftc(Pi). If s �� Si then for
each w,

(W ′, P ′) = prop(w, W,SEJoin(Pi, Si � s), P ),
S′ = S [(Si � s)/i] .

Otherwise, W ′ = W , P ′ = P , and S′ = S.

Conditional Statements. Both of the branches of the conditional statements have
to be analyzed. Therefore, the worklist and the array of path edges have to be
updated twice, according to the propagation function. Let i ∈ CondP , then

(W ′′, P ′′) = prop(FsuccP (i), W, Join(Pi, τi,false), P ),
(W ′, P ′) = prop(TsuccP (i), W ′′, Join(Pi, τi,true), P ′′),

S′ = S.

Other Statements. In all other cases the statements do not need any special
treatment, and the path edges are simply propagated the single successor. If
i ∈ VP \ CondP \ CallP \ ExitP , then

(W ′, P ′) = prop(sSuccP (i), W, Join(Pi, τi), P ),
S′ = S.

When no more rules are applicable, P contains the valuations of all the
vertices of the control flow graph and S contains the valuations that show the
behaviour of every procedure given the values of its formal parameters. As a
result, if the ADLC representing a path edge for a vertex is ⊥, then that vertex
is not reachable.

4 The eureka Toolkit

We have implemented the procedure described in Section 3 in a fully automatic
prototype system called eureka which, given a Linear Program as input, first



Software Model Checking Using Linear Constraints 217

generates the control flow graph and then model-checks the input program. The
most important operations involved in the procedure, namely quantifier elimi-
nation and entailment check, are taken care of, respectively, by a module called
QE, employing the Fourier-Motzkin method (see, e.g.,[24])5, and ICS 2.0 [15],
a system able to decide satisfiability of ground first-order formulae belonging to
several theories, among which Linear Arithmetic.

In order to qualitatively test the effectiveness and scalability properties of our
approach, we have devised a library of Linear Programs called eureka Library.
As a general statement, the library consists of Linear Programs reasonably close
to real C language, and easily synthesizable in different degrees of hardness; in
this initial version, it is organised in six parametrized families; for each family, a
non-negative number N is used to generate problems which stress one or more
aspects of the computation of Linear Programs:

Data. The use of arithmetic reasoning, e.g., summing, subtracting, multiplying
by a constant and comparing;
Control. The use of conditionals, e.g., if, assert and the condition test of
while;
Iteration. The number of iterations done during the execution;
Recursion. The use of recursion.

This classification is suggested by general considerations about what kind of
data- and control-intensiveness is usually found in C programs in verification.
For example, the corpus analysed by SLAM, consisting of device drivers [2, 20],
is highly control-intensive but not data-intensive; arithmetic reasoning is usually
considered hard to reason about; and recursion is usually considered harder than
iteration.

A problem is generated by instantiating the family template according to
N , and a line of the resulting program, tagged with an error label, is then
tested for reachability. For each family, increasing N increases the hardness of
the problem by making one or more of the above aspects heavier and heavier.
Table 1 gives an account of which aspects are stressed in each family. A full
account of the structure of the Library is available in [22], as well as at the URL
http://www.ai.dist.unige.it/eureka.

For example, swap seq.c(N) consists of a simple procedure swap() which
swaps the values of two global variables, and is called upon 2N times. In this
case, increasing N stresses the capacity of the system to deal with arithmetic
reasoning. On the other side, swap iter.c(N) does basically the same, but using
an iterative cycle; therefore increasing N also forces more and more iterations.

As another example, parity.c(N) is the template version of the program
in figure 1; here N is the number whose parity we want to evaluate. Making
N bigger involves more and more arithmetic reasoning, and it also forces the
system to follow more recursive calls.

5 the Fourier-Motzkin method works on the real numbers, whereas Linear Programs
variables range over the integers; this may lead to false negatives, but the problem
has not arisen in practice so far.
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Table 1. The eureka Library of Linear Programs. Each family stresses on or more
aspects of the computation of Linear Programs, as N grows

Family data control iteration recursion
swap seq.c(N)

√
swap iter.c(N)

√ √
delay iter.c(N)

√ √ √
delay recur.c(N)

√ √ √ √
parity.c(N)

√ √
sum.c(N)

√ √

5 Experimental Results

In our experimental analysis we have tried to identify how our system scales on
each family of Linear Programs in the eureka Library, as N grows, and why. An
initial set of tests has revealed that, unsurprisingly, the hardest operations the
system performs are (i) the Join operation, involving quantifier elimination, and
(ii) the entailment check. Moreover, some of the programs in the library have
proved to be particularly hard because of the number of redundant constraints
generated during the conjunction of two ADLCs into a new ADLC, required
again by Join. This can potentially make path edges and summary edges un-
manageable.

Figure 2 shows the experimental results. The x-axis shows N for each family
of programs, while the y-axis shows the total CPU time required, on a linear
scale. Additionally, we show the time spent by ICS and by the QE module. All
tests have been performed on Pentium IV 1.8GHz machines equipped with Linux
RedHat 7.2; the timeout was set to 3600 seconds and the memory limit was set
to 128MB.

A quick analysis of the results follows. First of all, let us note that in all
cases except one the hardness of the problems grows monotonically with N ; this
indicates that, at least for our procedure, stressing the above mentioned aspects
of computation actually makes the problems harder and harder. The only re-
markable exception, presenting a strong oscillating behaviour, is parity.c(N);
as one can see by looking at the graph, ICS is entirely responsible for it. More-
over, a more detailed analysis reveals that the number of calls to ICS grows
monotonically; this means that some instances of the problems given to ICS are
actually easier than those for a smaller N . We argue that this is due to the way
constraints are stored in the summary edge during the calls to parity(n): in
some cases they ease ICS’s search, whereas in others they do not.

Secondly, the only family whose hardness seems to grow linearly with N
is swap seq.c(N). This is reasonable, since once the summary edges for the
swapping procedure have been calculated twice, they need not be re-calculated
any longer. Quantifier elimination is irrelevant.

Thirdly, swap iter.c(N), delay iter.c(N) and delay recur.c(N) grow
more than linearly with N , with ICS time dominating quantifier elimination but
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Fig. 2. Experimental results. Each graph shows the total CPU time, the time spent by
ICS and the time required by the QE module, as N ; each caption indicates the related
program family
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int n, sum;
main(){
int i;
n = 3;
i = 1;
sum = 0;
while ( i<=n ){
sum = sum + i;
i = i + 1;

}
if ( sum < 2*n ){
ERROR: ;

} else {
;

}
}

sum = 0;

sum = sum+i;

; ;

Exitmain

i=i+1;

i = 1;

while(i<=n)

if(sum<=2*n)

n = 3;

Fig. 3. sum.c(3) and its control flow graph

accounting only for a fraction of the total time. Here the burden of conjoining
ADLCs plays a relevant role.

Lastly, the graph for sum.c(N) shows that this family represents a particu-
larly hard set of problems for eureka. In fact, already for N = 4, the path edges
to be propagated within the while() statement that computes the sum become
so complicated that the procedure runs out of time.

Consider Figure 3, which shows the program for N = 3 and its control flow
graph; the iteration condition, and the assignments inside the loop altogether,
involve 3 variables (plus their primed and doubly primed counterparts, according
to the model checking procedure, reaching a total of 9 variables). Subject to four
iterations, at each of which no entailment is discovered, the path edges become
bigger and bigger and the conjoining machinery goes timeout.

Notice that here, unlike all other examples, the quantifier elimination time
dominates; still, an analysis of the failed attempt at sum.c(4) reveals that ICS
and QE times account for less than 15% of the total time. As it was the case
for, e.g., swap iter.c(N), the operation of conjoining ADLCs is the bottleneck.

Summing up: it seems that quantifier elimination is not the hardest point of
the procedure; rather, the way path and summary edges are built, that is, how
ADLCs are managed, is the first source of inefficiency. In particular, we believe
that a better encoding would significantly improve performance; keeping path
and summary edges as compact as possible would also have a beneficial impact
on ICS, since the problems it must solve could be significantly simpler.

Comparative Results. Only a few comparative tests have been possible, since
one of the main systems able to tackle Linear Programs, namely SLAM [2], is
not publicly available; we compared our results with the BLAST toolkit [20]
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instead. The input language of BLAST is a superset of that of Linear Pro-
grams, but the tool lacks support for recursion. We have run BLAST on the non-
recursive programs of the eureka Library; but even for small instances (namely
swap seq.c(1), swap iter.c(2) and sum.c(3)) the system stopped, reporting
the infeasibility of discovering new predicates during its refinement process. Only
on delay iter.c(N) BLAST scales very well, exhibiting an almost constant
behaviour.

6 Related Work

The Boolean Abstraction/Refinement paradigm is a common approach to Soft-
ware Model Checking of C programs. It has been successfully applied to device
drivers in the Slam toolkit [2] and in Blast [20]. The latter is a so-called “lazy”
model checker, since if it finds an error in the model, it does not refine the whole
abstraction that has been built, but only the fragment of code that generated
the spurious error. Other model checkers for C that perform abstraction and
refinement are MAGIC [7], Boop [9], and Moped [17]. Moreover, Flanagan [11]
proposes both a technique and a tool that translate imperative programs to CLP.
Each procedure is translated into two CLP relations, an error and a transfer re-
lation. The program is then verified by performing a depth-first search trying to
satisfy the error relation of the main procedure. Since the proposed tool is in a
too preliminary stage for testing,6 we plan to compare eureka with it as soon as
the first release will be distributed.

FeaVer and Modex [12] provide support for the translation of C programs
to input languages of verification tools like SPIN [4]. Basically they abstract a
C program to a finite model that can then be verified. Two other tools do the
same for Java software: Bandera [5] and Java PathFinder [6].

Various tools and approaches have been applied to programming languages
other than C and to different systems. Bultan et al. [3] have developed a Model
Checking procedure for concurrent systems that encodes constraints in Pres-
burger Arithmetic and applies widening operators in order to enforce termina-
tion. The Kiss [19] toolkit is devoted to analyze concurrent software. It reduces
the input program to a sequential program that simulates a large subset of be-
haviours of the original, concurrent one. Kiss uses the Slam toolkit as back-end.

7 Conclusions and Future Work

We have proposed Linear Programs as an alternative model for sequential pro-
grams to be used in the context of the abstraction/refinement paradigm. Linear
Programs are a less abstract and more expressive model than boolean programs,
and can explicitly encode complex correlations between data and control, allow-
ing a great reduction of the inefficiencies due to the iterative refinement process.

6 Personal communication by Cormac Flanagan.
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We have also described and implemented a model checking procedure for Lin-
ear Programs. The eureka prototype has been tested against the eureka library,
a set of benchmark programs built to stress different aspects of computation.
As shown in section 5, the experimental results are promising, since they reveal
good scalability properties of our approach.

Future Work. Since the eureka model checker is a prototype tool, it can be
heavily optimized, for example by adopting Gaussian elimination for resolving
equalities instead of the Fourier-Motzkin method or, more radically, by replac-
ing it with the Omega library [21]. Also, since the reachability problem becomes
undecidable if applied to Linear Programs, we plan to cope with the non ter-
mination of our model checking procedure by investigating the use of widening
techniques [14, 3]. In doing so, one has to be aware that the procedure may termi-
nate with some false positive results. Lastly, we are also working on abstraction.
Since eureka only works on Linear Programs, we argue it may be possible to
build a tool able to abstract from “usual” C programs (for instance including
structures, pointers and array) to Linear Programs. The improvements described
above, when done, will be tested against the eureka library, that will be growing
with new programs of increasing difficulty and new categories.
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Abstract. Software model checking tools based on a Counterexample Guided
Abstraction Refinement (CEGAR) framework have attained considerable success
in limited domains. However, scaling these approaches to larger programs with
more complex data structures and initialization behavior has proven difficult.
Explicit-state model checkers making use of states and operational semantics
closely related to actual program execution have dealt with complex data types
and semantic issues successfully, but do not deal as well with very large state
spaces. This paper presents an approach to software model checking that actually
executes the program in order to drive abstraction-refinement. The inputs required
for the execution are derived from the abstract model. Driving the abstraction-
refinement loop with a combination of constant-sized (and thus scalable) Boolean
satisfiability-based simulation and actual program execution extends abstraction-
based software model checking to a much wider array of programs than current
tools can handle, in the case of programs containing errors. Experimental results
from applying the CRunner tool, which implements execution-based refinement,
to faulty and correct C programs demonstrate the practical utility of the idea.

1 Introduction

Software model checking has, in recent years, been applied successfully to real software
programs — within certain restricted domains. Many of the tools that have been most
notable as contributing to this success have been based on the Counterexample Guided
Abstraction Refinement (CEGAR) paradigm [20, 11], first used to model check soft-
ware programs by Ball and Rajamani [4]. Their SLAM tool [5] has demonstrated the
effectiveness of software verification for device drivers. BLAST [18] and MAGIC [8],
making use of similar techniques, have been applied to security protocols and real-time
operating system kernels.
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A common feature of the success of these tools is that the programs and properties
examined did not depend on complex data structures. The properties that have been
successfully checked or refuted have relied on control flow and relatively simple integer
variable relationships. For device drivers, and at least certain properties of some protocols
and embedded software systems, this may be sufficient. However, even the presence of
a complex static data structure can often render these tools ineffective. SLAM, BLAST,
and MAGIC rely on theorem provers to perform the critical refinement step: the logics
used do not lend themselves to handling complex data structures, and may generally
face difficulties scaling to very large programs.

Explicit-state model checkers that (in a sense) actually execute a program, such as JPF
[24], Bogor [23], and CMC [21], on the other hand, can handle complex data structures
and operational semantics effectively, but do not scale well to proving properties over
large state spaces, unless abstractions are introduced.

This paper describes a variation on the traditional counterexample guided abstraction-
refinement method and its implementation in the tool CRunner. Our approach combines
the advantages of the abstraction-based and execution-based approaches: an abstract
model is produced and refined based on information obtained from actually running the
program being verified. The abstract model is used to provide inputs to drive execution
and the results of execution are used to refine the abstract model. Although this does not
reduce the difficulty of proving a program correct (the model must eventually be refined
to remove all spurious errors), this method can be used to find errors in large programs that
were not previously amenable to abstraction-refinement-based model checking. Section
1.3 describes more precisely where CRunner fits in the larger context of software model
checkers.

1.1 Counterexample Guided Abstraction Refinement

The traditional Counterexample Guided Abstraction Refinement framework (Figure 1)
consists of four basic steps:

1. Abstract: Construct a (finite-state) abstraction A(P ) which safely abstracts P by
construction.

C Prog

Spec �

� true

� false +

counterexample

Counterexample

Model -

Checking

Spurious?

Predicate

Abstraction

Predicate
Refinement

Boolean Program

�

Spurious
Counterexample

Fig. 1. The Counterexample Guided Abstraction Refinement Framework
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2. Verify: Use a model checker to verify that A(P ) |= �: i.e., determine whether the
abstracted program satisfies the specification of P . If so, P must also satisfy the
specification.

3. Check Counterexample: If A(P ) �|= �, a counterexample C is produced. C may
be spurious: not a valid execution of the concrete program P . SLAM, BLAST, and
MAGIC generally use theorem prover calls and propagation of weakest precondi-
tions or strongest postconditions to determine if C is an actual behavior of P . If C

is not spurious, P does not satisfy its specification.
4. Refine: If C is spurious, refine A(P ) in order to eliminate C, which represents

behavior that does not agree with the actual program P . Return to step 11.

1.2 Counterexample Guided Abstraction Refinement Via Program Execution

The Abstract, Verify, Check, and Refine steps are also present in our execution-based
adaptation of the framework. However, the Check stage relies on program execution to
refine the model. The method presented in this paper can be seen as embedding these
steps in a depth-first search algorithm more typical of explicit-state model checkers.

Figure 2 presents a high level view of the execution-based refinement loop.
Consider the simple example program shown in Figure 3. In order to model check

this program, the first step in the execution based approach is to compile the program —
a marked difference from most abstraction-based tools, which rely only on the source
text. The compile program step in the diagram refers to a modified compilation,
in that all calls to library routines (here, getchar) are replaced by calls to the model
checker (this process is described in detail in Section 2). Where the original program
would receive input from standard I/O, the recompiled program will receive input from
the CRunner tool. The only restrictions on programs to be checked are that (1) all
potential non-determinism in the program has been replaced with calls to CRunner, (2)
no execution path enters an infinite loop without obtaining input, and (3) the program
does not make use of recursion. If these conditions are violated, it is possible to miss
errors. For the class of programs we have investigated, these restrictions are easily met;
in particular, utilities written in C seldom make use of recursion. It is always, as with
any abstraction-based scheme, possible that a correct program cannot be verified due to
undecidability.

After compilation, the next step is execute program. The CRunner verification
process is initiated by running the new compiled executable of the program to be checked.
Execution will proceed normally until the call to getchar on line 4 is reached. At this
point, we proceed to program does input in Figure 2. Had an assertion been
violated before the input call was reached, execution would have terminated, reporting
the sequence of inputs that caused the error.

Flow proceeds to refine if necessary. Refinement is only required if execu-
tion has diverged from the behavior of an abstract counterexample. In this case, however,
no model checking has yet been performed, so refinment is unnecessary. The details of
when refinement is required are presented in Section 3.

1 This process may not terminate, as the problem is in general undecidable.
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execute program
BUG

FOUND
Assertion violated?

program does input

refine if necessary

compile program

use abstract model to get input

no error trace founderror trace found

NO
BUG

no state
to pop?pop stateconcretize trace

push state

Fig. 2. Counterexample Guided Abstraction Refinement via Program Execution

The next step is use abstract model to get input. An initially coarse
abstract model of the program is generated and model checked. The initial state for the
abstract model is not the first line of the main, but the point at which the library call to
obtain input appears. Note that in the case of programs with pointers or complex data
structures, this can be a significant advantage for initial alias analysis.

Because the initial abstraction contains no information about the value of i, the
model checker will report a counterexample in which the while condition is satisfied
and the assertion on line 6 is violated.

Had no counterexample been produced, the algorithm would have proceeded to the
pop state step. No states would have been on the stack, so verification would have
terminated, proving the program error free. Changing line 5 to read:
5 while((ch != EOF) && (i < 100)) {

would produce this result.
Concretization of the abstract counterexample (concretize trace) shows that

the assertion can be violated from the initial state of the abstract model if any input other
than EOF is produced by the getchar call (and i is 100 or greater). Recall that the
abstract state contains no information about the value of i.



228 D. Kroening, A. Groce, and E. Clarke

1 int main() {
2 char buffer[100];
3 unsigned i = 0;
4 int ch = getchar();
5 while(ch != EOF) {
6 assert(i<100);
7 buffer[i]=ch;
8 i++;
9 ch = getchar();
10 }
11 }

Fig. 3. example.c

The current (initial) concrete program state is pushed on the stack, and control returns
to example.c, with an arbitrary non-EOF value assigned to ch.

Execution of the program continues to line 9, with the assertion not violated. When
execution reaches line 9, another input call is made. The program state does not match the
initial state of the abstraction (the program counter is different), so a new abstraction (with
a new initial state) is generated.Again, a counterexample is produced, and concretization
indicates that any non-EOF input can violate the assertion. The algorithm passes through
the same steps as before after the input call.

Execution reaches line 9 again, with another call for input. This time, when the use
abstract model to get input step is reached, CRunner will make use of the
fact that the program state matches the initial state of the current abstract model, and
has not deviated from the model’s behavior. The cached model checking results can
be reused without building a new abstraction or running the model checker again. A
non-EOF input is provided for the getchar call again, and the same loop is traversed.
This will occur until i has reached a value of 100, and an error is detected. CRunner will
then provide the sequence of inputs that produces the error, in lieu of a counterexample.

CRunner detects a buffer overflow in this program with only two calls to the ex-
pensive abstraction, model checking, and simulation algorithms, and without adding
any predicates to the abstract model. Other abstraction based model checkers would re-
quire a series of predicates describing the value of i in order to produce a non-spurious
counterexample. The speed of CRunner in this case is comparable to actual execution
speed. Model checkers requiring the addition of new predicates on iwould require many
expensive refinement steps. It is likely that either memory or user patience would be ex-
hausted before termination. Section 4 compares CRunner with an abstraction-refinement
scheme without execution, supporting this claim, and presents experimental results for
real-world examples.

1.3 Related Work

The verification approach presented in this paper is based on a Counterexample Guided
Abstraction Refinement framework [11, 20] in which spurious counterexamples are
detected and eliminated by a combination of Bounded Model Checking and program
execution. Abstraction-refinement for software programs was introduced by Ball and
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Rajamani [4], and is used by the well known SLAM, BLAST and MAGIC tools [5, 18, 8].
These tools all rely on theorem provers to determine if an abstract counterexample CE

represents an actual behavior of a program P [6, 22, 9].
A second popular approach to software model checking is to rely on either actual

execution of a program or a model with an execution-like operational semantics. Tools
in this category include VeriSoft [16], JPF [24], Bogor [23], and CMC [21]. While some
of these tools allow some kind of automated abstraction, it is not an essential part of
their model checking process.

This paper presents a meeting of these two approaches: a program is executed in order
to drive the refinement of an abstract model of that program, and the inputs provided to
the executing program are derived from the abstract model.

Predicate-complete test coverage [1, 2] is conceptually related in that it combines
predicate abstraction with a testing methodology. However, the final aims are funda-
mentally different: the coverage approach, as the name suggests, seeks to build a better
test suite by using a measure of coverage. The BLAST model checker has also been
extended to produce tests suites providing full coverage with respect to a given predicate
[7]. The method presented in this paper executes a program, but uses the information
obtained to guide an abstraction refinement framework towards exhaustive verification
or refutation of properties rather than to produce test cases.

2 Preparing the Program

The first step is to recompile the program that is to be verified. As a pre-processing step,
certain changes are made to the source before compilation:

1. For each function, a variable is added. This variable is set to a unique constant prior
to each call of the function. The constant is derived from the position of the call in
program order. The information maintained in these variables roughly corresponds
to the call stack, and allows CRunner to distinguish the various instances of the
functions at runtime without function inlining. As we do not permit recursion, one
variable per function is sufficient.

2. Any calls to operating system input or output (I/O) functions are replaced by calls
to CRunner. The CRunner code is linked with the program that is to be verified.
Examples of I/O functions are printf, getc, and time.

Functions in the I/O library are replaced by prefixing the function name with
CRUNNER_. For example, printf becomes CRUNNER_printf. For each I/O func-
tion within the I/O library, CRunner provides a replacement. If a function performs out-
put, the output is discarded. If a function performs input, the model checker is called to
obtain a value. To be precise, each nondeterministic choice to be made is replaced with
a call to the model checker2:

unsigned char crunner_get_byte();
int crunner_get_int();
_Bool crunner_get_bool();

2 _Bool is the C99 standard Boolean type.
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We collectively refer to these functions as the crunner_get_ functions.
Consider the implementation that replaces fgetc in figure 4. It may either return

an error, indicated by return value −1, or return a byte corresponding to data from an
input stream. The first choice is made by a call to crunner_get_bool, while the
data value is obtained from crunner_get_byte. The CRunner version of fgetc
can be extended in order to catch more program errors — e.g. to assert that stream is
actually a valid pointer to a FILE object.

Figure 5 shows the replacement for fprintf. The data that is to be written is
discarded. The function crunner_get_int is used to obtain a return value. Again,
more errors could be detected by checking the arguments passed to the function using
assertions.

int CRUNNER_fgetc(FILE *stream) {
// EOF or not?
if(crunner_get_bool()) return -1;
return crunner_get_byte();

}

Fig. 4. Replacement for fgetc

int CRUNNER_fprintf(FILE *stream, const char *format, ...) {
return crunner_get_int();

}

Fig. 5. Replacement for fprintf

3 Abstraction-Refinement with Program Execution

3.1 Overview

CRunner is structurally similar to an explicit state model checker performing depth-first-
search (DFS): it maintains a stack of states and performs backtracking after exhaustively
exploring branches of the search tree. CRunner does not store all visited states on the
stack — it is only necessary to store states prior to input library calls.

3.2 Execution with Trapping of Input

As described in the previous section, all calls to system I/O library routines are replaced
with versions that invoke CRunner.

The program is executed precisely as usual until I/O is performed or an assertion is
violated (as shown in Figure 2). The restriction against infinite loops without input is
necessary as CRunner cannot detect and abort such behavior.

Assertions include explicit assertions included within the program being verified,
and automatically generated assertions introduced by the CRunner pre-processing step.
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Automatically generated assertions are used to detect errors such as dereferencing of
NULL pointers, out of bounds array indexing, and dereferencing of objects that have
exceeded their lifetime.

When an assertion violation occurs, CRunner reports the error condition and termi-
nates. In contrast to most other software model checkers, CRunner does not produce a
complete counterexample trace. Rather, it outputs the sequence of inputs necessary to
produce the error. If all nondeterminism has been trapped by CRunner, this will be suffi-
cient to reproduce the error, but will lack the detail of a model checking counterexample.
In this sense, CRunner is more akin to exhaustive testing than to more traditional model
checking.

If the program produces output, the output data is simply discarded. There is no need
to invoke the model checker in these cases, unless the output function also returns a
value that is used. File system function calls such as remove are treated in a similar
manner.

When the program requires an input, execution is suspended and the model checker
is used to guide execution. CRunner uses the abstract model in order to provide an input
value to the running program. The remainder of this section describes the generation
and use of the abstract model.

3.3 Generating the Abstract Model

Existential Abstraction. CRunner performs a predicate abstraction [17] of the ANSI-
C program: i.e., the variables of the program are replaced by Boolean variables that
correspond to predicates over the original variables. The control flow of the program
remains essentially unaltered — because CRunner does not use pushdown automata to
represent control flow, an inlining step (at the abstract model level, rather than at the
executing program level: see Section 2) is necessary.

Formally, we assume that the algorithm maintains a set of n predicates π1, . . . , πn.
Let S denote the set of concrete states. Each predicate is a function that maps concrete
states x ∈ S into Boolean values. When applying all predicates to a specific concrete
state, one obtains a vector of n Boolean values, which represents an abstract state x̂.
We denote this function by �(x). It maps a concrete state into an abstract state and is
therefore called the abstraction function.

We perform an existential abstraction [12], i.e., the abstract machine can make a
transition from an abstract state x̂ to x̂′ iff there is a transition from x to x′ in the
concrete machine, x is abstracted to x̂, and x′ is abstracted to x̂′. Let R denote the
transition relation of the concrete program. We denote the transition relation of the
abstract program by R̂:

R̂ := {(x̂, x̂′) | ∃x, x′ ∈ S : xRx′∧
�(x) = x̂ ∧ �(x′) = x̂′} (1)

Abstraction Using SAT. A Boolean satisfiability (SAT) solver can be used to compute
R̂ [13]. The computation relies on a SAT equation containing all the predicates, a basic
block, and two symbolic variables for each predicate: one variable for the state before
the execution of the basic block, and one variable for the state after its execution. The
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equation constrains the before and after values so that the second value is the result
of applying the operations of the basic block to the original. When CRunnerproduces
this equation, any calls to the crunner_get_ functions are replaced by unique free
variables �1, . . . , �q . A SAT solver is used to obtain all satisfying assignments in terms
of the the symbolic variables, which produces a precise abstract transition relation for
the code in the basic block. This technique has also been applied to SpecC [19], which
is a concurrent version of ANSI-C.

One advantage of this technique is that it models all ANSI-C bit-vector operators
precisely. In contrast, tools using theorem provers such as Simplify [15] model the
program variables as unbounded integers, and do not model the proper semantics for
overflow on arithmetic operators. These tools typically treat bit-vector operators such as
shifting and the bit-wise operators as uninterpreted functions.

However, the execution time of the SAT-based existential abstraction typically grows
exponentially with the number of predicates. Most tools therefore do not compute a
precise existential abstraction, but compute an over-approximation of the existential
abstraction. One approach to over-approximation is to partition the set of predicates into
subsets of limited size. Abstraction is then carried out for each of the subsets separately.
The resulting transition relations are then conjoined. Note that this over-approximation
results in additional spurious behavior. In particular, we use the set of variables mentioned
in each predicate in order to group together related predicates. However, techniques for
computing over-approximations of the existential abstraction are beyond the scope of
this paper.

Verification of the Abstract Model. The result of the SAT-based abstraction is a sym-
bolic transition relation for each basic block of the program. The program is transformed
into a guarded goto program, in which all control constructs (e.g. if, while, and for
statements) are replaced by guarded goto commands. The basic block transitions plus
a program counter (PC) are combined with this control flow representation to produce a
transition relation for the entire program.

Note that the initial program counter is not the location of the first instruction in the
concrete program. Instead, we use the location of the current input call as the initial PC.
This location can be determined at runtime using the values that are set for each function
prior to function calls, as described above. By reading pointer values from memory, a
very precise abstraction of this initial state can be efficiently computed.

We use the NuSMV [10] symbolic model checker to perform the actual verification.
NuSMV will either verify that the abstract model does not contain any errors, or will
produce an abstract counterexample (which may or may not be a possible behavior of
the original program).

Because the abstraction used by CRunner is an existential over-approximation of all
program behaviors, if the model checker determines that the a property violation cannot
be reached from the input location, this result is reliable: from the current initial state,
the original program cannot reach an error state.

If NuSMV determines that the property does hold from the current initial state,
CRunner cannot conclude that the program is error free, but only that no error is reachable
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from the current initial state. Other states may remain to be explored. CRunner examines
the stack, just as an explicit-state model checker would after finishing with a branch of
the search tree:

– If the stack contains a state, let s denote the state on top of the stack, and s′ denote
the current state of the program (from which model checking has just completed).
CRunner has exhaustively searched all paths originating from the state s′. The path
from s to s′ is removed from the abstract model in order to avoid re-opening this
portion of the search tree. CRunner backtracks to state s, popping the search stack
and restoring the program state from s. The process repeats from the input request
in s.

– If the stack contains no more states, all possible paths have been explored, and
CRunner reports that the program is error free.

On the other hand, if NuSMV does discover a counterexample, CRunner must attempt
to concretize this abstract error trace in order to generate actual program inputs.

3.4 Concretizing the Abstract Trace

If the model checker finds an error trace in the abstract model, this does not imply that
such a trace also exists in the concrete model. This is due to the fact that the abstract
model is an over-approximation of the original program. An abstract trace without any
corresponding trace in the concrete model is called a spurious trace.

Existing tools for predicate abstraction of C programs build a query for a theorem
prover by following the control flow of the abstract error trace. If this query is satisfiable,
a concrete error trace exists. The data values assigned along the trace and input values
read along the trace can be extracted from the satisfying assignment. This is usually
called simulation of the abstract trace on the concrete program, and is implemented as
described above by SLAM, BLAST, and MAGIC. Incremental SAT has also been used
to perform the simulation step [13], but the underlying principle is unchanged.

In large programs, in particular in the presence of dynamic data structures, error
traces may easily have a thousand or more steps. The simulation of these long abstract
traces quickly becomes infeasible as the program size and complexity increases. This
fundamental issue of scalability motivates our efforts to avoid attempting to simulate the
entire abstract counterexample using a theorem prover or SAT solver.

CRunner, in place of this large simulation step, attempt to continue executing the
program at the current input location. The goal is to find an input value that guides the
executing program along the abstract trace to the error location found in the abstract
model.

CRunner produces this input value by building a simulation query, in a similar man-
ner to existing tools. However, CRunner limits the depth of the query to a few steps.
This should reduce the computational effort required in order to compute the simulation,
but provide sufficient information to compute the next input value. This works in prac-
tice because programs often perform control flow decisions based on the input values
immediately after obtaining the input.

Partial Simulation Using SAT. Let the counterexample trace have k steps, and let
k′ ≤ k be the depth (number of steps) used to obtain the input value. Simulation requires
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a total of k′ SAT instances. Each instance adds constraints for one more step of the
abstract counterexample trace. Let V denote the set of concrete program variables. We
denote the value of the (concrete) variable v ∈ V after step i by vi . All the variables v

inside an arbitrary expression e are renamed to vi using the function �i (e).
The SAT instance number i is denoted by �i and is built inductively as follows: �0

(for the empty trace) is defined to be true. For i ≥ 1, �i depends on the type of statement
in state i in the counterexample trace. Let pi denote the statement executed in the step
i. As described above, guarded goto statements are used to encode the control flow.

Thus, if step i is a guarded goto statement, then the (concrete) guard g of the goto
statement is renamed and used as a conjunct in �i . Furthermore, �i−1 is added as a
conjunct in order to constrain the values of the variables to be equal to the previous
values:

pi = (goto, g, l) −→ �i := �i−1 ∧ �i (g) ∧
∧

u∈V

ui = ui−1

If step i is an assignment statement, the equality for the assignment statement is
renamed and used as conjunct:

pi = (v:=exp) −→ �i := �i−1 ∧
�i (v) = �i−1(exp) ∧

∧

u∈V \{v}
ui = ui−1

As in the abstraction phase, any calls to the crunner_get_ functions on a right
hand side are simply replaced by unique free variables �1, . . . , �u.

Note that in case of assignment statements, �i is satisfiable if the previous instance
�i−1 is satisfiable. A SAT check is only necessary when the last step is a guarded goto
statement. If the last instance �k′ is satisfiable, the partial simulation is successful.

In this case, the SAT solver provides CRunner with a satisfying assignment containing
values for all variables in �k′ . This includes, in particular, a value for the first input �1.
CRunner uses this value as the return value of the crunner_get_ function call, and
returns control to the program being verified. Prior to returning control, CRunner saves
the input value, the state, and the abstract trace on the DFS stack.

If the partial simulation fails, the abstract counterexample is spurious, and the abstract
model must be refined, as described in the next section. After refinement, CRunner
attempts to find another abstract error trace starting from the same concrete state.

3.5 Refining the Abstract Model

There are two ways to detect spurious behavior in the abstract model: first, as in the
traditional refinement loop, the simulation step may fail.

The second way to detect spurious behavior is during execution: if the executed trace
diverges from the expected abstract trace, CRunner checks to determine if the abstract
trace is spurious.

Following a distinction introduced in the context of hardware verification [14], we
distinguish two potential sources of spurious behavior in the abstract model:
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1. The abstract counterexample may be spurious because we are not performing a
precise existential abstraction. Partitioning the predicates may result in spurious
transitions in the abstract model.

2. The abstract counterexample may be spurious because the abstraction is based on
an insufficient set of predicates. This is referred to as a spurious prefix [14].

Microsoft’s SLAM model checker uses the following approach to distinguish these
two cases [3]: first, SLAM assumes that the spurious counterexample is caused by a lack
of predicates and attempts to compute new predicates using weakest preconditions of
the last guard in the query. If new predicates are added, the refinement loop continues
as usual. However, if the refinement process fails to add new predicates, a separate
refinement procedure, called Constrain is invoked in order to refine the approximation
of the abstract transition relation.

CRunner, in contrast, following Wang, et al. [14] first checks whether any transition
in the abstract trace is spurious. If so, CRunner refines the abstract model. The conflict
graph from simulation is analyzed in order to eliminate multiple spurious transitions with
one SAT solver call [14]. The details of this refinement process, as applied to software,
are beyond the scope of this paper.

If no transitions are spurious, the spurious counterexample must be caused by a
lack of predicates. In this case, CRunner computes new predicates by means of weakest
preconditions in a similar fashion to the various existing predicate abstraction tools.

4 Experimental Results

We applied out prototype CRunner tool to a number of ANSI-C programs. All experi-
ments were performed on a 1.5 GhZ AMD machine with 3 GB of RAM, running Linux.

We first investigated a scalable, artificial example in which a buffer overflow occurs
after n bytes of input from a file. Existing tools usually require an abstract trace of at
least n steps in order to find such an error. Furthermore, they rely on using a theorem
prover or SAT solver to concretize a large abstract trace. The execution time of these
tools is typically exponential in n.

Table 1 contains execution times for the artificial benchmark for various increasing
values of n. Times are presented for CRunner and for a conventional implementation
using the SMV model checker and a SAT-based abstraction-refinement. Note that for
this example, most of the results used by CRunner can be cached, avoiding multiple
expensive model checking or simulation runs. Even for very large n, the execution time
is completely dominated by the compilation.

On the other hand, the performance of the conventional implementation degrades
very quickly. It must refine the abstraction n times, adding a single new predicate for
the array index in each step. The final result is a complete counterexample trace, rather
than a set of inputs, but the cost for this precision is very high.

We also report the time to verify a correct version of the code in which a guard is
added to prevent the buffer overflow. The conventional refinement loop is faster in this
case, as no compilation is needed. However, after compilation, CRunner is comparable.
For correct code, neither approach depends on the value of n.
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Table 1. Comparison of CRunner prototype and conventional abstraction-refinement on an artifi-
cial example with a buffer overflow after n bytes of input from a file. The execution times include
the compilation time for CRunner. A star * denotes a time-out

n

Method 10 50 100 1000 10,000 100,000 no bug

CRunner 1.5s 1.5s 1.5s 1.5s 1.5s 1.5s 1.5s
Conventional 41.4s 700s * * * * 0.01s

We also experimented with more realistic open source examples. Spamassassin is a
tool for filtering email messages. Most of the system is written in Perl, but the front-end
is coded in ANSI-C for efficiency reasons. Version 2.43 contains a (previously known)
off-by-one error in the BSMTP interface. Figure 6 shows the relevant parts of the code.

The buffer overflow is triggered due to the special treatment of the dot in BSMTP.
Due to the large size of the buffer (1024), a long input stream is required to trigger the
bug. The conventional predicate refinement loop could not detect this overflow error in
a reasonable amount of time. CRunner required 3 seconds (most of which are spent in
compilation) to detect the error and to produce an input stream that triggers it.

We also experimented with sendmail, a commonly used mail gateway for Unix
machines. We were able to reproduce previously known errors that are triggered by
specially crafted email-messages. For example, due to a faulty type conversion, the
ASCII character 255 was used to exploit older versions of sendmail. CRunner was
able to generate the necessary input sequence to trigger this bug, while the conventional
implementation was unable to find it due to the required length of the traces.

char buffer[1024];
[...]
switch(m->type){
[...]
case MESSAGE_BSMTP:
total = full_write(fd, m->pre, m->pre_len);
for(i = 0; i < m->out_len; ) {

jlimit = (off_t) (sizeof(buffer) /
sizeof(*buffer) - 4);

for(j = 0; i < (off_t) m->out_len && j < jlimit; ) {
if(i + 1 < m->out_len && m->out[i] == ’\n’ &&

m->out[i+1] == ’.’) {
if(j > jlimit - 4)

break; /* avoid overflow */
buffer[j++] = m->out[i++];
buffer[j++] = m->out[i++];
buffer[j++] = ’.’;

} else {
buffer[j++] = m->out[i++];

[...]

Fig. 6. Code from spamc
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5 Conclusions and Future Work

This paper presents a variation of the counterexample guided predicate abstraction frame-
work introduced for software by Ball and Rajamani [4]. Abstraction-refinement based
model checkers have traditionally dealt poorly with complex data types and lengthy
counterexamples. Explicit-state model checkers making use of states and operational
semantics closely related to actual program execution have dealt with complex data
types and semantic issues successfully, but do not deal well with very large state spaces.
We therefore combine techniques from abstraction-refinement and explicit state model
checking: exploration, meant to discover errors, is based on actual program execution,
guided by abstraction that can prove the program correct, or prune the search space.

Experimental results indicate that no advantage over the existing methods in the case
of correct programs, but demonstrate the power of our approach for finding errors.

Extending this work to a larger body of operating system libraries and allowing
for some form of message-passing concurrency are topics for future research. We would
also like to investigate whether predicate selection can be improved by using information
from the program execution.
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Abstract. When animating a formal model for validation or test gen-
eration purposes, scalability is a key issue. This paper describes a graph-
based representation for the operations of state-based formal models.
This representation makes it possible to handle large models efficiently
and perform a variety of transformations, such as splitting an operation
into separate behaviours, implementing various test coverage criteria for
complex conditionals, removing inconsistent paths, factoring out com-
mon calculations, and executing the final operation using a customized
constraint logic programming solver. The result is a fully automatic exe-
cution engine for state-based formal models such as B [Abr96], Z [Spi92]
and UML with OCL preconditions and postconditions. It can be used for
animation, test generation and other verification or validation purposes.
Our experimental results on large industrial applications show that the
transformations result in significant speedups.

1 Introduction

Formal modeling of systems is an important technique in software engineering.
Complementary to proof techniques, animation of a model provides early feed-
back on requirements problems, and test generation provides a cost-effective way
of cross-checking the model against an implementation.

Scalability is the key issue to be able to apply these techniques to real systems.
The industrial case studies we are working on have many operations whose post-
conditions are more than two pages and whose disjunctive normal form (DNF)
would contain millions of disjuncts.

This paper describes a graph-based representation for operations of state-
based models. The various source languages (B, Z, UML/OCL) are transformed
into precondition/postcondition format, where primed variables are used to rep-
resent the state after the operation and unprimed variables represent the state
before the operation. However, to preserve the control structure of the operation,

� This work is partially supported by Schlumberger/Axalto Smart Card R&D and by
PSA Peugeot Citroën.
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the postcondition is represented as a graph, rather than a flat predicate. For ex-
ample, this enables if-then-else structures to be represented as alternative
paths in the graph. Similarly the translation from Z transforms schema opera-
tors into branches in the graph, and the CASE, SELECT and CHOICE operators of
B are translated into multiway branches.

This graph-based representation is a superior representation for postcondi-
tions compared to the common approach of expanding the postcondition out into
disjunctive normal form [DF93]. The graph-based representation enables vari-
ous transformations that take advantage of the structure of the postcondition to
avoid repeatedly analyzing or executing the same predicate multiple times.

Our goal has been to develop a powerful execution engine for such for-
mal models. We use a customized Constraint Logic Programming (CLP) solver
[BLP02] to evaluate predicates and detect inconsistencies. This execution engine
is embedded in the BZ-Testing-Tools (bz-tt) environment [ABC+02, LPU04],
which supports animation and test generation from B [Abr96] abstract machines,
Z [Spi92] specifications and UML class diagrams with OCL pre/post specifica-
tions of methods [RJB99, WK98]. The environment and solver could also be
used to support other kinds of formal specification analysis such as invariant
verification and counter-example generation.

The main contributions of this paper are to give clear descriptions of the var-
ious optimizations that we perform on the graph-based representation, and to
give experimental results that illustrate their efficacy. The optimizations are gen-
eral, many of them are applicable to other formal specification tools or to other
CLP-based tools. Embedded in the BZ-Testing-Tools environment, the different
levels of optimization have been evaluated on real-size industrial applications
in three domains: smart cards, payment terminals and automobile embedded
software.

This paper is structured as follows. Section 2 defines the graph-based rep-
resentation and describes how the input notations are translated into graphs.
Section 3 gives an overview of how the graph is finally translated into constraints
and evaluated by the solver. Section 4 describes the optimizations and Section 5
gives the experimental results on several case studies. Section 6 discusses related
work and Section 7 gives conclusions and further work.

2 The Graph Representation

This section defines the graph representation and its semantics, and gives an
overview of how formal models are translated into the graph representation.

2.1 Graph Representation

The graphs can be drawn as diagrams, or written in textual form using two oper-
ators: ∨̇ to represent branching and ∧̇ to represent juxtaposition. This is possible
because we consider only a restricted set of graphs that are properly nested and
connected. Figure 1 shows the graph representing the following example:
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(w ∧̇ (x ∨̇ y)) ∨̇ (z1 ∧̇ z2 ∧̇ z3)

The numbers within the nodes are not important – they just give us a way of
naming particular arcs. However, we always follow the convention that the start
node is numbered 1 and the end node is numbered 0.

1 2

4

0

3

w

z3z1

z2

y

x

Fig. 1. An Example Graph

More precisely, graphs are formed from arbitrary predicates (which label the
arcs of the graph) using the two operators, ∨̇ and ∧̇. These operators are asso-
ciative, symmetric and idempotent. The set of predicates that may appear as
arguments includes all the usual relations (=,∈,⊆, <,≤, etc) that one finds in
set-oriented formal specification languages, the usual predicate calculus quan-
tifiers and propositional operators, and two special atoms called fail and skip,
which are the identities of ∨̇ and ∧̇, respectively. In addition, ∧̇ distributes over
∨̇ and fail is a zero for ∧̇. Table 1 shows the laws that the graph operators satisfy.
With these laws, graphs form a semiring algebraic structure known as a dioid
[CL99].

Table 1. Laws of the Graph Operators

Idempotence x ∨̇ x = x
x ∧̇ x = x

Associativity (x ∨̇ y) ∨̇ z = x ∨̇ (y ∨̇ z )
(x ∧̇ y) ∧̇ z = x ∧̇ (y ∧̇ z )

Symmetry x ∨̇ y = y ∨̇ x
x ∧̇ y = y ∧̇ x

Unit fail ∨̇ x = x ∨̇ fail = x
skip ∧̇ x = x ∧̇ skip = x

Zero fail ∧̇ x = x ∧̇ fail = fail

Distributivity x ∧̇ (y ∨̇ z ) = (x ∧̇ y) ∨̇ (x ∧̇ z )
(x ∨̇ y) ∧̇ z = (x ∧̇ z ) ∨̇ (y ∧̇ z )

Intuitively, the operators ∨̇ and ∧̇ correspond to disjunction and conjunction,
and fail and skip correspond to false and true. However, there are some differ-
ences from the usual boolean algebra properties, since some properties, such as
x ∨̇ skip = skip, are not always true. This is because our semantics for pred-
icates uses an implicit frame, so that the appearance of x ′ within a predicate
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means that the state variable x may change value, whereas if no x ′ appears, it is
implicit that x does not change. Thus the graph (x ′ = x + 1) ∨̇ skip stands for
two possible state updates, one in which just x is incremented, and the other in
which no variables change value. These two state updates are not equivalent to
skip (which means no-change), so the property x ∨̇ skip = skip is not included
in Table 1.

2.2 Translation of Operations into Graphs

The body of a B abstract machine operation, a Z schema or an OCL method
specification can be translated into this graph format. The goal is to capture
the control flow structure of the operation in a form that can be efficiently
manipulated and transformed. In this paper, we use the B operation in Fig. 2
as an example.

As described in the introduction, the input formal models are transformed
into before and after predicates, like x ′ = x + 1. In B, operations are written
using a generalized substitution language which is similar to an abstract pro-
gramming language, with IF and CASE statements, as well as non-deterministic
SELECT, CHOICE and ANY statements. We use the standard rules from the B-
Book [Abr96] to transform these generalized substitutions into before-after pred-
icates. However, the conjunctions and disjunctions that come from the control
structure of these generalized substitutions are translated into graph operators,
∨̇ and ∧̇, rather than ∨ and ∧. This preserves the control structure, and keeps
it separate from other disjunctions that appear in the decisions of conditional
statements. Figure 3 shows the graph that results from translating our example
operation.

Similarly the translation from Z transforms schema operators into graph op-
erators (∨̇ and ∧̇), and the translation from OCL transforms if-then-else
constructs into graph operators.

r ← op(a, b, c)
PRE

a ⊆ 0 . . 10 ∧ b ⊆ 0 . . 10 ∧ c ⊆ 0 . . 10
THEN

IF v ⊆ a ∪ b ∧ v ⊆ a ∪ c
THEN r := v
ELSE

IF v = a ∪ b ∪ c ∨ v = a ∪ b
THEN r := 0 . . 10
ELSE r := {}
END

END
END

Fig. 2. An Example B operation: a, b and c are inputs, r is an output and v is a state

variable. All are sets of integer
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¬ (v = a ∪ b ∪ c ∨ v = a ∪ b)

v = a ∪ b ∪ c ∨ v = a ∪ b

r ′ = v

r ′ = 0 . . 10

r ′ = {}

Fig. 3. Graph Representation of Example B Operation

Notice that the graph is similar to a control flow graph, but that all con-
ditions and statements (represented by before-after predicates) appear on the
arcs. Furthermore, there are no loops and no sequential composition (∧̇ repre-
sents conjunction or parallelism)1.

In practice, the postconditions of operations can contain more complex op-
erators than just ∧ and ∨. Table 2 shows how the conversion into graph format
uses the De Morgan rules (¬ (A ∨ B) = ¬ A ∧ ¬ B etc.) to push negations
inwards and rewrite ⇒ and ⇔ in terms of ∧̇ and ∨̇. It also converts existential
quantifiers into skolem constants. Universal quantifiers are left unchanged, as
they are treated as a single constraint by the solver.

Table 2. Postcondition to Graph Translation Rules

trans(p) p, if p is an atomic predicate
trans(p ⇒ q) not(¬ trans(p)) ∨̇ trans(q)
trans(p ⇔ q) trans(p ∧ q) ∨̇ trans(¬ q ∧ ¬ p)
trans(p ∨ q) trans(p) ∨̇ trans(q)
trans(p ∧ q) trans(p) ∧̇ trans(q)
trans(¬ p) not(¬ trans(p))

not(¬ (p ∧̇ q)) not(¬ p) ∨̇ not(¬ q)
not(¬ (p ∨̇ q)) not(¬ p) ∧̇ not(¬ q)
not(¬ p) ¬ p, if p is not an ∨̇ / ∧̇ term.

2.3 Effect Predicates

Our primary goal is to be able to partition the postcondition of each operation
in order to achieve test coverage of all the behaviours of the operation [LPU04].
Informally, the possible behaviours of an operation are all the possible paths
through the control structure of the operation. The graph represents these paths
in a compact way, but it is useful to be able to extract each behaviour as a sepa-
rate predicate. We call these effect predicates. The bz-tt test generation method
generates one or more tests for each effect predicate, typically by using boundary
analysis on the predicate [LPU02] and by computing a preamble (sequences of
operation invocations) to reach each effect predicate [CLP03].

1 Note that sequential composition does not appear in B abstract machines. It is
introduced only in refined machines, which are not allowed as input to bz-tt.
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An effect predicate is simply the conjunction of all the predicates that lie on
a complete path through the graph, from the start node to the end node. We
ignore any skip arcs, since A ∧̇ skip = A, and we do not allow paths that contain
fail , because they are inconsistent (equivalent to false). In practice, the set of
all effect predicates is generated by a depth-first traversal of the graph. This is
usually done on the fly, during animation or test generation. Table 3 shows all
the effect predicates from the example.

Table 3. Effect Predicates from the Example

1 v ⊆ a ∪ b ∧ v ⊆ a ∪ c ∧ r ′ = v
2 ¬ (v ⊆ a ∪ b ∧ v ⊆ a ∪ c) ∧ (v = a ∪ b ∪ c ∨ v = a ∪ b) ∧ r ′ = 0 . . 10
3 ¬ (v ⊆ a ∪ b ∧ v ⊆ a ∪ c) ∧ ¬ (v = a ∪ b ∪ c ∨ v = a ∪ b) ∧ r ′ = {}

Note that if all the predicates in a graph are atomic (contain no quantifiers or
propositional operators), then the set of effect predicates is the same as the DNF
form of the postcondition. But this is rare, since the decisions in the conditional
constructs are usually complex predicates involving several conditions. One ma-
jor advantage of this graph format is that it represents the set of effect predicates
more efficiently than the common technique of expanding the postcondition into
DNF form. This is because:

– distinguishing the ∨̇ and ∧̇ graph operators from other disjunctions and
conjunctions separates the control structure from the structure of complex
conditions, which means that the set of effect predicates is usually much
smaller than the number of disjuncts in the DNF partioning.

– the graph structure allows common conjuncts to be shared between several
effect predicates. This reduces the size of the graph (a minor benefit), but
also reduces the amount of computation needed when evaluating all the effect
predicates (a major benefit). Indeed, the goal of some of the transformations
in the next section is to maximize this sharing, to further reduce the cost of
evaluating all effects.

3 Evaluation by Constraints

This section describes how the graph representation can be executed by a con-
straint solver. This is done for many different purposes, including supporting
interactive animation of specifications, supporting graph transformations and
test generation, searching for preamble sequences and calculating oracle results.

3.1 Graph Traversal

The basic idea is to perform a depth-first traversal of the graph, passing each
predicate to the constraint solver. The constraint solver maintains a set of pos-
sible solution states, but does this in symbolic form rather than enumerating
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them [MS98, AB98]. This is much more efficient than exploring one state at a
time, since the constraint solver effectively executes many states in parallel. This
increases scalability compared with a value-based enumeration of the states. It
also enables us execute an operation with its input represented by a constraint
variable – the precondition constrains the allowable values of that variable and
the postcondition constrains how the outputs relate to it. This is a form of
symbolic execution, which is ideal for supporting test generation.

As the depth-first traversal goes deeper into the graph, constraints are added
to the solver. If these constraints become inconsistent, the solver fails, which
leads to backtracking up the graph and trying an alternative path. This allows
the different effect predicates to be explored one by one.

Too much backtracking is undesirable, because it forces a large number of
case analyses, which makes execution very slow. For example, if each operation
introduces several cases, a sequence of operations can quickly produce an ex-
ponential number of cases. Backtracking can also be introduced when complex
predicates on the arcs of the graph are translated into constraints. The next
subsection discusses this important issue further. Several of the optimizations in
section 4 are intended to minimize backtracking or control its cost.

3.2 Translation of Predicates into Constraints

This section discusses how the predicates on the arcs of the graph are trans-
lated into constraints. The bz-tt constraint solver, called CLPS [BLP02], sup-
ports constraints over integers, atoms, pairs, sets, relations and functions, in-
cluding equality, inequality, membership, subset, range and domain constraints
and many more. There are three aspects to the transformation of predicates into
constraints:

– each boolean operator (∧,∨,⇒, etc) must be translated into a conjunction
or disjunction of constraints.

– each atomic predicate (=,∈, etc) must be translated into one or more con-
straints.

– the expressions that appear as the arguments of atomic predicates must be
translated into forms that the constraint solver understands.

In bz-tt, this translation is done by a recursive Prolog predicate called
reduce, which takes a predicate or expression as input, adds constraints to the
current constraint store, and either fails (which means that the constraints are
inconsistent) or returns a constraint variable that represents the result of evalu-
ating the expression. It also returns the type of the expression and maintains an
environment, which maps each specification variable to its corresponding Prolog
constraint variable.

The effect of the recursive reduce translation is to flatten an expression into
a sequence of constraints. For example, if we call:

reduce(y ∪ (y ∩ z ) ∪ {i + 2},Env ,Env ′,Result ,Type)
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where Env is the environment {y 
→Y 1, z 
→Z1, i 
→I 1} (we use uppercase
names to indicate constraint variables), then reduce will succeed with Type =
set(integer), Result = Tmp4 and Env ′ = Env , but will have added the following
sequence of constraints to the constraint store (union and inter are internal
operators of the CLPS solver) :

Tmp1 = Y1 inter Z1
Tmp2 = Y1 union Tmp1
Tmp3 = I1+2
Tmp4 = Tmp2 union {Tmp3}

Aside: Env ′ records the primed variables that appear in the predicate. This is
used to determine the frame of each operation. If a given primed variable does
not appear in the postcondition of an operation, it is assumed to not change.
This is convenient for modelling assignment statements and B substitutions. The
translation of Z schemas adds the state invariant to each postcondition, which
means that every primed state variable appears, which is the correct semantics
for Z. End of Aside

The reducer handles atomic predicates by translating their arguments, then
converting the predicate into CLPS constraints. Some predicates, like equal-
ity, inequality, membership, subset etc, can be translated directly into CLPS
constraints. Others are expanded into several simpler constraints. For example,
X ⊂ Y is expanded into X ⊆ Y ∧ card(X ) < card(Y ).

Finally, the boolean operators are translated into Prolog conjunction and
disjunction: ∧ is implemented by Prolog conjunction, ∨ is implemented by Prolog
disjunction (see Section 4.5). Other boolean operators are translated similarly
to the transformations shown in Table 2.

The result of this translation is a series of Prolog choicepoints, with each
choicepoint having its own constraint store. For example, the predicate

y 
= {} ⇒ y = z ∪ {i} ∧ i < 100

(using the environment described earlier) will produce two choicepoints, with
the following constraint stores:

1. Y1 = {}

2. TMP1 = Z1 union {I1}, Y1 = TMP1, I1 < 100

4 Graph Optimizations

This section describes the various transformation and optimization that can be
applied to the postcondition graphs. First we give a decomposition theorem that
is used by several transformations.

Theorem 1. Given a graph G and a predicate P which may label some of the
arcs within G, the following recursive decomposition function called “decomp”
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transforms G into an equivalent graph (P ∧̇ G1) ∨̇ G2, where G1 and G2 do not
contain P.

decomp(fail) = (P ∧̇ fail) ∨̇ fail
decomp(skip) = (P ∧̇ fail) ∨̇ skip

decomp(A) =
{

(P ∧̇ skip) ∨̇ fail , if P = A
(P ∧̇ fail) ∨̇ A if P 
= A

decomp(A ∨̇ B) = (P ∧̇ (Ap ∨̇ Bp)) ∨̇ (Anp ∨̇ Bnp)
decomp(A ∧̇ B) = (P ∧̇ ((Ap ∧̇ Bp)

∨̇ (Ap ∧̇ Bnp)
∨̇ (Anp ∧̇ Bp)))

∨̇ (Anp ∧̇ Bnp)
where (P ∧̇ Ap) ∨̇ Anp = decomp(A)

(P ∧̇ Bp) ∨̇ Bnp = decomp(B)

Proof: By induction over the structure of the graph. Using the rules from Table 1
it is easy to show that the input and output of each decomp rule is equivalent.
�

Note that the ∧̇ case duplicates some subgraphs. This makes the graph bigger,
but the resulting graph is still smaller than the complete set of effect predicates.
In practice, we apply the Unit and Zero simplification rules from Table 1 to the
result of the decomp function and this helps to keep the graph smaller.

4.1 Multi-condition Expansion

For test generation, the test engineer can select different coverage criteria for
complex decisions that contain multiple conditions. These include decision cover-
age (DC), Decision/Condition Coverage (D/CC), full predicate coverage (FPC)
and multiple condition coverage (MCC). Each of these is implemented by
applying rewriting rules to complex decisions which contain disjunctions (or
implications etc.). The theory and justification for these rules is described else-
where [LPU04]. As an example, D/CC coverage rewrites a decision C1 ∨ C2 to
C1 ∨̇ C2, whereas FPC coverage rewrites it to (C1 ∧ ¬ C2) ∨̇ (C2 ∧ ¬ C1). These
rewriting rules can be applied with or without distribution. The former produces
a small number of tests which is just sufficient to satisfy the coverage criteria,
while the latter produces more tests to explore interactions between separate
decisions.

The rewrite rules with distribution perform only a local transformation on the
graph: one arc is replaced by several arcs. Unfortunately, for large postconditions
this usually produces an exponential number of effects. For example, if we have
D1 ∧̇ D2 ∧̇ D3, where each of the Di complex decisions is expanded into 5
branches, then the total number of effects increases from 1 to 5 ∗ 5 ∗ 5 = 125.
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To apply the rewrite rules without distribution, we use a more sophisticated
rewriting algorithm which avoids the combinatorial case explosion. The algo-
rithm recurses through the graph from the start node towards the end node,
and rewrites at most one complex decision along each path. The following sim-
plified extract of the algorithm illustrates the key idea: each complex decision D
is rewritten into D1 . . .Dn and combined with the unchanged remainder of the
graph (R). Also, the unchanged D is combined with a rewritten version of R.

nondist(D ∧̇ R) = (D ∧̇ nondist(R))
∨̇ (D1 ∧̇ R) ∨̇ ...(Dn ∧̇ R)

The number of effects produced by this non-distribution algorithm is linear in
the number of branches produced by the rewrite rules, rather than exponential.
For example, applying this algorithm to the D1 ∧̇ D2 ∧̇ D3 example above we
get 5 + 5 + 5 = 15 effects, rather than 125.

Fig. 4 shows the result of applying the D/CC rewrite rule with distribution
to our running example.
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Fig. 4. After applying D/CC test coverage rule with distribution

4.2 Common Subexpression Elimination (CSE)

The goal of common subexpression elimination (CSE) is to factor out repeated
calculations. This is similar to the common subexpression optimization used
within compilers.

The form of a graph after this optimization is an equivalent graph in which
repeated subexpressions have been factorized and moved slightly earlier in the
graph (that is, closer to the start node). This can be done by applying theorem
1 to factor out any predicate or subexpression that appears many times in the
graph. This avoids repeated recalculation and helps to decrease the number of
internal variables created inside the constraint solver.

In practice, our implementation of the CSE algorithm takes a more conser-
vative approach than applying theorem 1 blindly. It first works on chains of
predicates, P1 ∧̇ . . . ∧̇ Pn where all the Pi are predicates, not subgraphs. It
analyzes the subexpressions of P1 . . .Pn and counts the number of times each
complex subexpression appears (a complex subexpression is any expression that
is not just a simple constant or variable). For each complex subexpression E
that appears more than once, a new predicate α = E is added to the front of
the chain (where α is a fresh variable), and all the original occurrences of E in
the Pi predicates are replaced by α. However, there are two conditions which
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can prevent subexpressions within complex predicates Pi from being extracted.
Firstly, if Pi contains a quantifier, the algorithm must not move a subexpres-
sion out of the scope of the quantifier if that subexpression involves the bound
variables. Secondly, it does not consider expressions inside operators that gen-
erate choicepoints, such as disjunctions and implications, since those expres-
sions are not always executed. For example, if Pi is a complex predicate like
X ∈ A∪B ∧ (X = f (E ) ⇒ X ∈ T ∪U ), it is safe to move A∪B , but not f (E )
or T ∪U , because they are inside a choicepoint. Moving them outside the choi-
cepoint would be semantically safe, but might result in decreased performance,
so this is avoided.

A similar technique is applied to branches G1 ∨̇ . . . ∨̇ Gn . If a complex
subexpression E appears on every path through all the Gi subgraphs, then this
graph is rewritten to

α = E ∧̇ ((G1 ∨̇ . . . ∨̇ Gn)[E := α])

where [E := α] means replace each occurrence of E by α.
The resulting of applying the CSE algorithm to our example is shown in

Fig. 5.
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Fig. 5. After the elimination of the common subexpression

4.3 Removal of Inconsistent Paths

As mentioned in Sect. 2.3, paths through the graph that contain fail are dis-
carded, because they are equivalent to false. However, other paths may also
be inconsistent, if they contain contradictory predicates. This corresponds to
dead-path [GBF97] removal in the control flow graphs of programs.

We transform the graph to delete such inconsistent paths. This is an expensive
process (satisfiability checking is often expensive), so is done as a separate pass,
rather than on-the-fly during animation or test generation.

To detect inconsistent paths, we perform a depth-first traversal of the graph,
passing the predicates to the constraint solver, and pruning any subtree that
the solver reports as being inconsistent. This expands the graph into a tree-like
structure2 of repeated predicates near the leaves, but decreases the number of
effect predicates.

2 In fact, the leaves of the tree are all linked to the end node (0), so it remains a graph.
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For the running example, the predicates v 
⊆α and v = α are inconsistent,
so the path that goes through these predicates is deleted, as giving Fig. 6.
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Fig. 6. After deleting inconsistent paths

4.4 Reordering the Graph

A common optimization in constraint programming is to reorder constraints so
that deterministic constraints, or constraints with a small number of solutions,
are placed before other constraints [MS98]. We have experimented extensively
with this, trying a variety of heuristics such as:

1. using the decomposition theorem to move frequently occuring constraints
closer to the start of the graph.

2. using the decomposition theorem to move deterministic constraints closer to
the start of the graph.

3. using the decomposition theorem to move constraints with a small number
of solutions closer to the start of the graph.

Surprisingly, all these heuristics resulted in worse performance. We believe
that this is because the original order of the constraints in the graph is usually
near optimal, due to the way the graph is constructed from the B substitution
commands. For example, the decision parts of IF, SELECT or CASE statements
always come earlier in the graph than the translated bodies of those statements.
Most specifications seem to be written in a style that tests or constrains the
inputs and local variables, before assigning results to output variables.

4.5 Avoiding Duplicates and Minimizing Choicepoints (NODUPS)

Section 3.2 described a simplistic technique for translating complex predicates
(which appear on the arc of the graphs) into constraints and choicepoints. For
example, A ∨ B is translated into the Prolog choicepoint Ac ; Bc , where Ac

and Bc are the constraints that result from the translation of A and B , respec-
tively. A problem with this simplistic translation is that Ac and Bc constraints
may return the same solution. This is an important issue in practice, because
a few duplicate solutions from each operation in a sequence of operations can
dramatically increase the search space.
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Furthermore, it is difficult to remove duplicates after generating them, be-
cause the most efficient way to search for solutions is to use the depth-first search
supported by Prolog (possibly with a depth bound, or using iterative deepening),
and it is not possible to efficiently detect duplicate solutions with this approach.
To do so would require storing all the solutions from the different choicepoints
(which is quite impractical due to the space required) then searching for dupli-
cates (which is O(N 2) in the number of solutions).

Many industry case studies have thousands or millions of potential solutions.
So, it is important to eliminate duplicates by avoiding creating them. One simple
technique for ensuring that no duplicates are created is to force each disjunct to
be mutually exclusive. There are three obvious alternative laws we could use to
do this:

P ∨ Q = P ∨ (Q ∧ ¬ P)
P ∨ Q = (P ∧ ¬ Q) ∨ Q
P ∨ Q = (P ∧ ¬ Q) ∨ (P ∧ Q) ∨ (Q ∧ ¬ P)

Initially, we used the third of these laws, because it is symmetric in P
and Q .

The problem is that the use of these laws can sometimes result in a large
number of choicepoints, because if P contains many conjuncts, then ¬ P turns
into lots of disjuncts. To avoid this, we use the following cp function to calculate
the number of choicepoints for each translation, then choose the translation that
minimizes the number of choicepoints. Note: as well as the cases shown here, we
use de Morgan rules to push negations inwards to the atomic predicates.

cp(A) = 1, if A is an atomic predicate
cp(¬ A) = 1, if A is an atomic predicate

cp(P ∧ Q) = cp(P) × cp(Q)
cp(P ⇒ Q) = cp(¬ P ∨ Q)
cp(P ⇔ Q) = cp(P ∧ Q ∨ ¬ P ∧ ¬ Q)
cp(P ∨ Q) = min { cp(P) + cp(Q ∧ ¬ P),

cp(Q) + cp(P ∧ ¬ Q),
cp(P ∧ ¬ Q) + cp(P ∧ Q) + cp(¬ P ∧ Q) }

cp(∃ x : T • P) = cp(P)
cp(∀ x : T • P) = 1

To illustrate the result of such an optimization we consider an effect predicate
(a1 ∧̇ ... ∧̇ an) ∨̇ (b1 ∧̇ ... ∧̇ bm), where ai and bj are atomic predicates.

– If we use the rule P ∨̇ (¬ P ∧̇ Q), the number of choicepoints is n.
– If we use the rule Q ∨̇ (¬ Q ∧̇ P), the number of choicepoints is m.
– If we use the rule (P ∧̇ Q) ∨̇ (¬ P ∧̇ Q) ∨̇ (P ∧̇ ¬ Q), the number of

choicepoints is 2n + 2m − 2.
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Our algorithm takes the solution which gives the expression a minimal num-
ber of choicepoints. This NODUPS optimization is applied to every arc of the
graph, and conceptually splits each arc into one or more arcs, corresponding
to the number of choicepoints of the predicate on the arc. In practice, for effi-
ciency reasons, we apply this optimization on the fly during the reduce process,
rather than rewriting the graph. As reduce transforms each disjunctive pred-
icate P ∨ Q into constraints, it uses the cp function to calculate how many
choicepoints will result from each of the three P ∨ Q translation laws above,
and uses one that produces the minimum number of choicepoints. This gives a
translation that guarantees no duplicate solutions will be generated, while min-
imizing the number of choicepoints. The cost of a such computation is linear in
term of number of atomic presdicates.

4.6 Delaying Choicepoints (DELAY)

It is well known in constraint logic programming that it is generally better to
execute deterministic constraints before non-deterministic constraints.

Consider any path P1 ∧̇ . . . ∧̇ Pn through the graph. Conceptually, we
sort the predicates in this path so that they are ordered by increasing cp(Pi)
values.

In practice, this transformation is done on-the-fly during the reduce pro-
cess. As reduce traverses the graph, any predicate P that requires choicepoints
(cp(P) > 1) is delayed by putting it into a list, rather than converting it into
Prolog choicepoints immediately. Once the end node of the graph is reached, the
list of delayed predicates is sorted by the number of choicepoints, so that pred-
icates with fewer choicepoints appear earlier, then the predicates are processed
in that order.

Of course, this changes the order of predicates, which we have carefully op-
timized above. But a predicate P with n choicepoints can be considered as an
equivalent predicate P1 ∨̇ P2... ∨̇ Pn+1. Then the previously computed order is
not optimal. The idea is to delay the predicates that require choicepoints later
in the graph.

For example, if w , x , y and z are any atomic predicates, then cpt1 = (w ∧̇
x ) ∨̇ (w ∧̇ y ∧̇ z ) is an effect predicate in DNF form. After translating this into
graph format and applying the CSE optimization, we get the equivalent graph
G1 = w ∧̇ (x ∨̇ (y ∧̇ z )). Note that w appears first because it is common to all
the disjuncts.

Now consider the case where reduce expands y into three choicepoints (y =
y1 ∨̇ y2 ∨̇ y3), giving the graph G1a shown in Fig. 8. The graph is no longer op-
timal in terms of the number of executed predicates, because z may be executed
three times. The DELAY optimization effectively transforms the G1a graph into
the G2, by delaying y . Fig. 7 shows the number of atomic predicates executed
during a depth-first traversal of these graphs. The optimal representation is G2,
where each atomic predicate is executed only once.
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At. Pred. DNF G1 At. Pred. DNF G1a G2
w 2 1 w 4 1 1
x 1 1 x 1 1 1
y 1 1 y1 1 1 1

y2 1 1 1
y3 1 1 1

z 1 1 z 3 3 1

Total 5 4 11 8 6

Fig. 7. Number of executed predicates using a depth-first search approach
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Fig. 8. Different representations of a disjunctive effect predicate with choicepoints

5 Experimental Results

The graph-based representation and optimizations are used in the BZ-Testing-
Tools environment [BZT03]. This environment has been used for formal model
animation and test generation in several industry case studies, particularly for
smart card software and automotive embedded software applications. In this
section, we compare the efficiency of the different optimizations of four real-size
B formal models. We first briefly describe the different formal specifications and
then give performance results for the various optimizations.

– GSM 11-11 smart card software [BLLP04]: The GSM 11-11 standard defines
an interface between a SIM3 card and a ME4. This standard is used mainly
in the mobile phone industry and describes the logical design of the SIM, its
functionality and secure access to the data. Our B specification of a subset of
the GSM 11.11 standard is composed of 11 operations and 10 state variables
with an average domain size of 5 elements. The model contains 36 effect
predicates.

3 Subscriber Identification Module.
4 Mobile Equipment.
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– The CEPS (Common Electronic Purse Specifications) [cep01] specifications
define a standard for electronic purse applications, and form the basis of a
globally interoperable electronic purse standard which is widely accepted in
the world. Our B formal model has 18 operations and 42 state variables with
an average domain size of 10 elements and contains 63 effect predicates.

– CADSET is a formal model of an electronic payment transaction system
compliant with the EMV5 2000 standard [cad00]. This standard defines the
transaction during the payment protocol. More precisely, the goal of our
formal model is to generate test cases to validate a Point of Sale terminal.
The B formal model contains one big operation which leads to 2592 effect
predicates.

– The SIM-KEY model formalizes the key management of a 2G/3G universal
SIM smart card. The model defines all the commands that allow one to create
security domains, to verify and to change PIN6 code or to load applications
on the card. This formal model, written in the B notation, has 16 operations
and 173 effect predicates.

The tables (Fig. 9, Fig. 10) illustrate the time to execute all the behaviours
of all the operations of each specification, using a variety of optimizations:

– DNF is the case where the effect predicate is in its disjunctive normal form.
It is usually the worst way to represent postconditions, but has been used
in other formal methods tools.

– G+CSE is our “Graph representation”, with the CSE optimization, which
means that the more frequently appearing atomic predicates are positioned
earlier in the graph (so are executed fewer times).

– G+CSE+DELAY is the graph representation with the CSE optimization
and the delaying choicepoint algorithm.

– G+CSE+NODUPS is the graph representation with CSE, plus the NODUPS
optimization which minimizes the number of choicepoints and eliminates
redundant solutions.

– The G+CSE+DELAY+NODUPS is the graph representation with CSE,
plus both the DELAY and NODUPS optimizations.

The two tables give the results of applying the execution of all the effect
predicates for all the operations of the B formal models described earlier. Figure
9 shows the total execution time in seconds and Figure 10 shows total number
of atomic predicates executed. We saw earlier that the order of appearance of
the atomic predicate is important.

We discuss first the results of Figure 9. These experiments show that, of
course, the DNF representation is the worst we can use if the specification
is big enough. For smaller specifications, the time spent applying the algo-
rithm can outweigh the improvement from the optimizations. The DELAY and

5 Europay Mastercard Visa.
6 Personal Identifier Number.
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NODUPS optimizations both usually give significant speedups, and applying
both these optimizations is usually better than applying just one of them. Note
that the columns with the NODUPS optimizations have the additional prop-
erty that they guarantee that no duplicate solutions are produced, and this can
lead to significant performed improvements when operations are composed se-
quentially. Compared with the DNF representation, the average speedup of the
G+CSE+DELAY+NODUPS optimizations is 4522/487 = 9.3 times faster. Even
if we exclude the CADSET results, on the grounds that it gives unusually large
improvements, the average speedup is (48 + 330 + 528)/(6 + 64 + 376) = 2.0,
which is still very significant.

The results of the second table (Figure 10) are not surprising. The number
of atomic predicates executed gradually decreases with the number of optimiza-
tions applied. Comparing the results for CADSET and SIM-KEY shows that
the speedup in execution time is not always proportional to the reduction of the
number of atomic predicates executed. CADSET has more atomic predicates
than SIM-KEY, but is executed faster. This is due to the complexity of the
specification–some operators take more time to be executed than others. The
last result column (G+CSE+DELAY+NODUPS) of both these tables shows
that complex formal models can be processed in reasonable execution times.
(SIM-KEY is composed of 70 pages of B statements which is rather big).

Specification DNF G+ G+CSE G+CSE ALL = G+CSE+ Speedup
+CSE CSE +DELAY +NODUPS DELAY+NODUPS (DNF/ALL)

GSM 11.11 48 46 5 6 6 8.0
CEPCARD 330 322 51 67 64 5.2

CADSET 3616 98 70 43 41 88.2
SIM-KEY 528 536 471 409 376 1.4

Total 4522 1002 597 525 487 9.3

Fig. 9. Execution time (in seconds) of all the effect predicates of the specification

Specification DNF+CSE G+CSE G+CSE ALL = G+CSE+DELAY Ratio
+DELAY +NODUPS (DNF/ALL)

GSM 11.11 3155 3103 1078 985 3.2
CEPCARD 5847 5782 5782 2411 2.4

CADSET 195585 96772 82725 32280 6.1
SIM-KEY 38858 30517 30499 24957 1.6

Fig. 10. Number of atomic predicates executed

6 Related Work

A graph-based representation of logical formulae, called Binary Decision Dia-
grams (BDD) was introduced by [Bry86]. A BDD has two different types of
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vertices. The terminal vertices represent the Boolean values, 0 and 1, while the
non-terminal vertices represent variables of the boolean formula represented by
the BDD. Each non-terminal vertex has exactly two outgoing edges, one of which
is labeled by the Boolean constant 1 (or then) and the other by the Boolean
constant 0 (or else). The graph begins at a single non- terminal node, known as
the root, which has no incoming edges. Each path (sequence of nodes) ending
with the termial node 1 is a solution of the boolean formula. All the others are
counter-examples.

The graph structure described in this article does not represent a set of
solutions of a program, but the set of potentially executable behaviors. With our
dioid structure algebra, none of the BDD optimizations can be applied, because
the structure of our graphs is different in two ways: first, each non terminal node
can have one or more outgoing edges. Second, the graph has exactly one terminal
node. So no direct comparison can be made with the BDD representation.

Control flow diagram (CFD) is a graph based approach to represent program
statements. Usually, CFD is used to represent programs (implementations) for
static analysis, especially for loops. Then some compilation optimizations can
be applied to minimize the execution time of a program (for example, dead
code elimination, constant folding, common sub expression elimination). Our
graph representation is similar to a CFD applied to a formal model (which can
be seen as an abstraction of an implementation). Part of the originality of our
approach is the use of this CFD-like representation to animate formal models
using constraint logic programming techniques.

During the 1990s, Constraint Logic Programming (CLP) was shown to be a
powerful technique for analyzing complex scheduling and optimization problems
[MS98]. More recently, CLP techniques are being applied to formal specifica-
tions and used in software validation and verification tools, including model
checking e.g. [DP99], formal model animation e.g. [Gri00] and automated test
generation that is either code-based e.g. [GBR00] or specification-based e.g.
[MA00, ABlM97]. Our graph-based representation makes it possible to apply
these CLP techniques to large specifications more efficiently.

7 Conclusions

In this paper, we have presented a symbolic execution approach based on Con-
straint Logic Programming for pre/post formal specification notations such as
B, Z and UML/OCL. Executing the specification without computing all the
reachability graph is a key issue in various formal verification and validation
techniques, particularly for animation and test generation. This symbolic exe-
cution engine is embedded in the model-based animation and test generation
environment BZ-Testing-Tools [BZT03] which has been used for a half a dozen
of industrial applications between 1999 and 2003 in the area of smart cards
software, automotive embedded systems and electronic bank payment. All these
real size formal models involve large combinatorial state space. Mastering the
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execution time for test generation requires efficiently dealing with paths and
alternatives in the control flow graphs of the post-conditions.

Our graph-based representation makes various optimizations possible. It al-
lows us to factorize the various sub-predicates, to minimize choice-points, to
efficiently discard inconsistent paths in the graph and therefore to optimize the
constraint generation for the solver. These optimizations give huge improvements
in efficiency both during model evaluation and test generation. In fact, real ap-
plications are often not practical with DNF, but are practical with this graph
based representation and constraint solving.

The BZ-Testing-Tools technology is now mature enough to be used in in-
dustrial setting for animation and model-based testing. So, this technology is
being transferred to a start-up company, LEIRIOS Technologies [LEI03], which
is industrializing the tool, marketing it and using it for outsourced testing. This
industrial tool, called Leirios Test Generator, also uses the same process for
Statecharts Statemate [LBL04] formal models.
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Abstract. Interface automata is a formal model to be used for describ-
ing the temporal interface behaviors of software components. It adopts
an alternating approach to design refinement, which is significantly dif-
ferent with the traditional use of automata. In this paper, it is proven
that an interface automaton refines another if and only if there exists a
special kind of forward simulation between their corresponding I/O au-
tomata, which shows the essential relation between interface automata
and I/O automata on refinements.

1 Introduction

1.1 Background

Interface automata [1] has been introduced as a light-weight formalism that cap-
tures the temporal aspects of software component interfaces, in which environ-
ment assumptions can be modelled explicitly. Automatic compatibility checking
and refinement checking can be made. It has been applied in several cases as a
method for modelling the interface behavior of software [2–6].

Concretely, interface automata adopts an optimistic approach to composition,
and an alternating approach to design refinement. The traditional I/O automata
[7] are input-enabled, which means that an I/O automaton must be able to accept
all input actions at all states and correspondingly, output actions will never be
blocked when several I/O automata are composed. The property does not hold
in CSP [8], in which a process can reject some input actions and output actions
may be blocked until some parallel process enters a state that can accept those
actions. As to interface automata, things change again. An optimistic approach
is adopted for the composition. On the one hand, input actions may be blocked.
But on the other hand, it is required that output actions must not be blocked.
So roughly speaking, interface automata lie between CSP and I/O automata.

While a new semantics is adopted for the composition of interface automata,
an alternating approach is used for the refinement. An interface automaton Q
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refines another P if all input steps of P can be simulated by Q and all the output
steps of Q can be simulated by P . In other words, an interface automaton refines
another if it has weaker input assumptions and stronger output guarantees. This
contravariant requirement on input actions and output actions is described by
a new simulation relation: alternating simulation [6], which is greatly different
with the traditional definitions of simulations [9]. The new refinement has some
good properties: for example, we can always replace an interface automaton with
a more refined version, provided that they are connected to the environment by
the same inputs.

The new approaches to composition and refinement make interface automata
significantly different with the traditional use of automata. In [6], interface au-
tomata is considered as a kind of interface model while I/O automata is consid-
ered as a kind of component model. And the refinement of interface automata,
which is based on alternating simulation, is considered suitable for component-
based design while the refinements of I/O automata, such as forward simulation
[9], are considered suitable for component-based verification. So the two kinds of
refinements seem quite distinct from each other. However, as shown in this pa-
per, when we return back to the traditional perspective of view and think about
interface automata again, it can be found that there is an intrinsic connection
between the refinement of interface automata and the forward simulation of the
traditional I/O automata.

We find that the refinement problem of interface automata can be trans-
formed equivalently to the forward simulation problem of I/O automata. Con-
cretely speaking, an interface automaton can be transformed equivalently to an
I/O automaton by adding a special “exception” state. Whenever the automaton
can not accept an input action, it enters the “exception” state. The primary
theorem of this paper states that an interface automaton refines another if and
only if there exists a special kind1 of forward simulation between their corre-
sponding I/O automata. For example, consider the interface automata Comp
in Figure 1(a), which is introduced in [1] originally, and QuickComp in Figure
2(a). Comp describes the behavior of a software component that implements
a message-transmission service, and QuickComp is one of its variants. Their
corresponding I/O automata are presented in Figure 1(b) and Figure 2(b)2 re-
spectively. It can be seen that QuickComp refines Comp while IO(Comp) for-
ward simulates IO(Hid(QuickComp, {once}))2(denoted as QuickComp′). There
is a forward simulation from QuickComp′ to IO(Comp) that relates i with i′

for i ∈ {0 . . . 6} and relates Err with all states of QuickComp′. The key idea
comes from the observation that after introducing the “exception” states, the
contravariant requirement on input and output actions of interface automata
can be converted to a covariant requirement on those of I/O automata if we
require that the “exception” state of the implementation automaton can only be
simulated by the “exception” state of the specification automaton.

1 See Theorem 1.
2 A “hiding” operation has been made to QuickComp (See Theorem 1).
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Fig. 1. Interface and I/O automata of Comp

Therefore, the essential relation between interface automata and I/O au-
tomata suggests that these two formalisms can work together nicely in a unified
framework for component-based software development. In addition, by bridging
refinement of interface automata to forward simulation of I/O automata, we may
reuse the fruitful I/O automata tools for refinement checking between interface
automata.

1.2 Related Works

The related works can be divided into three categories: I/O automata related,
interface automata related, and the connections related between them.

There are a lot of works on I/O automata. We just mention those about
forward simulation and tool supports. IOA Toolkit [10] is developed by the IOA
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Fig. 2. Interface and I/O automata of QuickComp

project at MIT, and it includes analysis tools such as the simulator and interfaces
to theorem-proving tools. Bogdanov [11] provides a way to verify simulations
between I/O automata by transforming IOA specifications to LSL [12] and then
using Larch Prover(LP). Müller [13] introduces a verification framework for I/O
automata in Isabelle.

Interface automata is introduced by Alfaro and Henzinger in [1]. In [3, 4], it is
extended to describe more complicated behaviors of software module interfaces.
In [5], it is used to extend the concept of type systems in programming languages
to capture the dynamic interaction in component-based design. And in [6], Alfaro
and Henzinger further extend the idea of interface automata to general cases and
bring forward the classification of component models and interface models.
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The closest work to ours is done by [2], which makes use of interface automata
for the analysis of dataflow process networks. It introduced the notation of input-
universal RTS of an interface automaton, which is similar to our definition of
the corresponding I/O automaton of an interface automaton. However, their aim
of introducing the new notation is to check the refinement relation between a
special kind of interface automaton and a discrete-event component(DEC), not
to bridge interface automata and I/O automata on refinements. Furthermore, in
the domain of compositional reachability analysis(CRA), similar techniques are
used. In [14], to check subsystem safety properties in CRA framework, the state
machine model is augmented with a special state π to model the possible vio-
lation of safety properties. And in their definition of weak semantic equivalence
between processes, state π can only be simulated by itself, which is similar to the
relation between exception states that appears in Theorem 1. Similar techniques
are also used in [15] and [16] to control the state explosion problem by interface
specification.

1.3 Paper Outline

The rest of the paper is organized as follows. After Section 2 gives some concepts
of interface automata and I/O automata, Section 3 introduces the transforma-
tion from interface automata to I/O automata. Then, Section 4 establishes the
relation between the refinement of interface automata and the forward simula-
tion of their corresponding I/O automata. The conclusion is summarized finally.

2 Preliminary

The actions of an automaton can be partitioned to describe the interface between
the automaton and its environment. This interface is referred to as the action
signature [7] of the automaton.

Definition 1 (Action Signature). An action signature is a structure

S =< in(S), out(S), int(S) >

where

– in(S) is an action set of input actions,
– out(S) is an action set of output actions,
– int(S) is an action set of internal actions.

It is required that in(S), out(S) and int(S) are disjoint with each other.

The input actions and output actions are called external actions uniformly
(ext(S) = in(S) ∪ out(S)) while output actions and internal actions are called
locally-controlled actions (local(S) = out(S) ∪ int(S)). All actions, as a whole,
is denoted by act(S) = in(S) ∪ out(S) ∪ int(S).

I/O automata has been introduced as a formalism for modelling concurrent
and distributed discrete event systems.
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Definition 2 (I/O Automata). An input/output automaton (I/O automa-
ton) is a structure

A =< sig(A), states(A), starts(A), steps(A), part(A) >

where
– sig(A) is the action signature of A.
– states(A) is a set of states.
– starts(A) ⊆ states(A). It is a nonempty set of start states.
– steps(A) ⊆ states(A)×act(sig(A))×states(A). It gives a transition relation

with the property that for every state s and an input action π there is a
transition (s, π, s′) in steps(A).

– part(A) is an equivalence relation partitioning the set local(sig(A)) into at
most a countable number of equivalence classes.

The element part(A) is used for modelling fairness conditions. In this paper,
the fairness conditions are treated trivially and part(A) will be omitted in the
remainder of the paper.

Interface automata has been presented as a light-weight formalism for mod-
elling the interface behavior of software components.

Definition 3 (Interface Automata). An interface automaton is a structure

A =< sig(A), states(A), starts(A), steps(A) >

where

– sig(A) is the action signature of A.
– states(A) is a set of states.
– starts(A) ⊆ states(A). It contains at most one state. If starts(A) = ∅, then

A is called empty.
– steps(A) ⊆ states(A)×act(sig(A))×states(A). It gives a transition relation

which is a set of steps.

For an I/O automaton or interface automaton A, act(sig(A)), in(sig(A)),
out(sig(A)), int(sig(A)), local(sig(A)) and ext(sig(A)) are denoted as act(A),
in(A), out(A), int(A), local(A) and ext(A) respectively.

For an I/O automaton or interface automaton A, two states s1, s2 ∈ states(A),
two actions a ∈ act(A), ax ∈ ext(A), and two finite action sequences α =
a1a2 · · · an ∈ (act(A))n and β = b1b2 · · · bn ∈ (ext(A))n, we define operator â
and several relations as follows.
– â = ε if a ∈ int(A) and â = a otherwise. α̂ = â1â2 · · · ân.
– s1

a−→A s2 iff (s1, a, s2) ∈ steps(A).
– s1

τ−→A s2 iff s1
b−→A s2 for some b ∈ int(A).

– s1
α−→A s2 iff s1

a1−→A
a2−→A · · · an−→A s2. Especially, s1

ε−→A s1.
– s1

ε=⇒A s2 iff s1(
τ−→A)∗s2.

– s1
ax=⇒A s2 iff s1

ε=⇒A
ax−→A

ε=⇒A s2.
– s1

β
=⇒A s2 iff s1

b1=⇒A
b2=⇒A · · · bn=⇒A s2.

where ∗ is reflexive and transitive closure and juxtaposition is a composition of
relations. We omit the subscript A when it is clear from the context.
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3 From Interface Automata to I/O Automata

An interface automaton can be transformed equivalently and straightforwardly
to an I/O automaton by adding a special “exception” state to the state set.
Specifically, we require that the “exception” state has a self transition that can
be triggered by all external actions.

Definition 4 (From Interface Automata to I/O Automata). Given an
interface automaton A, the corresponding I/O automaton IO(A) is defined as
follows.

– sig(IO(A)) = sig(A).
– states(IO(A)) = states(A) ∪ {ErrA}, where ErrA is a new state, called the

exception state of IO(A).
– starts(IO(A)) = starts(A).
– steps(IO(A)) is composed of all the steps (s, a, s′) such that

• s = s′ = ErrA and a ∈ ext(A), or
• (s, a, s′) ∈ steps(A), or
• s ∈ states(A), a ∈ in(A), s′ = ErrA and for any s′′ ∈ states(A),

(s, a, s′′) /∈ steps(A).

We illustrate the notion by applying them to the examples introduced in [1],
whose figure style is followed as well. In Figures 1 and 2, multiple occurrences of
the exception state are allowed for the clarity of graphs. Moreover, the transitions
with the same source and sink states are merged.

Example 1. Figure 1(a) gives the interface automaton Comp. Its corresponding
I/O automaton IO(Comp) is given in Figure 1(b), where the exception state Err
is circled in a thicker line. One may find that at every state of the interface au-
tomaton Comp only those transitions triggered by valid input actions are drawn,
while at every state of the I/O automaton IO(Comp) all actions are allowed and
every unexpected input action triggers a transition to the exception state Err,
which means the occurrence of an exception. Obviously, both automata have
described the same behavior.

4 Bridging Refinement of Interface Automata to
Forward Simulation of I/O Automata

In this section, it will be shown that the refinement problem of interface au-
tomata can be transformed equivalently to the forward simulation problem of
I/O automata.

Firstly we introduce the notion of hiding of interface automata on input
actions. Some input actions of an interface automaton can be hidden by the
“hiding” operation, which describes the composition with the environment that
never outputs those actions.
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Definition 5 (Hiding of Interface Automata on Input Actions). Given
an interface automaton P and an action set X ⊆ in(P ), the hiding of P on input
actions X, denoted as Hid(P, X), is the interface automaton P ‖ Env(X), where
Env(X) is the interface automaton that never outputs any actions in X, and is
defined as follows.

– in(Env(X)) = int(Env(X)) = ∅, out(Env(X)) = X.
– states(Env(X)) = starts(Env(X)) = {Idle}, where Idle is a state.
– steps(Env(X)) = ∅.

The lemma below shows that the “irrelevant” input actions can be hidden
without affecting the refinement relation between interface automata. Its proof
can be done straightforwardly according to the definitions.

Lemma 1. Given two interface automata P and Q, let action set X = in(Q)−
in(P ). Q refines P iff Hid(Q, X) refines P .

Now, we can express clearly the connection between interface automata and
I/O automata on refinements. The key point of the following theorem lies in
the requirement that the exception state ErrQ′ can only be simulated by the
exception state ErrP .

Theorem 1. Consider two nonempty interface automata P and Q such that
in(P ) ⊆ in(Q) and out(P ) ⊇ out(Q). Let X = in(Q) − in(P ) and Q′ =
Hid(Q, X). Then the following two propositions are equivalent:

1. Q refines P .
2. There exists a forward simulation 
 from IO(Q′) to IO(P ) such that

{v|(v, ErrQ′) ∈ 
} = {ErrP }.3

The proof is done by introducing a new refinement notion of I/O automata,
similarly to that of interface automata. Then the new refinement can act as a
medium between the refinement of interface automata and the forward simula-
tion of I/O automata. Lemma 4 is the key point, where the relation between the
alternating simulation of interface automata and the simulation (NOT alternat-
ing) of I/O automata is established.

First, we define the new notions of simulation and refinement of I/O automata
in a similar way to those of interface automata.

Similar to the definitions in [1], the notions, ε-closure (ε−closureP ), externally
enabled output (ExtEnO

P ), externally enabled input (ExtEnI
P ) and external des-

tination (ExtDestP ), can be defined on an I/O automaton P , where the notable
difference is that I/O automata are input-enabled : for every I/O automaton P
and every state v ∈ states(P ), ExtEnI

P (v) = in(P ).

3 Here, for the consistency of styles, we make a trivial adjustment to the definition
of forward simulation in [9]: we require � ⊆ states(P ) × states(Q) instead of � ⊆
states(Q)×states(P ) and have corresponding modification to the other parts of the
definition without changing the semantics of forward simulation.
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Definition 6 (Simulation Between I/O Automata). Consider two I/O au-
tomata P and Q. A binary relation 
 ⊆ states(P ) × states(Q) is a simulation
from Q to P if for all states v ∈ states(P ) and u ∈ states(Q) such that v 
 u,
the following conditions hold:

– (in(Q) ∪ ExtEnO
Q(u)) ⊆ (in(P ) ∪ ExtEnO

P (v)).
– For all actions a ∈ in(Q) ∪ ExtEnO

Q(u) and all states u′ ∈ ExtDestQ(u, a),
there is a state v′ ∈ ExtDestP (v, a) such that v′ 
 u′.

Definition 7 (Refinement Between I/O Automata). An I/O automaton
Q refines an I/O automaton P , written P 
 Q, if there is a simulation 
 from
Q to P such that for every state u ∈ starts(Q) there is a state v ∈ starts(P )
such that v 
 u. Such a simulation is also called a refinement from Q to P .

This definition of refinement of I/O automata is consistent with the definition
of forward simulation in [9]. Both of the approaches describe the simulation
relation between I/O automata on external behaviors. The difference lies in the
way that they handle internal transition steps. In the “refinement” approach,
a macro-step of the concrete automaton is simulated by a macro-step of the
abstract automaton, while in the “forward simulation” approach, a micro-step of
the concrete automaton is simulated by a macro-step of the abstract automaton.
The lemma below makes precise the relationship between them.

Lemma 2. Given two I/O automata P and Q, there exists a refinement from
Q to P iff there exists a forward simulation from Q to P .

Proof. First, we prove the forward direction. Suppose that 
 is a refinement
from Q to P . A forward simulation 
F from Q to P can be constructed as
follows. 
F is the minimal set satisfying the following two conditions.

– 
 ⊆ 
F .
– If (v, u) ∈ 
F and u′ ∈ ε−closureQ(u), then (v, u′) ∈ 
F .

We will prove that 
F constructed above is indeed a forward simulation from
Q to P . Before going into the details of the proof, let us recall the definition of
forward simulation in [9]. A forward simulation from I/O automata B to A is a
relation f from states(A)4 to states(B) that satisfies:

1. If u ∈ starts(B) then there exists a state v ∈ starts(A) such that (v, u) ∈ f .
2. If u′ a−→B u and (v′, u′) ∈ f , then there exists a state v such that (v, u) ∈ f

and v′ â=⇒A v.

Since 
 ⊆ 
F , the proof of the first condition of forward simulation is imme-
diate from the definition of refinement of I/O automata. Now, we consider the
second condition. Suppose u′ a−→Q u (i.e. (u′, a, u) ∈ steps(Q)) and (v′, u′) ∈
F .

Thus u′ â=⇒Q u. By the construction procedure of 
F , we know there are only
two cases:

4 See Footnote 3.
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1. (v′, u′) ∈ 
. In this case, we distinguish two subcases further.
– If a ∈ int(Q), then u ∈ ε− closureQ(u′). Since (v′, u′) ∈ 
, by the

construction procedure of 
F we know (v′, u) ∈ 
F . Obviously, v′ ε=⇒P

v′. Let v = v′, and we know (v, u) ∈ 
F . So the second condition of
forward simulation is satisfied.

– If a ∈ ext(Q), then it can be known that a ∈ in(Q) ∪ ExtEnO
Q(u′)

and u ∈ ExtDestQ(u′, a) since u′ â=⇒Q u. Because (v′, u′) ∈ 
, by the
definition of 
 there exists some state v′′ ∈ ExtDestP (v′, a) such that
(v′′, u) ∈ 
. Since 
 ⊆ 
F , (v′′, u) ∈ 
F holds. So the second condition
is also satisfied if letting v = v′′.

2. There exists some u′′ such that u′ ∈ ε−closureQ(u′′) and (v′, u′′) ∈ 
. Thus,

we have u′′ â=⇒Q u. Similar to the first case, it can be proved that the second
condition holds.

Therefore the second condition holds.
Next, we prove the opposite direction. If 
F is a forward simulation from

Q to P , then it can be shown directly that 
F is also a refinement from Q to
P . ��

Hence we have introduced an alternative way to define the forward simulation
between I/O automata. Furthermore, by the proof procedure above, the following
lemma can be proven easily.

Lemma 3. Given two interface automata P and Q, the following two proposi-
tions are equivalent:

1. There exists a refinement 
 from IO(Q) to IO(P ) such that
{v|(v, ErrQ) ∈ 
} = {ErrP }

2. There exists a forward simulation 
′ from IO(Q) to IO(P ) such that
{v|(v, ErrQ) ∈ 
′} = {ErrP }.
The next lemma shows the connection between interface automata and I/O

automata on the refinement relations. Especially, it shows the relation between
the alternating simulation of interface automata and the simulation of I/O au-
tomata. It is the key lemma for the proof of Theorem 1.

Lemma 4. Given two nonempty interface automata P and Q such that in(P ) =
in(Q) and out(P ) ⊇ out(Q), the following two propositions are equivalent:

1. Q refines P .
2. There exists a refinement 
 from IO(Q) to IO(P ) such that

{v|(v, ErrQ) ∈ 
} = {ErrP }.
Proof. First, we deduce the proposition (2) from (1). Suppose Q refines P . Then
there must exist an alternating simulation 
A from Q to P such that for every
state u ∈ starts(Q) there exists a state v ∈ starts(P ) that satisfies v 
A u.5 Let

5 This condition is equivalent with the condition (2) of the definition of refinements [1]
between interface automata on the premise that P and Q are nonempty.
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 = 
A ∪ ({ErrP } × states(IO(Q))). Obviously, {v|(v, ErrQ) ∈ 
} = {ErrP }.
So it is sufficient to prove that 
 is a refinement from IO(Q) to IO(P ). We prove
it according to the definition of refinement of I/O automata in the following
steps.

1. Because the start-state set of IO(Q) (resp. IO(P )) is equal to the one of Q
(resp. P ), thus for every start state u of IO(Q) there must exist a start state
v of IO(P ) such that (v, u) ∈ 
A (so ∈ 
). So it remains to prove that 
 is
a simulation from IO(Q) (denoted as Q′) to IO(P ) (denoted as P ′).

2. For all states v ∈ states(P ′) and u ∈ states(Q′) such that v 
 u, and for all
actions a ∈ in(Q′)∪ExtEnO

Q′(u) and all states u′ ∈ ExtDestQ′(u, a), we will
show that (in(Q′) ∪ ExtEnO

Q′(u)) ⊆ (in(P ′) ∪ ExtEnO
P ′(v)) and there is a

state v′ ∈ ExtDestP ′(v, a) such that v′ 
 u′. By the premise, in(Q) = in(P ).
So in(Q′) = in(P ′). Since 
A is an alternating simulation from Q to P ,
we have ExtEnI

P (v) ⊆ ExtEnI
Q(u) and ExtEnO

Q(u) ⊆ ExtEnO
P (v). By the

definition, it can be seen that ExtEnO
Q′(u) = ExtEnO

Q(u) and ExtEnO
P ′(v) =

ExtEnO
P (v). Thus ExtEnO

Q′(u) ⊆ ExtEnO
P ′(v). So (in(Q′)∪ExtEnO

Q′(u)) ⊆
(in(P ′) ∪ ExtEnO

P ′(v)) holds. It remains to show that there is a state v′ ∈
ExtDestP ′(v, a) such that v′ 
 u′. We distinguish four cases according to a
and (v, u).
– If (v, u) ∈
A ∧ a ∈ ExtEnO

Q′(u), then u′ must be unequal to ErrQ. And
so u′ ∈ ExtDestQ(u, a). and by the definition of alternating simulation
there must exist a state v′ ∈ ExtDestP (v, a) (so ∈ ExtDestP ′(v, a))
such that v′ 
A u′ (so v′ 
 u′).

– If (v, u) ∈ 
A ∧ a ∈ in(Q′) ∧ a ∈ ExtEnI
P (v), then we know a ∈

ExtEnI
Q(u) and u′ �= ErrQ. Similar to the previous case, it can be

proved that there exists a state v′ ∈ ExtDestP ′(v, a) such that v′ 
 u′.
– If (v, u) ∈ 
A ∧ a ∈ in(Q′) ∧ a /∈ ExtEnI

P (v), then there exists a state
v′ ∈ ε−closureP (v) such that (v′, a, ErrP ) ∈ steps(P ′). Thus ErrP ∈
ExtDestP ′(v, a). Since {ErrP } × states(Q′) ⊆ 
, we have ErrP 
 u′.
Thus ErrP is the appropriate state.

– If (v, u) /∈ 
A, then v = ErrP . Since (ErrP , a, ErrP ) ∈ steps(P ′), we
know ErrP ∈ ExtDestP ′(v, a). Furthermore, we have ErrP 
 u′. Thus
ErrP is the appropriate state.

3. Thus, 
 is a simulation from Q′ to P ′. The forward direction is proved.

Next, we will prove the opposite direction. Suppose there exists a refinement

 from Q′ to P ′ such that {v|(v, ErrQ) ∈ 
} = {ErrP }. Then by the definition
of refinement of I/O automata, the following two propositions hold.

1. 
 is a simulation from Q′ to P ′.
2. For every state u ∈ starts(Q′) there is a state v ∈ starts(P ′) such that

v 
 u.

By the premise of the lemma, we have in(P ) ⊆ in(Q) and out(P ) ⊇ out(Q).
So it remains to prove that there is an alternating simulation 
A from Q to P
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such that for every start state u of Q there is a start state v of P satisfying
(v, u) ∈ 
A.6

Let 
A = 
 \ {(ErrP , u) | u ∈ states(Q′)}. In the following, we will show
that the relation 
A constructed above is the appropriate one.

Since starts(P ′) = starts(P ) and starts(Q′) = starts(Q), by the clause (2)
above we know that for every start state u of Q there is a start state v of P such
that v 
 u. And since ErrP /∈ starts(P ′), v 
A u holds. So it is sufficient to
prove that 
A is an alternating simulation from Q to P . We prove it according
to the definition of alternating simulation.

For all states v ∈ states(P ) and u ∈ states(Q) such that (v, u) ∈ 
A, the
following holds.

1. Since 
 is a simulation from Q′ to P ′, we have (in(Q′) ∪ ExtEnO
Q′(u)) ⊆

(in(P ′) ∪ ExtEnO
P ′(v)). By the premise of the lemma, we know in(P ) =

in(Q). Thus in(P ′) = in(Q′) and ExtEnO
Q′(u) ⊆ ExtEnO

P ′(v). Moreover,
we know ExtEnO

Q′(v) = ExtEnO
Q(v) and ExtEnO

P ′(u) = ExtEnO
P (u). So we

have ExtEnO
Q(u) ⊆ ExtEnO

P (v).
2. We will show that ExtEnI

P (v) ⊆ ExtEnI
Q(u). Assume to the contrary that

there is an action a′ that satisfies a′ ∈ ExtEnI
P (v) ∧ a′ /∈ ExtEnI

Q(u). So
for all states v′′ ∈ ε−closureP (v), (v′′, a′, ErrP ) /∈ steps(P ′) holds. And
there must exist a state u′′ ∈ ε− closureQ(u) such that (u′′, a′, ErrQ) ∈
steps(Q′). Thus ErrP /∈ ExtDestP ′(v, a′) and ErrQ ∈ ExtDestQ′(u, a′).
So there does not exist a state v′ ∈ ExtDestP ′(v, a′) such that v′ 
 ErrQ

because v′ 
 ErrQ only if v′ = ErrP . However, as we have showed, ErrQ ∈
ExtDestQ′(u, a′) and v 
 u hold. It is contradictive with the assumption
that 
 is a simulation from Q′ to P ′. So ExtEnI

P (v) ⊆ ExtEnI
Q(u) holds.

3. For all actions a ∈ ExtEnI
P (v) ∪ ExtEnO

Q(u) and all states u′ ∈
ExtDestQ(u, a), we will show that there is a state v′ ∈ ExtDestP (v, a)
such that v′ 
A u′. From the construction algorithm of IO(Q), we know
ExtEnO

Q′(v) = ExtEnO
Q(v) and ExtDestQ(u, a) ⊆ ExtDestQ′(u, a).

Thus a ∈ in(P ) ∪ ExtEnO
Q′(u), i.e. a ∈ in(Q′) ∪ ExtEnO

Q′(u), and u′ ∈
ExtDestQ′(u, a). Moreover, because v 
A u and 
A ⊆ 
, we have v 
 u.
Since 
 is a simulation from Q′ to P ′ and v 
 u, there must exist a state
v′′ ∈ ExtDestP ′(v, a) such that v′′ 
 u′. So it is sufficient to prove that
v′′ ∈ ExtDestP (v, a) and v′′ 
A u′. We distinguish two cases.
– If a ∈ ExtEnO

Q(u), then a ∈ ExtEnO
P (u) since ExtEnO

Q(u) ⊆ ExtEnO
P (v).

Thus a ∈ ExtEnO
P ′(u). Moreover, as we know, v′′ ∈ ExtDestP ′(v, a),

v ∈ states(P ) and so v �= ErrP . Thus it is obvious that v′′ �= ErrP . Be-
cause all the transitions that are added to P when constructing IO(P )
have ErrP as their target states, we have v′′ ∈ ExtDestP (v, a). Fur-
thermore, since all the state-pairs removed from 
 when constructing

A are of the form (ErrP , . . .), and v′′ is unequal to ErrP , we know
(v′′, u′) ∈ 
A, i.e. v′′ 
A u′.

6 See Footnote 5.
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– If a ∈ ExtEnI
P (v), then for all states w ∈ ε−closureP (v, a) there is a

state w′ ∈ states(P ) such that (w, a, w′) ∈ steps(P ). By the construction
algorithm of IO(P ) we can see that ErrP /∈ ExtDestP ′(v, a). Thus v′′ �=
ErrP . Similar to the deduction steps in the previous case, we can prove
v′′ ∈ ExtDestP (v, a) and v′′ 
A u′.

By the above, 
A is an alternating simulation from Q to P . The opposite
direction is also proved. ��

Now, we can prove Theorem 1 by synthesizing Lemma 1, Lemma 3 and
Lemma 4.

Proof. By Lemma 1 we have that Q refines P iff Q′ refines P . By the premise, we
know in(P ) ⊆ in(Q) and out(P ) ⊇ out(Q). Thus in(P ) = in(Q′) and out(P ) ⊇
out(Q′). By Lemma 4 we know that Q′ refines P iff there exists a refinement

 from IO(Q′) to IO(P ) such that {v|(v, ErrQ′) ∈ 
} = {ErrP }. Moreover, by
Lemma 3 we know that the latter is further equivalent to that there exists a
forward simulation 
′ from IO(Q′) to IO(P ) such that {v|(v, ErrQ′) ∈ 
′} =
{ErrP }. Summing the results up, we know that Q refines P iff there exists a
forward simulation 
 from IO(Q′) to IO(P ) such that {v|(v, ErrQ′) ∈ 
} =
{ErrP }. ��
Example 2. Recall the example presented in Section 1. It can be seen that there
exists an alternating simulation from QuickComp to Comp that relates i with i′

for i ∈ {0 . . . 6}. Moreover, as we have shown, there exists a forward simulation
from IO(Hid(QuickComp, {once})) to IO(Comp).

From Theorem 1, it can be concluded that the refinement problem of interface
automata can be equivalently transformed to the forward simulation problem of
I/O automata, which has been studied extensively [9, 11, 17]. This enables us
to reuse the theory and tool supports of I/O automata to solve the refinement
problem of interface automata. For example, in [11], a proof method of forward
simulation of I/O automata is provided based on a transformation from IOA
[18] language to LSL. And then, Larch Prover(LP) is used to formally verify the
forward simulation relation. Thus by Theorem 1, this method can also be used
to verify refinements of interface automata.

5 Conclusion

The essential relation between interface automata and I/O automata has been
investigated in the paper. We have shown that the refinement problem of in-
terface automata can be equivalently transformed to the forward simulation
problem of I/O automata. So the theory of interface automata and I/O au-
tomata can work together nicely in a unified framework for formal development
of component-based systems, such as web services. In [6], Alfaro and Henzinger
classify component-based models into component models and interface models,
where I/O automaton is considered as a component model while interface au-
tomaton is considered as an interface model. So by the result of this paper, in
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a sense, not only a connection between I/O automata and interface automata
on refinements is established, but also a connection between component models
and interface models.
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Abstract. We present a novel approach for verifying safety properties
of finite state machines communicating over unbounded FIFO channels
that is based on applying machine learning techniques. We assume that
we are given a model of the system and learn the set of reachable states
from a sample set of executions of the system, instead of attempting
to iteratively compute the reachable states. The learnt set of reachable
states is then used to either prove that the system is safe or to produce a
valid execution of the system leading to an unsafe state (i.e. a counterex-
ample). We have implemented this method for verifying FIFO automata
in a tool called Lever that uses a regular language learning algorithm
called RPNI. We apply our tool to a few case studies and report our ex-
perience with this method. We also demonstrate how this method can be
generalized and applied to the verification of other infinite state systems.

1 Introduction

Software systems are often abstracted as infinite state systems at the design and
modeling stage. A popular model for a variety of such systems comprises of finite
state machines communicating over unbounded FIFO (first in first out) channels
(FIFO automata). Examples of such abstraction include: networking protocols
where unbounded buffers are assumed, languages like Estelle and SDL (Speci-
fication and Description Language) in which processes have infinite queue size,
distributed systems and various actor systems. A generic task in the automated
verification of safety properties of any system is to compute a representation
for the set of reachable states. For finite state systems, this is typically accom-
plished by doing an exhaustive exploration of the state-space. However, for FIFO
automata (and most other infinite state systems) exhaustive exploration of the
state space is impossible; and in fact the verification problem in general can
shown to be undecidable.

We develop a novel machine learning based procedure for verifying safety
properties of FIFO automata. We assume that the reachable states of the system
is a regular set (or is contained in a regular set) which is a fixpoint with respect
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to the transition relation of the system. Instead of trying to compute the set
of reachable states iteratively, we learn the set of reachable states from sample
runs of the system being verified. If the set of reachable states turns out to be
closed (fixpoint) under the transition relation of the system and does not contain
any unsafe state, we deem the system to be correct. On the other hand, unsafe
states in the learned reachable set are used to obtain executions that might lead
to the unsafe state (i.e. a counterexample). The counterexample may or may not
represent valid executions of the system because we may over-generalize while
learning. If the counterexample turns out to be valid then we have discovered
a bug in our system. On the other hand, if the counterexample is invalid, then
we use it to refine the learnt set of reachable states. We repeat the process until
we have either proved the system to be correct or discovered a buggy execution.
Figure 1 shows the overall framework of the learning to verify procedure.

Obtain system
traces

RPNI (learning)

witnesses/
reachable set

ValidFixpoint test

counterexampleno counterexampleno

more traces
(+ve and -ve
examples)

more negative
examples

no

yes yes

property holds fails property

Fig. 1. Learning to verify procedure

Similar to regular model checking [1], we represent states of the system by
strings and expect the set of reachable states of practical systems to be struc-
tured and representable as regular languages. We then use a modified version
of the algorithm RPNI [2, 3], that learns regular languages, to identify the set
of reachable states. We show that the algorithm that we present is a complete
verification method for systems with regular reachable sets1; in other words, for

1 Actually, we require the reachable states along with witness executions to form a
regular language; for a precise condition see Section 4.
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such systems we will eventually either find a buggy execution that violates the
safety property, or will successfully prove that no unsafe state is reachable. We
have implemented our algorithm in Java, and demonstrated the feasibility of
this method by running the implementation on simple examples and network
protocols such as the alternating-bit protocol and the sliding window protocol.
Our approach is complementary to previous methods for algorithmic verification
that have been proposed, and we present examples of FIFO automata that our
method successfully verifies but on which other approaches fail (see Section 7 on
related work). We also give the requirements under which classes of infinite state
systems other than FIFO automata can be verified using the learning approach.

The rest of the paper is organized as follows. We first (Section 2) introduce
the learning framework and recall the definition of FIFO automata. In Section 3,
we describe the verification procedure for FIFO automata. Then, (in Section 4)
we give the proof of soundness of the method and completeness under certain
conditions. In Section 5, we generalize from FIFO automata to give a learning
based paradigm for verification of infinite state systems. Finally, in Section 6,
we give details of our Java implementation with experimental results, and con-
clude with overall lessons learnt and directions for future research (Section 8).
Relationship of our work to previous research on the algorithmic verification of
infinite state systems in general, and FIFO automata in particular, is deferred to
Section 7. Proofs and detailed description of the examples analyzed are available
in the full version of the paper [4].

This paper assumes that the reader is familiar with finite automata theory,
in particular, regular languages, deterministic finite automata and rational sets.
Some textbooks covering these topics are [5, 6].

2 Preliminaries

In this section, we describe machine learning framework that we use and recall
the definition of FIFO automata.

2.1 Learning Framework

A learning algorithm is usually set in a framework which describes the types of
input data and queries available to the learner. The framework sometimes in-
cludes a knowledgeable teacher (student-teacher framework [7]) which provides
answers to membership queries (whether a given example belongs to a given
concept) and equivalence queries (whether a given hypothesis matches the con-
cept). However, in practice, such a teacher may not be available. Therefore, a
more general framework for learning assumes that the learner is simply given
examples included in the target concept (positive examples) and examples not
included in the target concept (negative examples). One such framework called
language identification in the limit was introduced by Gold [8] for inference of
infinitary languages. In Gold’s framework, the learner is given successively larger
sequences of positive and negative examples. If the learner is able to converge on
the target language after being given a sufficiently large sample of positive and
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negative examples, it is said to identify the language in the limit. The sample
that is needed to guarantee this identification is said to be characteristic.

In our setting, we do not have access to a teacher which can answer
equivalence queries. Therefore, we restrict ourselves to Gold’s framework of iden-
tification in the limit. Moreover, in this paper we focus on learning of regular lan-
guages; based on the experience of regular model checking [1], regular languages
are often sufficient to capture the behavior of an interesting class of infinite state
systems. A well-known algorithm for the inference of regular languages in Gold’s
framework is RPNI (regular positive and negative inference) [2, 3]. In this algo-
rithm, the target concept to be learned is a deterministic finite automata (DFA)
which accepts a regular language. The input consists of a set of positive samples
S+ accepted by the target DFA and a set of negative samples S− rejected by the
target DFA. We use a modified version of the RPNI algorithm which is described
in more detail later.

2.2 FIFO Automata

A FIFO automaton [9] is a 6-tuple (Q, q0, C,M,Θ, δ) where Q is a finite set of
control states, q0 ∈ Q is the initial control state, C is a finite set of channel
names, M is a finite alphabet for contents of a channel, Θ is a finite set of
transitions names, and δ : Θ → Q × ((C × {?, !} × M) ∪ {τ}) × Q is a function
that assigns a control transition to each transition name. For a transition name θ,
if the associated control transition δ(θ) is of the form (q, c?m, q′) then it denotes
a receive action, if it is of the form (q, c!m, q′) it denotes a send action, and if
it is of the form (q, τ, q′) then it denotes an internal action. The channels are
considered to be perfect and messages sent by a sender are received in the order
in which they were sent. The formal operational semantics, given by a labelled
transition systems, is defined below.

A FIFO automaton F = (Q, q0, C,M,Θ, δ) defines a labelled transition sys-
tem L = (S,Θ,→) where

– The set of states S = Q × (M∗)C ; in other words, each state of the labelled
transition system consists of a control state q and a C-indexed vector of
words w denoting the channel contents.

– If δ(θ) = (q, c?m, q′) then (p,w) θ→ (p′, w′) iff p = q, p′ = q′ and w = w′[c �→
m · w′[c]]

– If δ(θ) = (q, c!m, q′) then (p,w) θ→ (p′, w′) iff p = q, p′ = q′ and w′ = w[c �→
m · w[c]]

– If δ(θ) = (q, τ, q′) then (p,w) θ→ (p′, w′) iff p = q, p′ = q′ and w′ = w.

Here w[i �→s] stand for the C-indexed vector which is identical to w for all
channels except i, where it is s; w[i] denotes the contents of the channel i. We say
(p,w) → (p′, w′) provided there is some θ such that (p,w) θ→ (p′, w′). As usual,
→∗ will denote the reflexive transitive closure of →. For σ = θ1θ2 · · · θn ∈ Θ∗,
we say (p,w) σ→ (p′, w′) when there exist states (p1, w1) . . . (pn−1, wn−1) such
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that (p,w) θ1→ (p1, w1)
θ2→ · · · (pn−1, wn−1)

θn→ (p′, w′). The trace language of the
FIFO automaton is

L(F ) = {σ ∈ Θ∗ | ∃s = (p,w). s0
σ→ s}

where s0 = (q0, (ε, . . . , ε)), i.e., the initial control state with no messages in the
channels.

3 Verification Procedure

We now describe the verification procedure in detail with reference to FIFO
automata.

The central idea in our approach is to learn the set of reachable states instead
of computing it by iteratively applying the transition relation. Once the set of
reachable states is learnt, we can verify if the safety property is violated by
checking if an unsafe state is among the set of reachable states. However, in
order to ensure the soundness of our results, we need a mechanism to check
if the output of the learning algorithm is indeed correct. Observe that if the
set of states learnt is closed under the transition relation then it means that
the learnt set of states contains all the reachable states, and if, in addition,
none of the states in the learnt set are unsafe then we can conclude that the
system satisfies the safety property. On the other hand, if one of the states in
the learnt set is unsafe, then we need a mechanism to check whether the learning
algorithm over-generalized, i.e., added states that are not reachable. One way to
accomplish this is by producing a candidate execution to the unsafe state, and
checking if that execution is indeed a valid execution of the system. Therefore,
instead of learning the set of reachable states directly, we learn a language which
allows us to identify both the reachable states and witnesses to these in terms
of transitions executed by the system.

Let us now consider the language which can allow us to find both reachable
states and their witnesses. The first choice that comes to mind is the language
of the traces, L(F ). Since each trace uniquely determines the final state in the
trace, L(F ) has the information about the states that can be reached. While it
is easy to compute the state s such that s0

σ→ s for a single trace σ, it is not
clear how to obtain the set of states reached, given a set of traces. In fact, even
if L(F ) is regular, there is no known algorithm to compute the corresponding
set of reachable states of the labelled transition system.2 The main difficulty is
that determining if a receive action can be executed depends non-trivially on
the sequence of actions executed before the receive. We overcome this difficulty
by annotating the traces in a way that makes it possible to compute the set of
reachable states.

2 This can sometimes be computed for simple loops using meta-transitions.
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Trace Annotation for FIFO: Consider a set Θ of co-names defined as follows:

Θ = {θ | θ ∈ Θ and δ(θ) �= τ}

In other words, for every send or receive action in our FIFO automaton,

we introduce a new transition name with a “bar”. We say s
θ→ s′ if s

θ→ s′;
executions over sequences in (Θ ∪ Θ)∗ are defined naturally. The intuition of
putting the annotation of a “bar” on some transitions of a trace is to indicate
that the message sent or received as a result of this transition does not play a role
in the channel contents of the final state. In other words, a “barred” transition θ
in an annotated trace of the system denotes either a message sent that will later
be received, or the receipt of a message that was sent earlier in the trace. Thus,
annotated traces of the automaton will be obtained by marking send-receive
pairs in a trace exhibited by the machine. Let A be the function that correctly
annotates an execution to produce a string over Σ = Θ ∪Θ. Observe, that each
execution is annotated uniquely, or to put it formally, A is an injective function.
The annotated trace language of the automaton F is AL(F ) = {A(t) | t ∈ L(F )}
and consists of all strings in (Θ ∪ Θ)∗ that denote correctly annotated traces of
F . For example, consider the FIFO automaton shown in Figure 2(a). Some of
the words in AL(F ) are: θ1, θ1θ1, θ1θ1θ1, θ1θ2, θ1θ2θ1.

q0

θ1(c0!0)

θ2(c0?0)

(a)

q0

q1

q2

θ1(c0!0)

θ2(c0?0)

θ3(c0!0)

θ4

(b)

Fig. 2. Example FIFO automata. θ4 does not change channel contents

Finding Reachable States from Annotated Traces: Since our objective
is to identify the reachable region, we need a way to find the reachable states
corresponding to a set of annotated traces. For a channel c, consider a function
hc : (Θ ∪ Θ) → M∗ defined as follows:

hc(t) =
{

m if t ∈ Θ and δ(t) = c!m
ε otherwise

Let hc also denote the unique homomorphism from (Θ ∪ Θ)∗ to M∗ that
extends the above function. Given an annotated trace ρ, the contents of channel
c in the final state are clearly given by hc(ρ).

FIFO Automata with One Channel: Let F = (Q, q0, {c0},M,Θ, δ) be a single
channel FIFO automaton, with c0 being the only channel. As usual s0 = (q0, ε)
will denote the starting state of F . Given a set of annotated traces L, let Lq ⊆ L
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be the set of annotated traces in L whose last transition ends in control state q.
Now the set of states reached (by traces in L) is given by

R(L) = {(q,m) | q ∈ Q and m ∈ hc0(Lq)}
For a regular set L, then it can be seen that Lq is regular, and R(L) can be

computed by a simple homomorphism, and so R(L) is regular.

Multi-channel FIFO Automata: Consider a FIFO automaton F = (Q, q0, C,M,
Θ, δ) communicating over channels C = {c0, c1, . . . ck}. Now the set of states
reached (by traces in L) is given by

Rm(L) = {(q, (hc0(σ), hc1(σ), . . . , hck
(σ))) |

q ∈ Q and σ ∈ Lq}
As we will see shortly, we need a test for inclusion for the reachable states

corresponding to a set of annotated traces. In this respect, we cannot hope to
work with Rm(L), since as soon as have even two channels, given a regular L,
Rm(L) can be seen to be a rational relation for which inclusion is undecidable [6].
However, if we compute the contents of each channel independently of others,
we can compute an upper approximation of Rm(L) as follows:

R(L) =
⋃

q∈Q

{q} × hc0(Lq) × hc1(Lq) · · ·hck (Lq)

It can be easily seen that R(L) is a regular language if L is regular. In gen-
eral, Rm(L) ⊆ R(L), however for many FIFO systems encountered in prac-
tice (most network protocols like Alternating Bit Protocol, Sliding Window
Protocol), this gives the exact reachable region when applied to AL(F ), i.e.
Rm(AL(F )) = R(AL(F )). We show later that this is sufficient for the applica-
bility of our learning approach.

Recovering a Witness from an Unsafe State: If the reachable states cor-
responding to a learned set of annotated traces have a nonempty intersection
with the set of “unsafe” states (which violate the safety property), we would like
to extract a sequence of transitions of the system which witnesses the reacha-
bility of some unsafe state. The motivation is that such a sequence can then be
used as a counterexample demonstrating the violation of the safety property or
a negative example for the learning algorithm.

We assume that for each control state q, we are given the unsafe chan-
nel contents as a product of regular languages U(q, c0), U(q, c1), . . . , U(q, cn)
corresponding to channels 0 . . . n, i.e., the unsafe states are given by Su =⋃

q∈Q{(q, u0, u1, . . . , un) | ui ∈ U(q, ci)}. Given a regular set of annotated traces,
L, recall that Lq ⊆ L represents the set of annotated traces in L whose last tran-
sition ends in control state q. For each control state q, for each channel i, we can
find the intersection of hci(Lq) and U(q, ci) and calculate the traces Lqi ∈ Lq

such that hci(Lqi) = hci(Lq)∩U(q, ci). Intuitively, this gives us annotated traces
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which lead to a potential unsafe configuration for channel ci. Now, if the inter-
section

⋂
i∈0...n Lqi is non empty, an annotated trace t in this intersection leads

to an unsafe configuration for each channel and hence an unsafe state in Su. Let
us call W the function which outputs t given L and Su.

From Annotated Trace to System Execution: In order to convert
W(L) ∈ Σ∗ into a sequence of transitions, we need a way to extract the pre-
sumed system execution from a given annotated trace. Essentially, we want a
substitution RevA : Σ �→Θ∗ which “reverses” the annotation A. This can be
done simply by removing the “bars” on the annotated trace. Formally, we can
define RevA(θ) = RevA(θ) = θ for all θ ∈ Θ. Extending RevA to strings in the
usual way, it can be seen that that RevA(A(t)) = t.

algorithm learnToVerify
Input:

F : model of system,
Su : regular set of “unsafe states”

Output: Property valid OR
path to an unsafe state

begin

S−
2b = ∅

(S+, S−
1 , S−

2a) =GetTraces()
while(true)do

L = modifiedRPNI(S+, S−
1 , S−

2a ∪ S−
2b)

if R(L) ∩ Su �= ∅
lc = W(L, Su)
if RevA(lc) valid execution of F

Output RevA(lc); stop
else

S−
2b = S−

2b ∪ lc
else

if R(L) is a fixpoint
Output “Property holds”; stop

else
Tnew = GetTraces()

add Tnew to (S+, S−
1 , S−

2a)
end

algorithm modifiedRPNI

Input: S+ ∈ Σ∗, S−
1 ∈ Θ∗, S−

2 ∈ Σ∗

Output: a regular language L
begin

D ← PTA(S+)
for i = 2 to |D| do

for j = 1 to i − 1 do
if qi, qj not merged with smaller state then

D′ ← merge(D, qi, qj)
D′ ← determinize(D′, qj)
D′′ ← RevA(D′); all states in D′′ made final

if compatible(D′′, S−
1 ) && compatible(D′, S−

2 )
D = D’;exit j-loop

return language defined by D
end

algorithm determinize
Input: A, x; Output: A
begin

for any x
θ→ x1, x

θ→ x2 and x1 �= x2
A ←merge(A, x1, x2)
A ← determinize(A, smaller of x1, x2)

return A
end

Fig. 3. Learning to verify algorithm

Verification Algorithm. We are now ready to formally describe the learn-
ing to verify procedure as shown in Figure 3. We first collect positive and
negative examples of labels in Σ∗ as follows. A set T of sequences of transi-
tions that can be exhibited by the system is obtained by invoking a function
GetTraces. Positive examples, S+ are simply the correct “annotations” which
put bars on the send-receive pairs in the strings in T , i.e. S+ = {A(t) | t ∈ T}.
There are three sets of negative examples. The first set S−

1 = {tθd | t ∈
T and θd is a disabled transition} consists of sequences of transitions extended
by a disabled transition (a transition that cannot be taken at a certain state).
The second set S−

2a = {σ ∈ Σ∗ | ∃t ∈ T such that RevA(σ) = t and σ �= A(t)}
corresponds to “incorrect” annotations. Notice that since A is injective, all an-
notations of a trace t ∈ T other than A(t) cannot be exhibited by the system.
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The third set, S−
2b, is a collection of spurious counterexamples; initially this is

empty.
The positive and negative examples are given to a learning algorithm based

on RPNI. Similar to RPNI, this algorithm first constructs a prefix tree automata
(PTA) from S+. The PTA is simply a collection of the strings in S+ as paths
with common prefixes merged together. Each state in the PTA is associated with
the string generated by following the path to that state from the initial state.
The states are assigned numbers according to the standard ordering3 imposed by
the associated strings. The learning algorithm attempts to generalize from the
positive examples by merging states in the PTA in a specific order: for i going
from 1 to the largest state in the PTA, it attempts to merge qi with all states
less than qi in ascending order. A merge may cause non-determinism which is re-
moved by further merges using the operation determinize which results in a finite
automaton D′. Another finite automaton D′′ is obtained from D′ by applying
the substitution RevA and making all states final. If D′′ is compatible with the
negative set S−

1 (all strings in S−
1 are rejected by D′′) and D′ is compatible with

the negative set S−
2 = S−

2a ∪ S−
2b, the merge is accepted. The learning algorithm

is essentially the same as the traditional RPNI algorithm except for the the use
of the additional kind of negative examples corresponding to S−

1 . For a detailed
explanation of the RPNI algorithm itself, the reader is referred to [2, 3].

Let the output of the modified RPNI algorithm be the regular language
L. If R(L) intersects with the unsafe states Su, then a counterexample lc (=
W(AL(F ), Su)) is obtained. By attempting to simulate the counterexample on
the system, we can check if RevA(l) is executable. If yes, then we have found a
real counterexample and are done, otherwise lc is added to S−

2b. If R(L) does not
intersect with the unsafe states Su, then it is tested for being a fixpoint under
the reachability relation by checking the following condition:

{s0} ∪ {s | ∃s′ ∈ R(L). s′ → s} = R(L)

If it is a fixpoint, we declare that the safety property holds. Otherwise, we get
more traces by invoking the function GetTraces (successive calls to this function
generate new traces) and continue the learning procedure.

4 Correctness of the Verification Procedure

The soundness of the procedure is straightforward. For a learned set of traces L, if
R(L) has an empty intersection with the set of unsafe states, Su, and is a fixpoint
under the transition relation, the safety property holds. Any counterexample is
finite and gives a supposed execution of the system leading to an unsafe state
which can then be automatically checked for validity by simulation of the system.

We can also show completeness (i.e. the procedure terminates with the correct
answer) under the condition that AL(F ) is regular. Then, given a “fair” method
of generating the system traces, in the limit, the learning paradigm will either

3 For Σ = {a, b}, the ordering is ε, a, b, aa, ab, ba, bb, aaa, . . .
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prove that the system satisfies the property or find a valid counterexample. By a
fair method, we mean one which will eventually generate any given finite trace.
There can be many different ways of generating fair traces, one of the simplest
being a breadth first traversal of all traces.

Lemma 1. If AL(F ) is regular, then using any fair strategy for generating
traces, in the limit, given a sufficiently large sample, the learning procedure out-
puts a DFA which generates AL(F ).

Theorem 1. If AL(F ) is regular and R(AL(F )) is the set of all reachable
states, then the learning to verify procedure will eventually either prove that the
system satisfies the property or find a valid counterexample.

The proofs of the lemma and the theorem are available in the full version of
this paper [4]. The running time of the algorithm is dependent on the strategy
for getting the traces. For a simple breadth-first strategy, in the worst case,
the algorithm might need to explore all traces up to a depth D. Here, D is
the length of the longest path starting from the initial state in the minimal
DFA representing AL(F ) (assuming AL(F ) is regular). Thus, the running time
can be exponential in the size of the DFA for AL(F ). However, as discussed
in Section 6, we can use some heuristics to prune down the number of traces
needed. In practice, for a number of FIFO systems, the learning procedure is
able to converge to the correct answer in a fairly small time period which is
comparable to other tools.

Note that the conditions required by Theorem 1 are merely sufficient for
termination of the learning procedure and the verification procedure can be
successfully used for many systems even if AL(F ) is not regular. In fact, an
important observation is that for a number of systems with nonregular AL(F ),
there exists a regular subset L′ ⊆ AL(F ) such that the traces in L′ “cover” all
the reachable states, i.e. R(L′) = R(AL(F )). In other words, every reachable
state in F is witnessed by some trace in L′. For example, the set of annotated
traces corresponding to the automaton in Figure 2(a) is not regular but the
regular language L′ = θ∗1 covers all the reachable states. Note that R(L′) is
not an approximation; we are simply content with finding any regular set of
annotated traces that can cover the reachable states. In Section 6, we analyze
FIFO systems which have a regular AL(F ) as well as systems for which AL(F )
is not regular but a “covering” L′ ⊆ AL(F ) is regular. In all cases, the algorithm
terminates with the correct reachable set.

5 Generalization to Other Infinite State Systems

The verification procedure described for FIFO automata can be easily general-
ized to other infinite state systems. The challenge is to identify the alphabet Σ
which provides the “annotation” and the functions A, RevA, R and W which
are used by the verification procedure. Notice that the procedure does not as-
sume anything else about FIFO automata other than the above functions. The
key properties of Σ needed to make the procedure work are summarized below.
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– There exists an injective function A : L(F ) �→Σ∗ which maps a system
execution to a sequence of labels in Σ. Recall that L(F ) is the language
of traces that can be executed by the system F . Let AL(F ) ∈ Σ∗ be the
language {A(t) | t ∈ L(F )}.

– There exists a substitution RevA : Σ �→Θ∗ which “reverses” the opera-
tion A. Extending RevA to strings in the usual way, it must be true that
RevA(A(t)) = t. In FIFOs, RevA simply removes the “bars”.

– There exists a (computable) function R such that for a set L ∈ Σ∗, R(L)
gives a set of states (supposedly) reached during the execution of the traces
in L. It is required that R(AL(F )) must be the exact reachable region of F .

– There exists a (computable) function W such that for L ∈ Σ∗, and a set
of “unsafe” states Su, if R(L) ∩ Su �= ∅ then W(L, Su) gives a finite trace
lc ∈ L which witnesses the reachability of some state in Su.

It can be easily seen that the proof of correctness of the learning algorithm in
Section 4 generalizes to other systems if Σ satisfies the above properties. Thus,
we can think of this approach as a “paradigm” for the verification of safety
properties of infinite systems.

6 Implementation

We have implemented the verification framework for FIFO automata as part
of the Lever (LEarning to VERify) tool suite available from [10]. The tool is
written in Java and implements the learning to verify procedure shown in Fig-
ure 3. For general automata related decision procedures, we use the Java package
dk.brics.automata available from [11]. Currently, the incremental learning ap-
proach is not implemented in Lever, so if an answer to the verification problem
is not solved in a particular run, we restart the procedure with more positive
samples.

For generating the annotated traces that are used for the positive and neg-
ative examples, we use the following strategy. Starting from the initial state,
we explore the system states (cross product of the control state and channel
contents) in a breadth-first manner. To limit the number of traces generated,
we do not distinguish between FIFO states if they have the same control state
and same channel contents up to a position d from the start of the channel. We
start with d = 1 and keep increasing d if more traces are needed. We have seen
that this heuristic works quite well in practice to generate sufficient traces for
the learning procedure.

We have used Lever to analyze some canonical FIFO automata verification
problems described below.

[Producer Consumer] A simple producer consumer problem with one
FIFO channel. The producer can either be in an “idle” or in a “send” state
in which it transmits either 0 or 1 to the FIFO channel.
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[Data with Parity] A simple data communication protocol in which the
sender sends data and a parity bit for the number of 1’s sent. The receiver
uses the parity bit as a simple check for data integrity.
[Resource Arbitrator] In this example, two senders wish to broadcast
over a shared channel and use a resource manager to arbitrate which one is
allowed to use it at any time.
[Alternating Bit Protocol (ABP)] This consists of a sender and receiver
communicating over a data and an acknowledgment channel. We consider a
non-lossy version of ABP.
[Sliding Window Protocol] This is similar to ABP except that the sender
can keep multiple data messages in flight. We use a window size of 2 and
maximum sequence number also of 2.

“Producer Consumer”, “Alternating bit protocol” and “Sliding window pro-
tocol” are fairly well-known in the FIFO research community, see for exam-
ple [12]. For the other two systems, a detailed description is available in the full
version of this paper [4].

Table 1 shows the results obtained. Here “Samples” is the number of positive
samples generated, T is the running time on a 1594 MHz notebook computer
with 512 MB of RAM using Java virtual machine version 1.4.1 from Sun Mi-
crosystems. In all cases, Lever terminates with the correct reachable region.
We also report the time taken (Trmc) by the regular model checking tool [13] on
the same examples. Although a complete comparative analysis with all available
tools remains to be done, it can be seen the running time of Lever is compara-
ble to the regular model checking tool and in fact better for all examples except
“Sliding window protocol”.4

Table 1. Samples and running time

Samples T Trmc

Producer Consumer 42 0.4s 3.3s

Data with parity 42 0.5s 12.7s

Resource arbitrator 146 0.7s 33.2

Alternating Bit 1122 4.1s 24.7

Sliding Window 2535 81.2s 78.4

Lever is still in the prototype stage and we see the current version as a
proof of concept of the learning to verify approach. We plan to introduce various
optimizations and features which should enable Lever to handle larger and
more complex examples.

4 The encoding of sliding window protocol in the regular model checking tool is
slightly different; instead of limiting the window size, the size of the queue is
bounded.
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7 Related Work

Verification of Infinite State Systems: For automatic verification of infinite state
FIFO systems, the state space has to be represented by symbolic means. Some
common representations are: regular sets [1, 14], Queue Decision Diagrams [15],
semi-linear regular expressions [9] and constrained QDDs [16]. Since an itera-
tive approach of computing the fixpoint for reachability does not terminate for
most cases, various mechanisms are used for finding the reachable set. We now
discuss some of these techniques and show their relation to our learning
approach.

In the approach using meta-transitions and acceleration [15, 16, 9], a sequence
of transitions, referred to as a meta-transition, is selected and the effect of its
infinite iteration calculated. This is complementary to our learning approach,
since meta-transitions can be also be incorporated into our learning algorithm.
Another popular approach for FIFO, parametric, integer and stack systems is
regular model checking [1, 14]. A regular set is used to represent the states and a
transducer is used to represent the transition relation. The problem is reduced to
finding a finite transducer representing the infinite composition of this relation.
However, there are some examples in which even if such a finite transducer exists,
the procedure may not be able to converge to it. One such example of a FIFO
automaton is shown in Figure 2(b) in Section 3. We used the regular model
checking tool from [13] to analyze this example, but the tool failed to terminate
even after two hours. On the other hand, our learning-based tool is able to
automatically find the reachable set in about fifty milliseconds. It is certainly
possible that in other examples, transducer construction may be able to find the
reachable region faster. Thus, our approach can be seen as complementary and
seen to extend the range of systems that can be automatically analyzed.

An approach for computing the reachable region that is closely related to
ours is widening. In this approach, the transition relation is applied to the ini-
tial configuration some number of times and then by comparing the sets thus
obtained, the limit of the iteration is guessed. A simple widening principle in
the context of regular model checking is given in [1] which is extended in [17]
for parametric systems. Bultan [18] uses a widening technique for Presburger
formulas to enable faster convergence for fixpoint. Bartzis et al. [19] present a
widening technique for arithmetic automata. At a very high level, both widening
and our approach use similar ideas. In both methods, based on certain sample
points obtained using the transitions, a guess is made for the fixpoint being
searched for. One important difference between widening and our approach is
that widening (except for certain special contexts where it can be shown to be
exact) is a mechanism to prove the correctness of a system and cannot be used
to prove a system to be incorrect. On the other hand, the approach presented
here allows one to both prove a system to be correct and to detect bugs.

Use of Machine Learning for Verification: The application of techniques from
machine learning for verification is relatively new. Peled et al. [20] give a method
called “Black Box Checking” which is extended by Groce et al. [21] as Adaptive
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Model Checking. Briefly, in this method, one starts with a possibly inaccurate
model and incrementally updates it using Angluin’s [7] query based learning of
regular sets. Cobleigh et al. [22] also use a variant of Angluin’s algorithm to
learn the assumptions about the environment to aid compositional verification.
Boigelot et al. [23] present a technique for constructing a finite state machine
that simulates all observable operations of a given reactive program. Ammons
et al. [24] use machine learning to discover formal specifications of the proto-
cols that a client of an application program interface must observe. Edelkamp
et al. [25] consider the problem of finding “bad” states in a model as a directed
search problem and use AI heuristic search methods to attempt to find these
states. Ernst et al. [26] have developed a system called Daikon which attempts
to discover likely invariants in a program by analyzing the values taken by its
variables while the program is exercised in a test suite.

Our approach in using the machine learning techniques for verification is
unique in that we are not trying to learn an unknown system model but rather
the behavior of a system which is already fully described. This is closest in
spirit to Ernst et al. [26], although the domain of application and objective are
completely different. Another difference with other learning methods is that we
do not use Angluin’s algorithm. Angluin’s algorithm needs a teacher which can
answer equivalence queries; answering such queries is typically hard to achieve.
Instead, we use an algorithm called RPNI [2, 3] which simply needs positive and
negative samples of the concept to be learned.

8 Conclusion and Future Work

We have presented a novel approach based on machine learning to verify finite
state machines communicating over unbounded FIFO channels. A prototype
implementation, called Lever, has been developed and the approach has been
shown to be feasible in analyzing practical networks protocols like alternating bit
and sliding window. We have also shown how this approach can be generalized
to analyze infinite state systems other than FIFO automata.

The learning to verify procedure can be applied to other systems such as:
automata with unbounded integers; real-time and hybrid systems; parameter-
ized systems; counter automata; and push-down automata with multiple stacks.
The approach could be extended to handle not only safety properties but also
liveness and more general temporal properties. Other avenues for future work
include research for getting better execution traces and practical optimizations
and engineering for the Lever tool.
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Abstract. Unit testing has become a common step in software development. Al-
though manually created unit tests are valuable, they are often insufficient; there-
fore, programmers can use an automatic unit-test-generation tool to produce a
large number of additional tests for a class. However, without a priori specifica-
tions, programmers cannot practically inspect the execution of each automatically
generated test. In this paper, we develop the observer abstraction approach for au-
tomatically extracting object-state-transition information of a class from unit-test
executions, without requiring a priori specifications. Given a class and a set of its
initial tests generated by a third-party tool, we generate new tests to augment the
initial tests and produce the abstract state of an object based on the return values of
a set of observers (public methods with non-void returns) invoked on the object.
From the executions of both the new and initial tests, we automatically extract
observer abstractions, each of which is an object state machine (OSM): a state
in the OSM represents an abstract state and a transition in the OSM represents
method calls. We have implemented the Obstra tool for the approach and have
applied the approach on complex data structures; our experiences suggest that this
approach provides useful object-state-transition information for programmers to
inspect unit-test executions effectively.

1 Introduction

Automatic test-generation tools are powerful; given a class, these tools can generate a
large number of tests, including some valuable corner cases or special inputs that pro-
grammers often forget to include in their manual tests. When programmers write specifi-
cations, some specification-based test generation tools [4,10,18] automatically generate
tests and check execution correctness against the written specifications. Without a prior
specifications, some automatic test-generation tools [11] perform structural testing by
generating tests to increase structural coverage. Some other tools [5] perform random
testing by generating random inputs. Without a prior specifications, programmers rely
on uncaught exceptions or inspect the executions of generated tests for determining
whether the program behaves as expected. However, relying on only uncaught excep-
tions for catching bugs is limited and inspecting the executions of a large number of
generated tests is impractical.

J. Davies et al. (Eds.): ICFEM 2004, LNCS 3308, pp. 290–305, 2004.
c© Springer-Verlag Berlin Heidelberg 2004
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To help programmers to inspect unit-test executions effectively, we develop the ob-
server abstraction approach, a novel black-box approach for summarizing and presenting
object-state-transition information from unit-test executions. The approach is automated
and does not require a priori specifications. Instead of inspecting the execution of each
single test, programmers can inspect the summarized object-state-transition information
for various purposes. For example, programmers can inspect the information to deter-
mine whether the class under test exhibits expected behavior. Programmers can also
inspect the information to investigate causes of the failures exhibited by uncaught ex-
ceptions. Programmers can inspect the information for achieving better understanding
of the class under test or even its tests.

A concrete object state of an object is characterized by the values of all the fields
reachable from the object. An observer is a public method with a non-void return.1 The
observer abstraction approach abstracts a concrete object state exercised by a test suite
based on the return values of a set of observers that are invoked on the concrete object
state. An observer abstraction is an object state machine (OSM): a state in the OSM
represents an abstract state and a transition in the OSM represents method calls. We have
implemented a tool, called Obstra, for the observer abstraction approach. Given a Java
class and its initial unit test, Obstra identifies concrete object states exercised by the tests
and generates new tests to augment these initial tests. Based on the return values of a set
of observers, Obstra maps each concrete object state to an abstract state and constructs
an OSM.

This paper makes the following main contributions:

– We propose a new program abstraction, called observer abstraction.
– We present and implement an automatic approach for dynamically extracting ob-

server abstractions from unit-test executions.
– We apply the approach on complex data structures and their automatically gener-

ated tests; our experiences show that extracted observer abstractions provide useful
object-state-transition information for programmers to inspect.

2 Observer Abstraction Approach

We first discuss two techniques (developed in our previous work [22, 23]) that enable
the dynamic extraction of observer abstractions. We next describe object state machines,
being the representations of observer abstractions. We then define observer abstractions
and illustrate dynamic extraction of them. We finally describe the implementation and
present an example of dynamically extracted observer abstractions.

2.1 Concrete-State Representation and Test Augmentation

In previous work, we have developed the Rostra framework and five automatic techniques
to represent and detect equivalent object states [23]. This work focuses on using one of the

1 We follow the definition by Henkel and Diwan [12]. The definition differs from the more
common definition that limits an observer to methods that do not change any state. We have
found that state-modifying observers also provide value in our technique and state modification
does not harm our technique.
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techniques for state representation: the WholeState technique. The technique represents
a concrete object state of an object as a sequence of the values of the fields reachable from
the object. We use a linearization algorithm [23] to avoid putting those field values with
reference addresses in the sequence2 but still keep the referencing relationship among
fields. A set of nonequivalent concrete object states contain those concrete object states
any two of which do not have the same state representation.

A unit test suite consists of a set of unit tests. Each execution of a unit test creates
several objects and invokes methods on these objects. Behavior of a method invocation
depends on the state of the receiver object and method arguments at the beginning of the
invocation. A method call is characterized by the actual class of the receiver object, the
method name, the method signature, and the method-argument values. When argument
values are not primitive values, we represent them using their state representations. We
determine whether two method calls are equivalent by checking the equivalence of their
corresponding characteristic entities, including the receiver-object class, method name,
method signature, and method-argument values. A set of nonequivalent method calls
contain those method calls any two of which are not equivalent.

After we execute an initial test suite, the concrete-state representation technique iden-
tifies all nonequivalent object states and nonequivalent method calls that were exercised
by the test suite. The test augmentation technique generates new tests to exercise each
possible combination of nonequivalent object states and nonequivalent non-constructor
method calls [22]. We augment an initial test suite because the test suite might not invoke
each observer on all nonequivalent object states; invoking observers on a concrete object
state is necessary for us to know the abstract state enclosing the concrete object state.
The augmented test suite guarantees that each nonequivalent object state is exercised by
each nonequivalent non-constructor method call at least once. In addition, the observer
abstractions extracted from the augmented test suite can better help programmers to
inspect object-state-transition behavior. The complexity of the test augmentation algo-
rithm is O(|CS| × |MC|), where CS is the set of the nonequivalent concrete states
exercised by an initial test suite T for the class under test and MC is the set of the
nonequivalent method calls exercised by T .

2.2 Object State Machine

We define an object state machine for a class:3

Definition 1. An object state machine (OSM) M of a class c is a sextuple M = (I , O, S,
δ, λ, INIT ) where I , O, and S are nonempty sets of method calls in c’s interface, returns
of these method calls, and states of c’s objects, respectively. INIT ∈ S is the initial
state that the machine is in before calling any constructor method of c. δ : S×I → P (S)
is the state transition function and λ : S ×I → P (O) is the output function where P (S)
and P (O) are the power sets of S and O, respectively. When the machine is in a current

2 Running the same test twice might produce different reference addresses for those fields of
non-primitive types.

3 The definition is adapted from the definition of finite state machine [15]; however, an object
state machine is not necessarily finite.
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state s and receives a method call i from I , it moves to one of the next states specified
by δ(s, i) and produces one of the method returns given by λ(s, i).

An OSM can be deterministic or nondeterministic.

2.3 Observer Abstractions

The object states in an OSM can be concrete or abstract. An abstract state of an object is
defined by an abstraction function [16]; the abstraction function maps each concrete state
to an abstract state. The observer abstraction approach constructs abstraction functions
to map concrete states to abstract states in an OSM.

We first define an observer following previous work on specifying algebraic specifi-
cations for a class [12]:

Definition 2. An observer of a class c is a method ob in c’s interface such that the return
type of ob is not void.

Given a class c and a set of observers OB = {ob1, ob2, ..., obn} of c, the observer
abstraction approach constructs an abstraction of c with respect to OB. In particular,
a concrete state cs is mapped to an abstract state as defined by n values OBR =
{obr1, obr2, ..., obrn}, where each value obri represents the return value of method call
obi invoked on cs.

Definition 3. Given a class c and a set of observers OB = {ob1, ob2, ..., obn} of c, an
observer abstraction with respect to OB is an OSM M of c such that the states in M are
abstract states defined by OB.

2.4 Dynamic Extraction of Observer Abstractions

We dynamically extract observer abstractions of a class from unit-test executions. The
number of the concrete states exercised by an augmented test suite is finite and the
execution of the test suite is assumed to terminate; therefore, the dynamically extracted
observer abstractions are also finite.

In a dynamically extracted observer abstraction M , we add additional statistical
information: the transition count and the emission count. The transition count for a
nonequivalent method call mc transiting from a state s to a state s′ is the number of
nonequivalent concrete object states in s that transit to s′ after mc is invoked. The
emission count for s and mc is the number of nonequivalent concrete object states in s
where mc is invoked.

Given an initial test suite T for a class c, we first identify the nonequivalent con-
crete states CS and method calls MC exercised by T . We then augment T with new
tests to exercise CS with MC exhaustively, producing an augmented test suite T ′. We
have described these steps in Section 2.1. T ′ exercises each nonequivalent concrete state
in CS with each method call in MC; therefore, each nonequivalent observer call in
MC is guaranteed to be invoked on each nonequivalent concrete state in CS at least
once. We then collect the return values of observer calls in MC for each nonequivalent
concrete state in CS. We use this test-generation mechanism to collect return values of
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observers, instead of inserting observer method calls before and after any call site to c
in T , because the latter does not work for state-modifying observers, which change the
functional behavior of T .

Given an augmented test suite T ′ and a set of observers OB = {ob1, ob2, ..., obn},
we go through the following steps to produce an observer abstraction M in the form of
OSM. Initially M is empty. During the execution of T ′, we collect the following tuple
for each method execution in c’s interface: (css, m, mr, cse), where css, m, mr, and cse

are the concrete object state at the method entry, method call, return value, and concrete
object state at the method exit, respectively. If m’s return type is void, we assign “ − ”
to mr. If m’s execution throws an uncaught exception, we also assign “ − ” to mr and
assign the name of the exception type to cse, called an exception state. The concrete
object state at a constructor’s entry is INIT , called an initial state.

After the test executions terminate, we iterate on each distinct tuple (css, m, mr, cse)
to produce a new tuple (ass, m, mr, ase), where ass and ase are the abstract states
mapped from css and cse based on OB, respectively. If cse is an exception state, its
mapped abstract state is the same as cse, whose value is the name of the thrown-exception
type. If css is an initial state, its mapped abstract state is still INIT . If cse is not exercised
by the initial tests before test augmentation but exercised by new tests, we map cse to a
special abstract state denoted as N/A, because we have not invoked OB on cse yet and
do not have a known abstract state for cse.

After we produce (ass, m, mr, ase) from (css, m, mr, cse), we then add ass and ase

to M as states, and put a transition from ass to ase in M . The transition is denoted by a
triple (ass, m?/mr!, ase). If ass, ase, or (ass, m?/mr!, ase) is already present in M ,
we do not add it. In addition, we increase the transition count for (ass, m?/mr!, ase),
denoted as C(ass,m?/mr!,ase), which is initialized to one when (ass, m?/mr!, ase) is
added to M at the first time. We also increase the emission count for ass and m, denoted
as C(ass,m). After we finish processing all distinct tuples (css, m, mr, cse), we postfix
the label of each transition (ass, m?/mr!, ase) with [C(ass,m?/mr!,ase)/C(ass,m)]. The
complexity of the extraction algorithm for an observer abstraction is O(|CS| × |OB|),
where CS is the set of the nonequivalent concrete states exercised by an initial test suite
T and OB is the given set of observers.

2.5 Implementation

We have developed a tool, called Obstra, for the observer abstraction approach. Obstra
is implemented based on the Rostra framework developed in our previous work [23]. We
use the Byte Code Engineering Library (BCEL) [6] to rewrite the bytecodes of a class
at class-loading time. Objects of the class under test are referred as candidate objects.
We collect concrete object states at the entry and exit of each method call invoked from
a test suite to a candidate object; these method calls are referred as candidate method
calls. We do not collect object states for those method calls that are internal to candidate
objects.

To collect concrete object states, we use Java reflection mechanisms [2] to recursively
collect all the fields that are reachable from a candidate object, an argument object, or
a return object of candidate method calls. We also instrument test classes to collect
method call information that is used to reproduce object states in test augmentation. We
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also use Java reflection mechanisms [2] to generate and execute new tests online. We
export a selected subset of tests in the augmented test suite to a JUnit [13] test class
using JCrasher’s functionality of test-code generation [5]; we select and export a test
if it exercises at least one previously uncovered transition in an observer abstraction.
Each exported test is annotated with its exercised transitions as comments. We display
extracted observer abstractions by using the Grappa package, which is part of graphviz
[8].

By default, Obstra generates one OSM for each observer (in addition to one OSM for
all observers) and outputs a default grouping configuration file; programmers
can manipulate the configurations in the file to generate OSM’s based on multiple
observers.

2.6 Example

We use a class of Binary Search Tree (named as BSTree) as an example of illustrating ob-
server abstractions. This class was used in evaluating Korat [4] and the Rostra framework
in our previous work [23]. Parasoft Jtest (a commercial tool for Java) [18] generates 277
tests for the class. The class has 246 non-comment, non-blank lines of code and its inter-
face includes eight public methods (five observers), some of which are a constructor (de-
noted as [init]()), boolean contains(MyInput info), void add(MyInput

info), and boolean remove (MyInput info) where MyInput4 is a class that
contains an integer field v.

Figure 1 shows the observer abstraction of BSTree with respect to an observer
contains(MyInput info) (including two observer instances: add(a0.v:7;)5 and
add(a0:null;)) and augmented Jtest-generated tests. The top state in the figure is
marked with INIT, indicating the object state before invoking a constructor. The second-
to-top state is marked with the observer instances and their false return values. This
abstract state encloses those concrete states such that when we invoke these two ob-
server instances on those concrete states, their return values are false. In the central
state, the observers throw uncaught exceptions and we put the exception-type name
NullPointerException in the positions of their return values. The bottom state is
marked with the exception-type name NullPointerException. An object is in such
a state after a method call on the object throws the NullPointerException.

Each transition from a starting abstract state to an ending abstract state is marked
with method calls, their return values, and some statistics. For example, the generated
test suite contains two tests:

Test 1 (T1): Test 2 (T2):
BSTree b1 = new BSTree(); BSTree b1 = new BSTree();
MyInput m1 = new MyInput(0); b1.remove(null);
b1.add(m1);
b1.remove(null);

4 The original argument type is Object; we change the type to MyInput so that Jtest can be
guided to generate better arguments.

5 ai represents the (i+1)th argument and ai.v represents the v field of the (i+1)th argument.
Argument values are specified following their argument names separated by : and different
arguments are separated by ;.
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Fig. 1. contains observer abstraction of BSTree

Fig. 2. exception observer abstraction of BSTree

The execution of b1.remove(null) in T1 does not throw any exception. Both
before and after invoking b1.remove(null) in T1, if we invoke the two observer
instances, their return values are false; therefore, there is a state-preserving tran-
sition on the second-to-top state. (To present a succinct view, by default we do not
show state-preserving transitions.) The execution of b1.remove(null) in T2 throws
a NullPointerException. If we invoke the two observer instances before invoking
b1.remove(null) in T2, their return values are false; therefore, given the method
execution of b1.remove(null) in T2, we extract the transition from the second-to-top
state to the bottom state and the transition is marked with remove(a0:null;)?/-. In
the mark of a transition, when return values are void or method calls throw uncaught
exceptions, we put - in the position of their return values. We put ? after the method calls
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and ! after return values if return values are not -. We also attach two numbers for each
transition in the form of [N/M], where N is the transition count and M is the emission
count. If these two numbers are equal, the transition is deterministic, and is indetermin-
istic otherwise. Because there are two different transitions from the second-to-top state
with the same method call remove(a0:null;) (one transition is state-preserving be-
ing extracted from T1), the transition remove(a0:null;) from the second-to-top state
to the bottom state is indeterministic, being attached with [1/2]. We display thicker
edges and bold-font texts for nondeterministic transitions so that programmers can easily
identify them based on visual effect.

To present a succinct view, we do not display N/A states and the transitions leading
to N/A states. In addition, we combine multiple transitions that have the same starting
and ending abstract states, and whose method calls have the same method names and
signatures. When we combine multiple transitions, we calculate the transition count and
emission count of the combined transitions and show them in the bottom line of the
transition label. When a combined transition contains all nonequivalent method calls of
the same method name and signature, we add ALL ARGS in the bottom line of the
transition label. When a transition contains only method calls that are exercised by new
generated tests but not exercised by the initial tests, we display a dotted edge for the
transition.

To focus on understanding uncaught exceptions, we create a special exception ob-
server and construct an observer abstraction based on it. Figure 2 shows the exception-
observer abstraction of BSTree extracted from augmented Jtest-generated tests. The
exception observer maps all concrete states except for INIT and exception states to an
abstract state called NORMAL. The mapped abstract state of an initial state is still INIT
and the mapped abstract state of an exception state is still the same as the exception-type
name.

3 Experiences

We have used Obstra to extract observer abstractions from a variety of programs, most
of which were used to evaluate our previous work in test selection [25], test minimiza-
tion [23], and test generation [22]. Many of these programs manipulate nontrivial data
structures. Because of the space limit, in this section, we illustrate how we applied Obstra
on two complex data structures and their automatically generated tests. We applied Ob-
stra on these examples on a MS Windows machine with a Pentium IV 2.8 GHz processor
using Sun’s Java 2 SDK 1.4.2 JVM with 512 Mb allocated memory.

3.1 Binary Search Tree Example

We have described the BSTree in Section 2.6 and two of its extracted observer ab-
stractions in Figure 1 and 2. Jtest generates 277 tests for BSTree. These tests exercise
five nonequivalent concrete object states in addition to the initial state and one excep-
tion state, 12 nonequivalent non-constructor method calls in addition to one constructor
call, and 33 nonequivalent method executions. Obstra augments the test suite to exercise
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61 nonequivalent method executions. The elapsed real time for test augmentation and
abstraction extraction is 0.4 and 4.9 seconds, respectively.

Figure 2 shows that NullPointerException is thrown by three nondeterministic
transitions. During test inspection, we want to know in what conditions the exception is
thrown. If the exception is thrown because of illegal inputs, we can add necessary pre-
conditions to guard against the illegal inputs. Alternatively, we can perform defensive
programming: we can add input checking at method entries and throw more informa-
tive exceptions if the checking fails. However, we do not want to add over-constrained
preconditions, which prevent legal inputs from being processed. For example, after in-
specting the exception OSM in Figure 2, we should not consider all arguments for add,
the null argument for remove, or all arguments for contains as illegal arguments,
although doing so indeed prevents the exceptions from being thrown. After we inspected
the contains OSM in Figure 1, we gained more information about the exceptions and
found that calling add(a0:null;) after calling the constructor leads to an undesir-
able state: calling contains on this state deterministically throws the exception. In
addition, calling remove(a0:null;) also deterministically throws the exception and
calling add throws the exception with a high probability of 5/6. Therefore, we had
more confidence on considering null as an illegal argument for add and preventing it
from being processed. After we prevented add(a0:null;), two remove(a0:null;)

transitions still throw the exception: one is deterministic and the other is with 1/2 prob-
ability. We then considered null as an illegal argument for remove and prevented it
from being processed. We did not need to impose any restriction on the argument of
contains.

We found that there are three different arguments for add but only two differ-
ent arguments for contains, although these two methods have the same signatures.
We could add a method call of contain(a0.v:0;) to the Jtest-generated test suite;
therefore, we could have three observer instances for the contains OSM in Fig-
ure 1. In the new OSM, the second-to-top state includes one more observer instance
contains(a0.v:0)=false and the indeterministic transition of remove(a0:null;)

?/-[1/2] from the second-to-top state to the bottom state is turned into a deterministic
transition remove(a0:null;)?/-[1/1]. In general, when we add new tests to a test
suite and these new tests exercise new observer instances in an OSM, the states in the
OSM can be refined, thus possibly turning some indeterministic transitions into deter-
ministic ones. On the other hand, adding new tests can possibly turn some deterministic
transitions into indeterministic ones.

3.2 Hash Map Example

A HashMap class was given in java.util.HashMap from the standard Java libraries
[19].A repOK and some helper methods were added to this class for evaluating Korat [4].
We also used this class in our previous work for evaluating Rostra [23]. The class has 597
non-comment, non-blank lines of code and its interface includes 19 public methods (13
observers), some of which are [init](), void setLoadFactor(float f), void

putAll(Map t), Object remove(MyInput key), Object put(MyInput key,

MyInput value), and void clear(). Jtest generates 5186 tests for HashMap. These
tests exercise 58 nonequivalent concrete object states in addition to the initial state and
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Fig. 3. exception observer abstraction and repOk observer abstraction of HashMap

Fig. 4. get observer abstraction of HashMap

one exception state, 29 nonequivalent non-constructor method calls in addition to one
constructor call, and 416 nonequivalent method executions. Obstra augments the test
suite to exercise 1683 nonequivalent method executions. The elapsed real time for test
augmentation and abstraction extraction is 10 and 15 seconds, respectively.

We found that the exception OSM of HashMap contains one deterministic transition
putAll(a0:null;) from NORMAL to NullPointerException, as is shown in the
left part of Figure 3. Therefore, we considered null as an illegal argument for putAll.
We checked the Java API documentation for HashMap [19] and the documentation
states that putAll throws NullPointerException if the specified map is null. This
description confirmed our judgement. In other observer abstractions, to provide a more
succinct view, by default Obstra does not display any deterministic transitions leading
to an exception state in the exception OSM.

We found an error in setLoadFactor(float f), a method that was later added to
facilitate Korat’s test generation [4]. The right part of Figure 3 shows the repOk OSM of
HashMap. repOk is a predicate used to check class invariants [16]. If calling repOk on
an object state returns false, the object state is invalid. By inspecting the repOK OSM,
we found that calling setLoadFactor with all arguments deterministically leads to an
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Fig. 5. isEmpty observer abstraction of HashMap (screen snapshot)

invalid state. We checked the source code of setLoadFactor and found that its method
body is simply loadFactor = f;, where loadFactor is an object field and f is the
method argument. The comments for a private field threshold states that the value
of threshold shall be (int)(capacity * loadFactor). Apparently this property
is violated when setting loadFactor without updating threshold accordingly. We
fixed this error by appending a call to an existing private method void rehash() in
the end of setLoadFactor’s method body; rehash updates threshold using the new
loadFactor.

Figure 4 shows the get OSM of HashMap. In the representation of method returns
on a transition or in a state, ret represents the non-primitive return value and ret.v

represents the v field of the non-primitive return value. Recall that a transition with a
dotted edge is exercised only by new generated tests but not by the initial tests. We
next walk through the scenario in which programmers could inspect Figure 4. Dur-
ing inspection, programmers might focus their exploration of an OSM on transitions.
Three such transitions are clear, remove, and put. Programmers are not surprised
to see that clear or remove transitions cause a nonempty HashMap to be empty, as
is shown by the transitions from the top or bottom state to the central state. But pro-
grammers are surprised to see the transition of put(a0:null;a1:null) from the
top state to the central state, indicating that put can cause a nonempty HashMap to
be empty. By browsing the Java API documentation for HashMap [19], programmers
can find that HashMap allows either a key or a value to be null; therefore, the null

return of get does not necessarily indicate that the map contains no mapping for the
key. However, in the documentation, the description for the returns of get states: “the
value to which this map maps the specified key, or null if the map contains no mapping
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for this key." After reading the documentation more carefully, they can find that the
description for get (but not the description for the returns of get) does specify the
accurate behavior. This finding shows that the informal description for the returns of get

is not accurate or consistent with the description of get even in such widely published
Java API documentation [19].

Figure 5 shows a screen snapshot of the isEmpty OSM of HashMap. We configured
Obstra to additionally show each state-preserving transition that has the same method
name as another state-modifying transition. We also configured Obstra to display on
each edge only the method name associated with the transition. When programmers
want to see the details of a transition, they can move the mouse cursor over the method
name associated with the transition and then the details are displayed. We have searched
the Internet for manually created state machines for common data structures but few
could be found. One manually created state machine for a container structure [17] is
almost the same as the isEmpty OSM of HashMap shown in Figure 5. There are two
major differences. The INIT state and the [init]() transition are shown in Figure 5
but not in the manually created state machine. The manually created state machine
annotates “not last element" for the state-preserving transition remove(a0) (pointed
by the mouse cursor in Figure 5) on the isEmpty()=false state and “last element" for
the state-modifying transition remove(a0) (shown in the middle of Figure 5) starting
from the isEmpty()=false state; Figure 5 shows these two transition names in bold
font, indicating them to be indeterministic.

3.3 Discussion

Our experiences have shown that extracted observer abstractions can help investigate
causes of uncaught exceptions, identify weakness of an initial test suite, find bugs in
a class implementation or its documentation, and understand class behavior. Although
many observer abstractions extracted for the class under test are succinct, some ob-
server abstractions are still complex, containing too much information for inspection.
For example, three observers of HashMap, such as Collection values(), have 43
abstract states. The complexity of an extracted observer abstraction depends on both the
characteristics of its observers and the initial tests. In future work, we plan to display
a portion of a complex observer abstraction based on user-specified filtering criteria or
extract observer abstractions from the executions of a user-specified subset of the initial
tests.

Although the isEmpty OSM of HashMap is almost the same as a manually created
state machine [17], our approach does not guarantee the completeness of the resulting
observer abstractions — our approach does not guarantee that the observer abstractions
contain all possible legal states or legal transitions. Our approach also does not guar-
antee that the observer abstractions contain no illegal transitions. Instead, the observer
abstractions faithfully reflect behavior exercised by the executed tests; inspecting ob-
server abstractions could help identify weakness of the executed tests. This characteristic
of our approach is shared by other dynamic inference techniques [1,7,12,21] discussed
in the next section.
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4 Related Work

Ernst et al. use Daikon to dynamically infer likely invariants from test executions [7].
Invariants are in the form of axiomatic specifications. These invariants describe the
observed relationships among the values of object fields, arguments, and returns of a
single method in a class interface, whereas observer abstractions describe the observed
state-transition relationships among multiple methods in a class interface and use the
return values of observers to represent object states, without explicitly referring to object
fields. Henkel and Diwan discover algebraic specifications from the execution of auto-
matically generated unit tests [12]. Their discovered algebraic specifications present a
local view of relationships between two methods, whereas observer abstractions present
a global view of relationships among multiple methods. In addition, Henkel and Diwan’s
approach cannot infer local properties that are related to indeterministic transitions in
observer abstractions; our experiences show that these indeterministic transitions are
useful for inspection. In summary, observer abstractions are a useful form of property
inference, complementing invariants or algebraic specifications inferred from unit-test
executions.

Whaley et al. extract Java component interfaces from system-test executions [21].
The extracted interfaces are in the form of multiple finite state machines, each of which
contains the methods that modify or read the same object field. Observer abstractions
are also in the form of multiple finite state machines, each of which is with respect to
a set of observers (containing one observer by default). Whaley et al. map all concrete
states that are at the same state-modifying method’s exits to the same abstract state.
Our approach maps all concrete states on which observers’ return values are the same
to the same abstract state. Although Whaley et al.’s approach is applicable on system-
test executions, it is not applicable on the executions of automatically generated unit
tests, because their resulting finite state machine would be a complete graph of methods
that modify the same object field. Ammons et al. mine protocol specifications in the
form of a finite state machine from system-test executions [1]. Their approach faces
the same problem as Whaley et al.’s approach when being applied on the executions of
automatically generated unit tests. In summary, neither Whaley et al. nor Ammons et
al.’s approaches capture object states as accurate as our approach and neither of them
can be applied on the executions of automatically generated unit tests.

Given a set of predicates, predicate abstraction [3, 9] maps a concrete state to an
abstract state that is defined by the boolean values of these predicates on the concrete
state. Given a set of observers, observer abstraction maps a concrete state to an abstract
state that is defined by the return values (not limited to boolean values) of these observers
on the concrete state. Concrete states considered by predicate abstractions are usually
those program states between program statements, whereas concrete states considered by
observer abstractions are those object states between method calls. Predicate abstraction
is mainly used in software model checking, whereas observer abstraction in our approach
is mainly used in helping inspection of test executions.

Turner and Robson use finite state machines to specify the behavior of a class [20].
The states in a state machine are defined by the values of a subset or complete set of
object fields. The transitions are method names. Their approach specifies specifications
in the form of finite state machines and generates tests based on the specifications,
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whereas our approach extracts observer abstractions in the form of finite state machines
without requiring a priori specifications. In future work, we plan to use extracted observer
abstractions to guide test generation using existing finite-state-machine-based testing
techniques [15] and use new generated tests to further improve observer abstractions.
This future work fits into the feedback loop between test generation and specification
inference proposed in our previous work [24].

Kung et al. statically extract object state models from class source code and use them
to guide test generation [14]. An object state model is in the form of a finite state ma-
chine: the states are defined by value intervals over object fields, which are derived from
path conditions of method source; the transitions are derived by symbolically executing
methods. Our approach dynamically extracts finite state machines based on observers
during test executions. Grieskamp et al. generate finite state machines from executable
abstract state machines [10]. Manually specified predicates are used to group states in
abstract state machines to hyperstates during the execution of abstract state machine.
Finite state machines, abstract state machines, and manually specified predicates in their
approach correspond to observer abstractions, concrete object state machines, and ob-
servers in our approach, respectively. However, our approach is totally automatic and
does not require programmers to specify any specifications or predicates.

5 Conclusion

It is important to provide tool support for programmers as they inspect the executions
of automatically generated unit tests. We have proposed the observer abstraction ap-
proach to aid inspection of test executions. We have developed a tool, called Obstra, to
extract observer abstractions from unit-test executions automatically. We have applied
the approach on a variety of programs, including complex data structures; our expe-
riences show that extracted observer abstractions provide useful object-state-transition
information for programmers to inspect.
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Abstract. The object-oriented features, such as aggregation, inheri-
tance and polymorphism, facilitate software reuse and improve software
quality. But those features also cause new problems that traditional test-
ing techniques cannot resolve effectively. Existing researches on object-
oriented software testing are mainly based on some graph representations
and seldom consider the combinational effect of aggregation, inheritance
and polymorphism. For some model-based specifications that do not in-
clude graph representations, it is difficult to use the graph based testing
techniques to derive test cases. This paper provides an approach to deriv-
ing test cases for testing the combinational effect of aggregation, inher-
itance and polymorphism from a model-based class specification. This
approach contains two techniques at intra-class and inter-class testing
levels and is mechanized using the algorithms presented in this paper.
Finally, through the experimental analysis, we present the effectiveness
and applicability of our testing approach.

1 Introduction

A procedure-oriented software is composed of functions and procedures. Each
function or procedure has a clear control structure, which can be used by tradi-
tional testing techniques (such as control or data flow testing criteria) to generate
effective test cases. While in object-oriented software development, we shift our
emphasis to defining data abstraction. These abstractions normally appear in
the language as user-defined types (classes) that have both attributes and meth-
ods. An object-oriented software consists of classes and their instances (objects).
As the data objects are relatively stable elements in the world, object-oriented
techniques can help developers to achieve the high quality software. However,
the object-oriented features such as inheritance, aggregation and polymorphism
do not have their counterparts in procedure-oriented software. That makes tra-
ditional testing techniques ineffective for the object-oriented software.

In object-oriented programming, class is the fundamental building block,
which is used to define new type. Inheritance and aggregation bring two ways of
composing classes to form new types. Inheritance can be used to define a new
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class with a set of existing classes. Through inheritance, the new class can get
the attributes and methods from those existing classes. Aggregation enables a
class to contain the instances of another class. Polymorphism allows an object
to have any type in a class hierarchy. Polymorphism combined with dynamic
binding allows the same method call to execute different method bodies; which
one is executed depends on the current type of the object that is used in the
method call. Aggregation, inheritance and polymorphism bring great flexibility
in integrating objects and classes. But they also cause new problems that the
traditional software testing techniques cannot resolve effectively. For example,
polymorphism and aggregation make it impossible to extract the exact con-
trol flow or data flow information. Inheritance brings the question of test case
reuse. Aiming at solving these problems, the researchers provided some meth-
ods of extending control-flow and data-flow graphs to represent the relations
among classes. Based on the extended graph representations, they also present
some new testing criteria to guide the generation or evaluate the quality of test
cases [1, 2, 3]. Moreover, some rules of reusing parent classes’ test cases are also
given [4]. In these rules, we find that most of the parent classes’ specification
based test cases can be reused in the testing process of their subclasses. Thus
how to derive effective specification based test cases becomes our concern. Since
the model-based specification (such as Object-Z, VDM++) does not include the
graph representations, and from this kind of specification it is difficult and error
prone to extract the graphs, some specification based testing techniques are pre-
sented [5, 6, 7, 8]. However, these specification based testing techniques do not
pay enough attention to the object-oriented features, especially the inheritance,
polymorphism and aggregation.

To address above issues, this paper presents an approach to testing the poly-
morphic attributes defined in a class specification. This approach is essentially
a technique that is used to generate test cases from a model-based class specifi-
cation. The technique first constructs test cases to test the interacting relation
among the methods in a class, then extends these tests according to the possi-
ble type values of the polymorphic attributes. In the whole tests constructing
process, our technique does not need to extract extra graph representation; all
results are derived directly from the model-based class specification. Thus, the
main contributions of this paper are providing an approach to directly deriving
class tests from model-based class specification; giving a method of testing com-
binational relationship of aggregation, inheritance and polymorphism; making it
possible to automate generating tests from model-based specification.

The next section presents our testing approach. Section 3 gives the results
from a case study of applying our testing approach and analyzes the capability
of the resulted test cases. Section 4 gives some conclusions.

2 Testing Polymorphical Attributes

For object-oriented software, Harrold and Rothermel gave three levels of testing
classes [9]: intra-method testing, inter-method testing and intra-class testing.
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Intra-method testing tests individual methods, inter-method testing tests public
methods together with other methods that is called directly or indirectly, and
intra-class testing tests the interactions of public methods when they are called
in various sequences. This way was extended to the fourth level by Gallagher
and Offutt[10]: inter-class testing that is testing the integration relationships
among different classes through public method calls and references to public
data members.

The testing approach presented in this paper includes some techniques at
two object-oriented testing levels: intra-class level and inter-class level. At intra-
class level, we define the intra-class tests as a sequence of intra-method tests, and
give a technique used to construct intra-class tests from intra-method tests. This
technique is essentially a method of deriving intra-class tests from a formal class
specification, which uses predicates to depict its states and operations. Through
our intra-class testing technique, testers can get tests from a model-based class
specification directly. Thus this technique reduces the test costs and makes the
automatic tests generation possible. At inter-class level, our testing approach
provides a method of reusing intra-class tests to test the polymorphic attributes.

2.1 Intra-method Testing

At intra-method testing level, the specification-based approach often takes the
category partition testing criteria [11] to derive test cases for each method in a
class. This section presents the results of applying the category partition testing
criteria to an Object-Z[12, 13] class specification.

Object-Z is an extension of the model-based formal specification language
Z to accommodate object orientated language features. In Object-Z, a class is
defined with a state schema, which defines the attributes and the state invari-
ants of the class, and its associated operations. The syntax of Object-Z class is
presented in Figure 1.

ClassN am e[Form alParam eters]

[VisibilityLists]
[InheritedClasses]
[LocalD efinitions]
[StateSchem as]
[InitialStateSchem as]
[O perationSchem as]

Fig. 1. The Class Schema in Object-Z

FormalParameters is frequently used to represent the types of the variables in
a class. This part is analogous to the type declaration in a C++ template class.
VisibilityLists defines the class’s interface. It is analogous to the public definitions
in a C++ class. InheritedClasses specifies the classes, from which the current class
inherits the state space and operations. LocalDefinitions defines the types and
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constants that may be used within the class. StateSchemas defines the sate vari-
ables of the class. StateSchema and some local axiomatic definitions define possible
states of the class. InitialStateSchemas defines the initial state of the class. Oper-
ationSchemas defines all operations that can be applied to the objects of the class.

Figure 2 gives the Object-Z specification of class List. “List[T]” denotes that
the name of the class is “List” and the variables have the generic type T. When
an object of the class is defined, T can be substituted with a concrete type.
“|max:N” defines a constant “max”, which has the type N. After the constant
definition, the state schema of class List defines a state variable items as a
sequence of elements to represent a list. The maximus size of items is “max”
(represented by the predicate “#items≤max”). Moreover, class List defines three
public methods: INIT, add and remove. The method INIT specifies that the list
is empty initially. The method add adds an element to the list as a last element
when the list is not full. The method remove removes the first element out of the
list when the list is not empty, where items’ represents the value of state variable
items after executing an operation; notation “�” represents the concatenating
operation of two sequences. For sequences s and t, s � t is the concatenation of
s and t. It contains the elements of s followed by the elements of t.

max :

items : seq T

# items  max

INIT

items =

Add
 (items)

item? : T

# items < max

items' = items  item?

Remove

 (items)

item! : T

items

items =  item! items

List[T]

Fig. 2. The Specification of Class List

Applying the category partition testing criteria to each method of the List
class, we can get following six intra-method test cases.

1. Test Specification INIT
Preconditions: NULL
Test case values: NULL
Expected outputs: NULL
Postconditions: #items’=0
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2. Test Specification add.1
Preconditions: #items = 0
Test case values: item : T
Expected outputs: NULL
Postconditions: #items’ = 1

3. Test Specification add.2
Preconditions: 1≤#items≤max-1
Test case values: item : T
Expected outputs: NULL
Postconditions: 2≤items’≤max

4. Test Specification add.3
Preconditions: #items=max
Test case values: item : T
Expected outputs: NULL
Postconditions: #items’=max

5. Test Specification remove.1
Preconditions: #items=0
Test case values: NULL
Expected outputs: NULL
Postconditions: #items’=0

6. Test Specification remove.2
Preconditions: #items>0
Test case values: NULL
Expected outputs: item : T
Postconditions: #items’≥0

2.2 Intra-class Testing

At the intra-class testing level, a test case is usually represented as a sequence
of method calls. These method calls are actually executing the public methods
under some special state conditions of a class with some representative. Thus, if
an intra-method test case is represented with a method call that contains input
data, preconditions, expected outputs and postconditions, as the form in section
2.1, the intra-class test cases can be seen as the sequences of intra-method test
cases. Based on this observation, this paper gives some techniques of reusing
intra-method test cases to construct intra-class test cases.

The first step in addressing incorrect interactions among methods is to rec-
ognize that certain intra-method tests are related to others in terms of method
postconditions satisfying the preconditions of other methods. This allows the
intra-method test cases in a sequence to be run one after another. The relation
among test cases is captured in the connected relation.
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Connected: If the postconditions of a test case t1 imply the pre-
conditions of a test case t2, then t1 and t2 are called
connected and t1 can be said to be connected with
t2.

For example, if the postcondition of test case t1 is x>5 ∧ y>10, and the
precondition for test case t2 is y>5, then the postcondition of t1 implies the
precondition of t2. So, t1 and t2 are connected. However, if the postcondition of
t1 is x>5 ∨ y>10, then t1 and t2 are not connected because the precondition of
t2 will not always be satisfied.

The connected relation does not address the possibility that the same intra-
method test is used more than once in a test case sequence, but sometimes it is
necessary to include this instance in a test set. For example, the intra-method
test set for operation add includes three test cases: (1) adding an element to an
empty list (test case add.1), (2) adding an element to a non-empty and non-full
list(test case add.2) and (3) adding an element to a full list(test case add.3).
When a tester tests the class List, he or she usually run add.2 several times
until the list is full and then run add.3. Here, the test sequence is represented
as <add.2, add.3>. Where the underline denotes that the first test case in this
test sequence needs to be executed several times. Through observation, we find
that the two test cases in above test sequence satisfy the following properties.

• Test cases add.2 and add.3 belong to the same operation
• The precondition (#items=max) of add.3 implies the postcondition

(2≤#items ≤max) of add.2
• The intersection of the domain defined by the precondition (#items=max)

in add.3 and the domain defined by the precondition (1≤#items≤max-1) of
add.2 is empty

This relation between above two test cases can be expressed with the broad
connected relation.

Broad Connected: If test cases t1 and t2 are used to test the same
operation, the preconditions of t2 imply the post-
conditions of t1 and the intersection of the domain
defined by the preconditions of test case t1 and
the domain defined by the preconditions of test
case t2 is empty, then t1 and t2 are called broad
connected and t1 can be said to be broadly con-
nected with t2.

For the class List, test cases add.2 and add.3 are broad connected. When
executing a test sequence, each pair of broad connected test cases needs to be
refined further to specify the exact number of times that the first test case in the
pair should be executed. But this refinement is obvious and easy when the test
engineers have an existing implementation. For example, in the test sequence
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<INIT, add.1, add.2, add.3>, the test case add.2 should be executed max-1
times then the test case add.3 can be executed.

A connected test sequence is a sequence of test cases in which every pair
of contiguous test cases are connected or broad connected .

A connected test sequence of intra-method test cases starting with a test
case of the INIT operation can be taken as an intra-class test. Here, the INIT
operation corresponds to a constructor of a class. But taking all possible test
sequences starting with INIT test as the intra-class test set will result in very
expensive tests and lots of redundancy. For example, consider the test sequence
< tINIT , t2, ..., ti, ...,tn > where tINIT is a test case of INIT operation. If tn

satisfies following properties, appending tn with other method tests will bring
redundancy.

• The postconditions of tn are the same as that of tINIT .
In this instance, the test cases appended to the test sequence will check the
same state transitions that follow tINIT . For the class List, test sequence
<INIT, remove.1> cannot be extended because the postconditions of re-
move.1 is the same as that of INIT.

• The postconditions of tn are same as ti, and ti and tn belong to different
methods.
In this instance, the tests appended to the test sequence will check the same
state transitions that follows ti.

In order to avoid above two kinds of redundant test sequences in the intra-
class test cases defined above, an effective test sequence is defined as follows.

An effective test sequence is a connected test sequence <t1, t2, ..., ti, ...,
tn> where t1 is a test case for the operation INIT; tn cannot be connected or
broad connected with any other test cases; or tn has the same postconditions
with ti(1≤i<n) that test different method from that tested by tn.

A loop-free effective test sequence is an effective test sequence in which
no intra-method test case can appear more than once.

A maximum loop-free effective test sequence is a loop-free effective
test sequence that cannot be a subsequence of any other test sequence.

The following algorithm, here we call it intra-class testing algorithm,
gives the detailed steps to obtain all maximum loop-free effective test sequences
from the intra-method tests. T represents an intra-class test set and S represents
an existing intra-method test sequence<t1, t2, ..., ti, ..., tn>, where t1 is a test
case for an operation INIT; tn cannot be connected or broad connected with
any other test cases; or tn has the same postconditions with ti(1≤i<n) that test
different method from that tested by tn.

a) Initially, let S1 = <INIT.1>, S2 = <INIT.2>, ... Sn = <INIT.n>, where,
INIT.1, INIT.2 ... INIT.n are all intra-method test cases for the INIT oper-
ation. The intra-class set T is initialized as T = {S1, S2, ..., Sn}, where each
Si,1≤i≤n, is assigned the flag “unfinished”.

b) Select an “unfinished” test sequence S in T.
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c) Remove S from T. Find all intra-method test cases that can be connected
or broad connected with the last element of S. If these test cases do not
appear in S, then, append each of these test cases to S to form several new
test sequences. For example, if S = <s1, s2, . . . , sn>, and intra-method tests
t1, t2, . . . , tm can be connected or broad connected with the last element
sn in S, and they do not appear in S, then, we can form the appended test
sequences, < s1, s2, . . . , sn , t1>, < s1, s2, . . . , sn , t2>, . . . ., < s1, s2, . . . ,
sn , tm>.

d) Check each new test sequence. If it is an effective test sequence, then assign
it the flag “finished,” else assign it the flag “unfinished”.

e) Add these new test sequences to T.
f) Repeat steps b, c, d, and e until all test sequences in T have the flag “fin-

ished”.

For the class List, following intra-class test sequences are maximum loop-free
effective test sequences.

{ <INIT, remove.1>,
<INIT, add.1, remove.2, remove.1>,
<INIT, add.1, add.2, remove.2, remove.1>
<INIT, add.1, add.2, add.3, remove.2, remove.1>
}
All maximum loop-free effective test sequences got through this algorithm

can be used as the intra-class tests. For the class List, above four test sequences
are its intra-class tests.

2.3 Testing Polymorphic Attributes

A polymorphic attribute defined in a class is essentially an instance of some class
family. When some method of a polymorphic attribute is called by a method in
the class, the interaction between that class and a class family occurs. The aim of
testing polymorphic attributes is verifying these interactions. Here, suppose the
class that contains polymorphic attributes is called A, the class family defining
the type of the polymorphic attributes is called B. If we want to verify the
interactions between A and B, we must check all A’s methods that call methods
of B, and the interactions between those callers and other methods in A. Section
2.2 gives an approach to automatically deriving the intra-class test cases for
testing the interactions among the methods in a class. Through this approach,
we can construct the intra-class test cases of A, which may contain some method
calls of B. When we check the method calls in all classes of B, we can verify
the interactions between A and each class in B completely. For checking these
polymorphic method calls, our intra-class testing approach can be extended to
the inter-class level to include following definitions.

Assume v1, v2, . . . , vn are the polymorphic attributes defined in class A, for
each possible class type o1, o2, . . . , on of v1, v2, . . . , vn, Context(Ao1,o2,...,on)
represents the class definition of A that the polymorphic variables v1, v2, . . . ,
vn are bound to o1, o2, . . . , on. Context(A) represents the set of all these class
definitions.
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Consider Figure 3, class D includes a polymorphic attribute p. The declared
type of p is A, but the actual type of p may be A, B or C. Context(DA) rep-
resents the definition of D that bind p to A. Context(D) represents the set of
Context(DA), Context(DB) and Context(DC).

When the method m() or n() calls p.i(), the interaction between class D and
class A, B or C occurs. For verifying this interaction, we present the maximum
polymorphism loop-free effective sequence coverage criterion, which absorbs the
all polymorphic set concept in [2]. This criterion is defined as follows (assume A
is the class includings polymorphic attributes).

Maximum Polymorphis Loop-Free Effective Sequence Coverage
(MPLES): For each Context(Ao1,o2,...,on) in Context(A), the test case set CT
must includes all maximum loop-free effective test sequences.

Using intra-class testing algorithm we can get following algorithm that im-
plement above testing criterion.

a) For each Context(Ao1,o2,...,on) in Context(A) call intra-class testing algo-
rithm to obtain its intra-class tests

b) All these resulted intra-class tests construct the tests for testing the poly-
morphic attributes in A.

We can see that the above algorithm is essentially a mechanical way of con-
structing some inter-class test cases from the intra-method test cases. For the
class D in Figure 3, According to this algorithm, we need to construct the intra-
method tests in Context(DA), Context(DB) and Context(DC) first, then con-
struct the intra-class test cases in each Context, finally use all these intra-class
test cases to check the problems brought by the polymorphic attribute p. Usually,
we use following format to represent these inter-class tests.

<INIT, m, n>p=A

Here subscript p = A means the polymorphic attribute p is bound to class A.

3 Empirical Evaluation

A preliminary experiment has been carried out to demonstrate the feasibility
and applicability of the MPLES criterion. In this experiment, an Object-Z class
specification was used as the source of intra-class and inter-class test cases. The
intra-method test cases are the methods themselves. Inter-class test cases were
then constructed from intra-method test cases by applying the algorithms given
in section 2.3.

The inter-class test cases were executed on a C++ program that was imple-
mented to satisfy its corresponding Object-Z specification. In the program, the
names of variables are same as the names of variables in its specification. That
allows test specifications to conveniently act as test scripts.
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Class D 

{

private:

int i; 

A* p; 

public:

void m();

void n(); 

......

}

Fig. 3. A Class with A Polymorphic Attribute

3.1 Object-Z Specification of Class Tetris

Figure 4 gives the Object-Z specification of class Tetris [13], which is used for
the empirical evaluation in this paper. Class Tetris specifies a game. The goal of
the player of Tetris is to position falling blocks of various shapes so that entire
rows of the playing screen are filled. When a row is filled, it disappears from the
screen, the rows above it move down and the player’s score is advanced. The
game continues until the fallen blocks pile up to the top of the playing screen.

The first statement in the class schema defines the interface of class Tetris.
The interface of class Tetris includes three attributes and seven operations.
Where three operations – MoveRight, MoveLeft and Rotate – model the player’s
options of moving the falling block left, right or rotating it respectively. An-
other three operations – MoveDown, AddBlock and RemoveRow – modeling a
block moving down one row, a block being added to the screen, and a row being
removed.

The state schema of class Tetris defines three attributes: screen, block and
score. The attribute screen is an object of class Screen and used to represent the
playing screen. The attribute block is an object of class family Block and used
to represent the falling block. The attribut score has type N and represents the
player’s score. The staement “block/∈Block∧Block/∈Polygon” in the predicate
part of the state schema denotes that the actual type of the attribute block
cannot be class Block and Polygon. Figure 5 gives the class hierarchy of Tetris
system. From this figure, we can see that there are nine classes in class family
Block. According to above constraint the actual type of the attribute block can
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Tetris

(screen, block, score, INIT, MoveRight, MoveLeft, Rotate,

   MoveDown, AddBlock, RemoveRow)

screen : Screen

block :  Block

score :

block  Block  block  Polygon

x, y :  | (x,y)  block.occupied

     (block.x_position+x, block.y_position+y)

          screen.occupied

INIT
screen.INIT

block.INIT

score  = 0

MoveRight  block.MoveRight

MoveLeft  block.MoveLeft

Rotate  block.Rotate

MoveDown  block.MoveDown

NewBlock
(block)

block .INIT

AddBlock  (block.BeAddedToScreen || screen.AddBlock)

                   NewBlock

AdvanceScore
(score)

score  = score + 10

RemoveRow  screen.RemoveRow  AdvanceScore

Fig. 4. The Tetris Class

only be one of seven class. The other statement in the predicate part denotes
that the position of a falling block cannot exceed the boundary of the playing
screen.

The INIT schema defines the initial state of class Tetris. Initially, at the
beginning of a game of Tetris, the screen has no occupied positions; a new block
is prepared to fall and the player’s score is zero.

3.2 Test Generation

According to MPLES criterion, there are three steps of generating inter-class
tests for testing the polymorphic attributes. First, binding the polymorphic at-
tributes to some class in a class family; then, deriving intra-methods tests for
the class; finally, constructing the inter-class tests using the algorithm presented
in section 2.3.

Following these three steps, the polymorphic attribute block in Tetris needs
to be bound to a class first. According to the state schema, the attribute block
can be bound to class Square, Rectangle, T, S, Z, L or ReverseL. Here, assume



A Specification-Based Approach to Testing Polymorphic Attributes 317

Block

+x_position

+y_position

+INIT()

+MoveRight()

+MoveLeft()

+Rotate()

+MoveDown

+BeAddedToScreen

Polygon

+Rotate()

Rectangle

+INIT

+Rotate()

Square

+Rotate()

T

+INIT()

S

+INIT()

Z

+INIT()

L

+INIT()

ReverseL

+INIT()

Grid

+occupied

#width

#height

Screen

+INIT()

+AddBlock()

+RemoveRow()

Fig. 5. The Class Hierarchy of Tetris System

block is bound to class Square. As a result, the Rotate method of Tetris will not
change its state space.

Then, for each interface of the Tetris whose polymorphic attribute is already
bound to class Square, the intra-method tests should be derived. Because each
interface of Tetris is very simply, we take each interface method as its intra-
method test. For example, method MoveRight is also its intra-method test.

Finally, applying the inter-class tests generating algorithm, we got 1589 inter-
class tests. Where 89 tests are derived when block is bound to class Square.
Consider test case <INIT, MoveLeft, MoveRight>block=square, initially, screen is
not occupied by any block, then a square is produced (denoted by INIT method).
That square is moved left (denoted by MoveLeft method), This method changes
the state of Tetris through changing the value of state variable block. Then
that square is move right (denoted by MoveRight method). After executing this
method, the state of Tetris is the same as the state of executing INIT. Thus,
during this test sequence, the postconditions of MoveRight is the same as the
postconditions of INIT, and INIT and MoveRight are different method. These
conditions mean test case 1 is a maximum loop-free effective test sequence, and
can be taken as an inter-class test according to the maximum polymorphism
loop-free effective sequence coverage.
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3.3 Results Analysis

In order to demonstrate the feasibility and applicability of our testing approach,
we first used C++ to implement the Tetris system, then, seeded 49 faults in
the system. These seeded faults can be classified into following four categories,
which are given by Offutt et al [14].

• State definition anomaly (SDA)
• State definition inconsistency due to state variable hiding (SDIH)
• State defined incorrectly (SDI)
• Incomplete (failed) construction (IC)

The testing results for our 1589 tests are shown in Table 1.

Table 1. Faults Detected

MPLES
Number of test cases 1589
Faults found 46
Faults missed 3
Percentage of fault detection 94%

Through table 1, we can conclude that our testing approach can detect the
normal faults caused by inheritance and polymorphism.

4 Conclusions

This paper presents a testing approach to detecting the faults caused by the
polymorphic attributes that embody the combining results of aggregation, in-
heritance and polymorphism. Our testing approach includes an intra-class test-
ing method and an inter-class testing criterion. The algorithms that are used
to implement our testing approach are also given. These algorithms make it
possible to automate generating some inter-class test cases from a model-based
formal specification. Moreover, through a case study we preliminarily verify the
applicability and feasibility of our testing approach.

Now the intra-class testing algorithm has been preliminarily implemented
with Java and verified with some classes. In the future, our work will focus
on the tool supports and application of the testing approach for polymorphic
attributes. Furthermore, the evaluation of testing criterion needs more research.
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Abstract. Circus is a combination of Z, CSP, and Morgan’s refinement
calculus; it has an associated refinement strategy that supports the devel-
opment of reactive programs. In this work, we present rules to translate
Circus programs to Java programs that use JCSP, a library that imple-
ments CSP constructs. These rules can be used as a complement to the
Circus algebraic refinement technique, or as a guideline for implementa-
tion. They are a link between the results on refinement in the context of
Circus and a practical programming language in current use. The rules
can also be used as the basis for a tool that mechanises the translation.

Keywords: concurrency, object-orientation, program development.

1 Introduction

Languages like Z, VDM, Abstract State Machines, and B, use a model-based
approach to specification, based on mathematical objects from set theory. Al-
though possible, modelling behavioural aspects such as choice, sequence, paral-
lelism, and others, using these languages, is difficult and needs to be done in an
implicit fashion. On the other hand, process algebras like CSP and CCS provide
constructs that can be used to describe the behaviour of the system. However,
they do not support a concise and elegant way to describe complex data aspects.

Many attempts to join these two kinds of formalism have been made. Com-
binations of Z with CCS [5, 18], Z with CSP [16], and Object-Z with CSP [3]
are some examples. Our work is based on Circus [20], which combines Z [21] and
CSP [7, 15] and, distinctively, includes refinement calculi constructs and provides
support for refinement in a calculational style, as that presented in [10].

Circus characterises systems as processes, which group constructs to describe
data and behaviour. Z is used to define the data aspects, and CSP, Z schemas,
and guarded commands are used to define behaviour. The semantics of Circus is
based on the unifying theories of programming [8], a relational framework that
unifies the programming theory across many different computational paradigms.

The main objective of this work is to provide a strategy for implementing
Circus programs in Java. The strategy is based on a number of translation rules,
which, if applied exhaustively, transforms a Circus program into a Java program
that uses the JCSP [14] library. These rules capture and generalise the approach
that we took in the implementation of a large case-study in Circus.

J. Davies et al. (Eds.): ICFEM 2004, LNCS 3308, pp. 320–340, 2004.
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The result of refining a Circus specification is a program written in a combi-
nation of CSP and guarded commands. In order to implement this program, we
need a link between Circus and a practical programming language. The trans-
formation rules presented in this paper create this link. The existence of tool
support for refinement and automated translation to Java makes formal devel-
opment based on Circus relevant in practice. Our rules can be used as a basis in
the implementation of a translation tool.

We assume that, before applying the translation strategy, the specification
of the system we want to implement has been already refined, using the Circus
refinement strategy presented in [2]. The translation strategy is applicable to
programs written in the executable subset of Circus.

In Section 2, we use an example to introduce the main constructs of Circus.
Section 3 presents JCSP with some examples. The strategy to implement Circus
programs using JCSP is presented in Section 4. Finally, in Section 5 we conclude
with some considerations about the strategy, and describe some future work.

2 Circus

Circus programs are formed by a sequence of paragraphs, which can either be a
Z paragraph, a declaration of channels, a channel set declaration, or a process
declaration. In Figure 1, the syntactic categories N, Exp, Pred, SchemaExp, Par,
and Decl are those of valid Z identifiers, expressions, predicates, Z schemas,
paragraphs in general, and declarations, respectively, as defined in [17].

We illustrate the main constructs of Circus using the specification of a simple
register (Figure 2). It is initialised with zero, and can store or add a given value
to its current value. It can also output or reset its current value.

All the channels must be declared; we give their names and the types of the
values they can communicate. If a channel is used only for synchronisation, its
declaration contains only its name. For example, Register outputs the current
value through the channel out ; it may also be reset through channel reset .

The declaration of a process is composed by its name and by its specification.
A process may be explicitly defined or compound: defined in terms of other
processes. An explicit process specification is formed by a sequence of process
paragraphs and a distinguished nameless main action, which defines the process
behaviour. We use Z to define the state; in our example, RegSt describes the
state of the process Register : it contains the current value stored in the register.

Process paragraphs include Z paragraphs and declarations of (parametrised)
actions. An action can be a schema, a guarded command, an invocation to
another action, or a combination of these constructs using CSP operators.

The primitive action Skip does not communicate any value or changes the
state: it terminates immediately. The action Stop deadlocks, and Chaos diverges;
the only guarantee in both cases is that the state invariant is maintained.

The prefixing operator is standard. However, a guard construction is also
available. For instance, if the condition p is true, the action p & c?x → A
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Program ::= Par∗ CDecls∗ ProcDecl∗

CDecls ::= channel CDecl
CDecl ::= SimpleCDecl |SimpleCDecl; CDecl
SimpleCDecl ::= N+ | N+ : Exp
CSExp ::= {| |} | {| N+ |} | N | CSExp ∪ CSExp | CSExp ∩ CSExp

| CSExp \ CSExp

ProcDecl ::= process N =̂ ParProc
ParProc ::= Decl • Proc | Proc
Proc ::= begin PPar∗ state SchemaExp PPar∗ • Action end | N

| Proc; Proc | Proc � Proc | Proc � Proc
| Proc |[ CSExp ]| Proc | Proc ||| Proc | Proc \ CSExp
| Proc[N+ := N+] | ParProc(Exp+)
| o

9 Decl • Proc | �Decl • Proc
| ‖Decl |[ CSExp]| • Proc | |||Decl • Proc

NSExp ::= { } | {N+} | N | NSExp ∪ NSExp | NSExp ∩ NSExp
| NSExp \ NSExp

PPar ::= Par | N =̂ ParAction

ParAction ::= Decl • Action | Action

Action ::= SchemaExp | CSPAction | Command | N

CSPAction ::= Skip | Stop | Chaos | Comm → Action | Pred & Action
| Action; Action | Action � Action | Action � Action
| Action |[ NSExp | CSExp | NSExp ]| Action
| Action ||[NSExp | NSExp]|| Action
| Action \ CSExp | µ N • Action | ParAction(Exp+)
| o

9 Decl • Action | �Decl • Action

Comm ::= N?N | N!Expression | N
Command ::= N := Exp | if GActions fi | var Decl • Action

GActions ::= Pred → Action | Pred → Action � GActions

Fig. 1. Executable Circus Syntax

inputs a value through channel c and assigns it to x , and then behaves like
A, which has the variable x in scope. If, however, p is false, the same action
blocks.

The CSP operators of sequence, external and internal choice, parallelism, in-
terleaving, hiding may also be used to compose actions. Communications and
recursive definitions are also available. The process Register has a recursive
behaviour: after its initialisation, it behaves like RegCycle, and then recurses.
The action RegCycle is an external choice: values may be stored or accumu-
lated, using channels store and add ; the result may be requested using channel
result , and output through out ; finally, the register may be reset through channel
reset .
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channel store, add , out : N

channel result , reset
process Register =̂ begin state RegSt =̂ [value : N]

RegCycle =̂ store?newValue → value := newValue
� add?newValue → value := value + newValue
� result → out !value → Skip
� reset → value := 0

• value := 0; (µX • RegCycle; X ) end

channel read ,write : N

process SumClient =̂
begin ReadValue =̂ read?n → reset → Sum(n)

Sum =̂ n : N • (n = 0) & result → out?r → write!r → Skip
� (n �= 0) & add !n → Sum(n − 1)

• µX • ReadValue; X end
chanset RegAlphabet == {| store, add , out , result , reset |}
process Summation =̂ (SumClient |[RegAlphabet ]| Register) \ RegAlphabet

Fig. 2. A simple register

The parallelism and interleaving operators are different from those of CSP.
We must declare a synchronisation channel set, and, to avoid conflicts, two sets
that partition the variables in scope: state components, and input and local vari-
ables. In a parallelism A1 |[ns1 | cs | ns2 ]|A2, the actions A1 and A2 synchronise
on the channels in the set cs. Both A1 and A2 have access to the initial values of
all variables in ns1 and ns2, but A1 may modify only the values of the variables
in ns1, and A2, the values of the variables in ns2.

References to parametrised actions need to be instantiated. Actions may also
be defined using assignment, guarded alternation, or variable blocks. Finally, in
the interest of supporting a calculational approach to development, an action
can be a Morgan’s specification statement [10].

The CSP operators of sequence, external and internal choice, parallelism,
interleaving, and hiding may also be used to compose processes. Furthermore,
the renaming P [oldc := newc] replaces all the references to channels oldc by
the corresponding channels in newc, which are implicitly declared. Parametrised
processes may also be instantiated.

In Figure 2, the process SumClient repeatedly receives a value n through
channel read , interacts with Register to calculate the sum

∑n
i=0 i , and finally

outputs this value through write. The process Summation is the parallel com-
position of Register and SumClient . They synchronise on the set of channels
RegAlphabet , which is hidden from the environment: iterations with Summation
can only be made through read and write.

Some other operators are available in Circus, but are omitted here for con-
ciseness. The translation of these operators is either trivial or left as future work.
They are discussed in Section 5.
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3 JCSP

Since the facilities for concurrency in Java do not directly correspond with the
idea of processes in CSP and Circus, we use JCSP, a library that provides a
model for processes and channels. This allows us to abstract from basic monitor
constructs provided by Java. In JCSP, a process is a class that implements the
interface CSProcess{public void run();}, where the method run encodes
its behaviour. We present an Example process below.

import jcsp.lang.*; // further imports
class Example implements CSProcess {

// state information, constructors, and auxiliary methods
public void run { /* execution of the process */ } }

After importing the basic JCSP classes and any other relevant classes, we
declare Example, which may have private attributes, constructors, and auxiliary
methods. Finally, we must give the implementation of the method run.

Some JCSP interfaces represent channels: ChannelInput is the type of chan-
nels used to read objects; ChannelOutput is for channels used to write objects;
and AltingChannel is for channels used in choices. Other interfaces are avail-
able, but these are the only ones used in our work.

The simplest implementation of a channel interface is that provided by the
class One2OneChannel, which represents a point-to-point channel; multiple read-
ers and writers are not allowed. On the other hand, Any2OneChannel channels
allow many writers to communicate with one reader. For any type of channel, a
communication happens between one writer and one reader only.

Mostly, JCSP channels communicate Java objects. For instance, in order to
communicate an object o through a channel c, a writer process may declare c
as a ChannelOutput, and invoke c.write(o); a reader process that declares c
as a ChannelInput invokes c.read().

The class Alternative implements the choice operator. Although other types
of choice are available, we use a fair choice. Only AltingChannelInput channels
may be involved in choices. The code below reads from either channel l or r.

AltingChannelInput[] chs = new AltingChannelInput[]{l,r};
final Alternative alt = new Alternative(chs);
chs[alt.select()].read();

The channels l and r are declared in an array of channels chs, which is
given to the constructor of the Alternative. The method select waits for one
or more channels to become ready, makes an arbitrary choice between them,
and returns an int that corresponds to the index of the chosen channel in chs.
Finally, we read from the channel located at the chosen position of chs.

Parallel processes are implemented using the class Parallel. Its
constructor takes an array of CSProcesses and returns a CSProcess that is
the parallel composition of its process arguments. A run of a Parallel process
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Fig. 3. Translation Strategy Overview

terminates when all its component processes terminate. For instance, the code
(new Parallel(new CSProcess[]{P_1,P_2})).run(); runs two processes P_1
and P_2 in parallel. It creates the array of processes which will run in parallel,
gives it to the constructor of Parallel, and finally, runs the parallelism.

The CSP constructors Skip and Stop are implemented by the classes Skip
and Stop. JCSP includes other facilities beyond those available in CSP; here we
concentrate on those that are relevant for our work.

4 From Circus to JCSP

Our strategy for translating Circus programs considers each paragraph individ-
ually, and in sequence. In Figure 3, we present an overview of the translation
strategy. First, for a given Program, we use a rule (Rule 22) that deals with the Z
paragraphs and channel declarations. Each process declaration ProcDecl in the
program is transformed into a new Java class (Rule 1). The next step (Rule 2)
declares the class attributes, constructor, and its run method. Basic process
definitions are translated (Rule 3) to the execution of a process whose pri-
vate methods correspond to the translation (Rule 4) of actions of the origi-
nal Circus process; the translation (Rules 5-17) of the main Action, which de-
termines the body of the method run, and of the Action bodies conclude the
translation of basic processes. Compound processes are translated using a
separate set of rules (Rules 18-21) that combines the translations of the basic
processes.

Only executable Circus programs can be translated: the technique in [2, 19]
can be used to refine specifications. Other restrictions are syntactic and can be
enforced by a (mechanised) pre-processing; they are listed below.
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• The Circus program is well-typed and well-formed.
• Paragraphs are grouped in the following order: Z paragraphs, channel dec-

larations, and process declarations.
• Z paragraphs are axiomatic definitions of the form v : T | v = e1, free types,

or abbreviations.
• The only Z paragraphs inside a process declaration are axiomatic definitions

of the above form.
• Variable declarations are of the form x1 : T1; x2 : T2; . . . ; xn : Tn , and

names are not reused.
• There are no nested external choices or nested guards.
• The synchronisation sets in the parallelisms are the intersection of the sets

of channels used by the parallel actions or processes.
• No channel is used by two interleaved actions or processes.
• The types used are already implemented in Java.
• Only free types, abbreviations, and finite subsets of N and Z with

equally spaced elements, are used for typing indexing variables of iterated
operators.

• There are no multi-synchronisations or guarded outputs.

Axiomatic definitions can be used to define only constants. All types, abbre-
viations and free types, need a corresponding Java implementation. If necessary,
the Circus data refinement technique should be used. In [11] we present rules to
translate some forms of abbreviations and free types. Nested external choices
and guarded actions can be eliminated with simple refinement laws.

The JCSP parallel construct does not allow the definition of a synchronisation
channel set. For this reason, the intersection of the alphabets determines this
set: if it is not empty, we have a parallelism; otherwise, we have actually an
interleaving. JCSP does not have an interleaving construct; when possible we
use the parallel construct instead.

Multi-synchronisation channels and guarded outputs are not implementable
in JCSP. Before applying the translation strategy they must be removed applying
refinement strategies as those presented in [19, 9].

The types of indexing variables in iterated operators are considered to be fi-
nite, because their translation uses loops. A different approach in the translation
could make it possible to remove this restriction.

The output of the translation is Java code composed of several class dec-
larations that can be split into different files and allocated in packages. For
each program, we require a project name proj. The translation generates six
packages: proj contains the main class, which is used to execute the system;
proj.axiomaticDefinitions contains the class that encapsulates the trans-
lation of all axiomatic definitions; the processes are declared in the package
proj.processes; proj.typing contains all the classes that implement types;
and proj.util contains all the utility classes used by the generated code. For
example, class RandomGenerator is used to generate random numbers; it is used
in the implementation of internal choice.
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The translation uses a channel environment δ. For each channel c, it maps
c to its type, or to sync, if c is a synchronisation channel. We consider δ to be
available throughout the translation.

For each process, two environments store information about channels: ν and
ι for visible and hidden channels. They both map channel names to an element
of ChanUse ::= I | O | A. The constant I is used for input channels, O for
output channels, and A for input channels that take part in external choices.
Synchronisation channels must also be associated to one of these constants,
since every JCSP channel is either an input or an output channel. If a channel c
is regarded as an input channel in a process P , then it must be regarded as an
output channel in any process parallel to P , and vice-versa.

The function JType defines the Java type corresponding to each of the used
Circus types; and JExp translates expressions. The definitions of these func-
tions are simple; for conciseness, we omit them. For example, we have that
JType(N) =Integer, and JExp(x > y) = x.intValue() > y.intValue().

This section is organised as follows: the rules of translation of processes dec-
larations are presented in Section 4.1. Section 4.2 presents the translation of
the body of basic processes, which is followed by the translation of the CSP ac-
tions (Section 4.3), and commands (Section 4.4). The translation of compound
processes is presented in Section 4.5. Finally, Section 4.6 presents how to run
the program. For conciseness, we omit some of the formal definitions of our
translation strategy. They can be found in [11].

4.1 Processes Declarations

Each process declaration is translated to a Java class that implements the JCSP
interface jcsp.lang.CSProcess. For a process P in a project named proj , we
declare a Java class P that imports the Java utilities package, the basic JCSP
package, and all the project packages.

Rule 1. |[process P =̂ ParProc ]|ProcDecl proj =
package proj.processes; import java.util.*;
import jcsp.lang.*; import proj.axiomaticDefinitions.*;
import proj.typing.*; import proj.util.*;
public class P implements CSProcess { |[ParProc ]|ParProc P }

The function |[ ]|ProcDecl takes a Circus process declaration and a project name
to yield an Java class definition; our rule defines this function. The body of the
class is determined by the translation of the paragraphs of P .

As an example, we translate Register , SumClient , and Summation (Figure 2);
the resulting code is in [12]. The translation of Register is shown below; we omit
package and import declarations.

public class Register implements CSProcess

{ |[ begin . . . • value := 0; (µX • . . . ) end ]|ParProc Register }
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The translation the body of a parametrised process is captured by the func-
tion |[ ]|ParProc : ParProc �→N �→JCode.

Rule 2. |[D • P ]|ParProc N = (ParDecl D) (VisCDecl ν) (HidCDecl ι)
public N (ParArgs D,VisCArgs ν) {

(MAss (ParDecl D) (ParArgs D))
(MAss (VisCDecl ν) (VisCArgs ν))
HidCC ι }

public void run(){ |[P ]|Proc }

The process parameters D are declared as attributes: for each x : T , the func-
tion ParDecl yields a declaration private (JType T ) x;. The visible channels
are also declared as attributes: for each channel c, with use t , VisCDecl gives
private (TypeChan t) c;, where TypeChan t gives ChannelInput for t = I ,
ChannelOutput for t = O , and AltingChannelInput for t = A. For Register ,
we have declarations for the channels in the set RegAlphabet .

private AltingChannelInput store;...; ChannelOutput out; ...;

Hidden channels are also declared as attributes, but they are instantiated
within the class. We declare them as Any2OneChannel, which can be instantiated.
The process Summation hides all the channels in the set RegAlphabet . For this
reason, within Summation they are declared to be of type Any2OneChannel.

The constructor receives the processes parameters and visible channels as ar-
guments (ParArgs D and VisCArgs ν generates fresh names). The arguments are
used to initialise the corresponding attributes (MAss (ParDecl D) (ParArgs D)
and MAss (VisCDecl ν) (VisCArgs ν)), and hidden channels are instantiated
locally (HidCC ι). In our example, we have the result below.

public Register (AltingChannelInput newstore, ...)
{ this.store = newstore; ... }

For Summation, we have the instantiation of all channels in the set RegAlphabet .
For instance, this.store = new Any2OneChannel(); instantiates store.

Finally, the method run implements the process body translated by |[ ]|Proc .
In our example, we have public void run(){|[begin . . . end ]|Proc }. For a
non-parametrised process, like Register , we actually do not use Rule 1, but a
simpler rule. The difference between the translation of parametrised and non-
parametrised processes are the attributes corresponding to parameters.

4.2 Basic Processes

Each process body is translated by |[ ]|Proc : Proc �→JCode to an execution of
an anonymous inner class that implements CSProcess. Inner classes are a Java
feature that allows classes to be defined inside classes. The use of inner classes
allows the compositional translation even in the presence of nameless processes.

Basic processes are translated as follows.
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Rule 3. |[begin PPars1 state PSt PPars2 • A ]|Proc =
(new CSProcess(){ (StateDecl PSt) (|[PPars1 PPars2]|PPars)

public void run(){ |[A ]|Action }}).run();

The inner class declares the state components as attributes (StateDecl PSt).
Each action gives rise to a private method (|[PPars1 PPars2]|PPars). The body of
run is the the translation of the main action A. Our strategy ignores any existing
state invariants, since they have already been considered in the refinement of the
process. It is kept in a Circus program just for documentation purposes.

As an example, we present the translation of the body of Register . For con-
ciseness, we name its paragraphs PPars, and its main action Main.

(new CSProcess(){ private Integer value; |[ PPars ]|PPars

public void run() { |[ Main ]|Action } }).run();

The function |[ ]|PPars : PPar∗ �→JCode translates the paragraphs within a
Circus process, which can either be axiomatic definitions, or (parametrised) ac-
tions. The translation of an axiomatic definition v : T | v = e1 is a method
private (JType T ) v(){return (JExp e1);}. Since the paragraphs of a pro-
cess p can only be referenced within p, the method is declared private. We omit
the relevant rule, and a few others in the sequel, for conciseness.

Both parametrised actions and non-parametrised actions are translated into
private methods. However, the former requires that the parameters are declared
as arguments of the new method. The reason for the method to be declared
private is the same as that for the axiomatic definitions above.

Rule 4. |[N =̂ (D • A) PPars ]|PPars =
private void N(ParArgs D){ |[A ]|Action } |[ PPars ]|PPars

The function ParArgs declares an argument for each of the process parame-
ters. The body of the method is defined by the translation of the action body.

For instance, the translation of action RegCycle generates the following Java
code. We use body to denote the body of the action.

|[ RegCycle =̂ body]|PPars = private void RegCycle(){ |[ body ]|Action }

The function |[ ]|Action : Action �→JCode translates CSP actions and com-
mands.

4.3 CSP Actions

In the translation of each action, the environment λ is used to record the local
variables in scope in the translation of parallel and recursive actions. For each
variable, λ maps its name to its type. Besides, as for processes, we have channel
environments ν and ι to store information about how each channel is used.
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The translations of Skip and Stop use basic JCSP classes: Skip is translated to
(new Skip()).run();, and Stop is translated to (new Stop()).run();. Chaos
is translated to an infinite loop while(true){};, which is a valid refinement of
Chaos. For input communications, we declare a new variable whose value is read
from the channel. A cast is needed, since the type of the objects transmitted
through the channels is Object; we use the channel environment δ.

Rule 5. |[c?x → Act ]|Action = { t x = (t)c.read(); |[Act ]|Action }

where t = JType(δ c). �

For instance, the communication add?newValue used in the action RegCycle
is translated to Integer newValue = (Integer)add.read();

An output communication is easily translated as follows.

Rule 6. |[c!x → Act ]|Action = c.write(x); |[ Act ]|Action

For synchronisation channels, we need to know whether it is regarded as an
input or output channel; this information is retrieved either from ν or ι.

Rule 7. |[c → Act ]|Action = c.read();

provided ν c ∈ { I ,A } ∨ ι c ∈ { I ,A } �

Rule 8. |[c → Act ]|Action = c.write(null);

provided ν c = O ∨ ι c = O �

For example, in the process SumClient , the action reset → Sum(n) is trans-
lated to reset.write(null);, followed by the translation of Sum(n). Within
Register , the translation of reset is reset.read();. The difference is because
reset is an output channel for SumClient , and an input channel for Register .

Sequential compositions are translated to a Java sequential composition.

Rule 9. |[A1; . . . ; An ]|Action = |[A1 ]|Action ; . . . ; |[ An ]|Action

The translation of external choice uses the corresponding Alternative JCSP
class; all the initial visible channels involved take part.

Rule 10. |[A1 � . . . � An]|Action =
Guard[] g = new Guard[]{ICAtt A1, . . . ,ICAtt An};
final Alternative alt = new Alternative(g);
(DeclCs (ExIC A1) 0) . . . (DeclCs (ExIC An) (#(ExIC An−1)))
switch(alt.select())

{ Cases (ExIC A1) A1 . . . Cases (ExIC An) An }

provided A1, . . ., An are not guarded actions gi & Ai . �
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In Figure 4 we present the translation of the body of RegCycle. It declares an
array containing all initial visible channels of the choice (1). The function ICAtt
returns a ,-separated list of all initial visible channels of an action; informally,
these are the first channels through which the action is prepared to communicate.
The array is used in the instantiation of the Alternative process (2). Next, an
int constant is declared for each channel (3). The function DeclCs returns a ;-
separated list of int constant declarations. The first constant is initialised with
0, and each subsequent constant with the previous constant incremented by
one. Finally, a choice is made, and the chosen action executed. We use a switch
block (4); the body of each case is the translation of the corresponding action (5);
the function Cases takes the initial visible channel as argument (ExIC ).

Guard[] guards = new Guard[]{store,add,result,reset}; (1)
final Alternative alt = new Alternative(guards); (2)
final int C_STORE = 0; ... ; final int C_RESET = 3; (3)
switch(alt.select()) (4)

{ case C_STORE:{ . . . } break; . . . ; case C_RESET:{ . . . } break; } (5)

Fig. 4. Example of External Choice Translation

For guarded actions �i gi & Ai , we have to declare an array g of boolean
JExp gi . We use this array in the selection alt.select(g). Each unguarded
action Ai can be easily refined to true & Ai .

If the guards are mutually exclusive, we can apply a different rule to obtain
an if-then-else. This simplifies the generated code, and does not require the
guarded actions to be explored in the translation of the external choice.

The translation of an internal choice chooses a random number between 1
and n. It uses the static method generateNumber of class RandomGenerator.
Finally, it uses a switch block to choose and run the chosen action.

Rule 11. |[A1 � . . . � An]|Action =
switch(RandomGenerator.generateNumber(1,n))

{case 1:{ |[A1 ]|Action }break; . . . case n:{ |[An ]|Action }break;}

To translate a parallelism, we define an inner class for each parallel action,
because the JCSP Parallel constructor takes an array of processes as argument.
To deal with the partition of the variables, we use auxiliary variables to make
copies of each state component. The body of each branch is translated and each
reference to a state component is replaced with its copy. After the parallelism,
we merge the values of the variables in each partition.

Local variables need to be copied as well, but since they are not translated
to attributes, as state components are, they cannot be directly accessed in the
inner classes created for each parallel action. For this reason, their copies are not
initialised when declared; they are initialised in the constructor of each parallel
action. Their initial values are given to the constructor as arguments.
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The names of the inner classes are defined in the translation. To avoid clashes,
we use a fresh index ind in the name of inner classes and local variables copies.
In the following rule, LName and RName stand for the names of the classes that
implement A1 and A2. We omit RName, which is similar to LName.

The function IAuxVars declares and initialises an auxiliary variable for each
state component in the partition of A1. Next, DeclLcVars declares one copy of
each local variable; the initial values are taken by the constructor (LcVarsArgs).
In the body of the constructor, the function ILcVars initialises each local vari-
able with the corresponding value received as argument. The body of the method
run is the translation of the action. The function RenVars is used to
replace occurrences of the state components and variables in scope with their
copies.

After the conclusion of the declaration of the inner class LName, we create an
object of LName. A similar approach is taken in the translation of A2 to RName
and an object creation. The next step is to run the parallelism. Afterwards, a
merge retrieves the final values of the state components and the variables in
scope from their copies (MergeVars).

Rule 12. |[A1 |[ns1 | cs | ns2 ]| A2]|Action =
class LName implements CSProcess {

(IAuxVars (ns1 \ (dom λ)) ind L) (DeclLcVars λ ind L)
public LName((LcVarsArg λ)) { ILcVars λ ind L }
public void run()

{ RenVars |[A1 ]|Action (ns1 ∪ (dom λ)) ind L }}
CSProcess l_ind = new LName(JList (ListFirst λ));
\\class RName declaration, process r_ind instantiation
CSProcess[] procs_ind = new CSProcess[]{ l_ind,r_ind };
(new Parallel(procs_ind)).run();
(MergeVars LName ns1 ind L) (MergeVars RName ns2 ind R)

where LName = ParLBranch_ind and RName = ParRBranch_ind

For instance, we present the translation of x := 0 |[ {x} | ∅ | {y} ]| y := 1
in Figure 5. We consider that the action occurs within a process with one state
component x : N, and that there is one local variable y : N in scope.

The state component x is declared in the left partition of the parallelism.
For this reason, the class ParLBranch_0 has two attributes: one corresponding
to the state component x (2) and one corresponding to the local variable y (3),
whose initial value is received in the constructor (4). The body of the method
run (5) replaces all the occurrences of x by its copy aux_l_x_0. This concludes
the declaration of the class ParLBranch_0, which is followed by the creation of
an object l_0 of this class (6). For conciseness, we omit the declaration of the
class related to the right-hand side of the parallelism (7). Its declaration, how-
ever, is very similar to the left-hand side: its only auxiliary variable aux_l_y_0
is declared and initialised as in class ParLBranch_0; the body of method run is
the assignment aux_r_y_0 = new Integer(1);. Finally, after running the par-
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class ParLBranch_0 implements CSProcess { (1)
public Integer aux_l_x_0 = x; (2)
public Integer aux_l_y_0; (3)
public ParLBranch_0(Integer y) { this.aux_l_y_0 = y; } (4)
public void run() { aux_l_x_0 = new Integer(0); } } (5)

CSProcess l_0 = new ParLBranch_0(y); (6)
\* Right-hand side of the parallelism*\ (7)
CSProcess[] procs_0 = new CSProcess[]{l_0,r_0}; (8)
(new Parallel(procs_0)).run (); (9)
x = ((ParLBranch_0)procs_0[0]).aux_l_x_0; (10)
y = ((ParRBranch_0)procs_0[1]).aux_r_y_0; (11)

Fig. 5. Example of Parallelism Translation

allelism (8,9), the final value of x is that of its left branch copy (10), and the
final value of y is that of its right branch copy (11).

If we have a Circus action invocation, all we have to do is to translate it to
a method call. If no parameter is given, the method invocation has no parame-
ters. However, if any parameter is given, we use a Java expression correspond-
ing to each parameter in the method invocation. In our example, Sum(n) and
Sum(n − 1) translate to Sum(n); and Sum(new Integer(n.intValue()-1));.

In order to avoid the need of indexing recursion variables, we also use inner
classes to declare the body of recursions. As for parallelism, this requires the use
of copies of local variables, which are declared as attributes of the inner class,
and initialised in its constructor with the values given as arguments. The run
method of this new inner class executes the body of the recursion, instantiates
a new object of this class, where the recursion occurs, and executes it.

Rule 13. |[µX • A(X ) ]|Action =
class I_ind implements CSProcess {

DeclLcVars λ ind L
public I_ind(LcVarsArg λ ) { ILcVars λ ind L }
public void run(){

RenVars |[A(RunRec ind) ]|Action (dom λ) ind L}};
(RunRec ind)

The function RunRec instantiates a recursion process, invokes its run method,
and finally collects the values of the auxiliary variables. For the same reason as
for the translation of parallelism, we use a fresh index in the name of the inner
class created for the recursion. Besides, since we are also using a inner class to
express the recursion, the local variables must be given to the constructor of this
inner class, and their final values retrieved after the execution of the recursion.

For instance, in Figure 6, we present the translation of the main action of
process Register . First, we initialise value with 0 (1). Next, we declare the class
I_0, which implements the recursion. It has a copy of the state component value
as its attribute (3), which is initialised in the constructor (4). The method run
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value:=new Integer(0); (1)
class I_0 implements CSProcess { (2)

public Integer aux_l_value_0; (3)
public I_0(Integer value){ this.aux_l_value_0 = value; } (4)
public void run() { (5)

RegCycle(); (6)
I_0 i_0_1 = new I_0(aux_l_value_0); i_0_1.run(); (7)
aux_l_value_0 = i_0_1.aux_l_value_0; } }; (8)

I_0 i_0_2 = new I_0(value); i_0_2.run(); (9)
value = i_0_2.aux_l_value_0; (10)

Fig. 6. Example of Recursion Translation

calls the method RegCycle (6), instantiates a new recursion (7), and executes
it (8); this concludes the declaration of the recursion class. Next, we instantiate
an object of this class, and execute it (9). Finally, we retrieve the final value.

The translation of parametrised action invocations also makes use of inner
classes. Each of the local variables in scope has a corresponding copy as an
attribute of the new class; the action parameters are also declared as attributes of
the new class; both local variable copies attributes and parameters are initialised
within the class constructor with the corresponding values given as arguments.
The run method of the new class executes the parametrised action. However,
the references to the local variables are replaced by references to their copies.
Next, the translation creates an object of the class with the given arguments,
and calls its run method. Finally, it restores the values of the local variables.

The translation of iterated sequential composition is presented below.

Rule 14. |[ o
9 x1 : T1; . . . ; xn : Tn • Act]|Action =
InstActions pV_ind (x1 : T1; . . . ; xn : Tn) Act ind
for(int i = 0; i < pV_ind.size(); i++)

{ ((CSProcess)pV_ind.elementAt(i)).run(); }

The function InstActions declares an inner class I_ind that implements the
action Act parametrised by the indexing variables. Then, it creates a vector
pV_ind of actions using a nested loop over the possible values of each indexing
variable: for each iteration, an object of I_ind is created using the current val-
ues of the indexing variables, and stored in pV_ind . Finally, each action within
pV_ind is executed in sequence.

The translation of iterated internal choice uses the RandomGenerator to
choose a value for each indexing variable. Then, it instantiates an action us-
ing the chosen values, and runs it.

4.4 Commands

Single assignments are directly translated to Java assignments.
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// Package declaration and imports (Rule 1)
public class Register implements CSProcess {

private AltingChannelInput store; ...
public Register (AltingChannelInput newstore, ...) { ... }
public void run(){

(new CSProcess(){
private Integer value;
private void RegCycle(){

Guard[] guards = new Guard[]{store,add,result,reset};
final Alternative alt = new Alternative(guards);
final int C_STORE = 0; ...; final int C_RESET = 3;
switch(alt.select()) { case C_STORE: { ... } break;

case C_ADD: { ... } break;
case C_RESULT: { ... } break;
case C_RESET: { ... } break; } }

public void run() { /* Figure 6 */ } }).run(); } }

Fig. 7. Translation of Process Register

Rule 15. |[x := e]|Action = x = (JExp e);

Variable declarations only introduce the declared variables in scope.

Rule 16. |[var x1 : T1; . . . ;xn : Tn • Act]|Action =
{ (JType T1) x_1; . . . ; (JType Tn) x_n; |[Act ]|Action }

Alternations(if fi) are translated to if-then-else blocks. The possible non-
determinism is removed by choosing the first true guard. If none of the guards
is true, the action behaves like Chaos (while(true){}).

Rule 17. |[ if g1 → A1 � . . . � gn → An fi ]|Action =

if(JExp g1){ |[A1 ]|Action } . . . else if(JExp gn){ |[An ]|Action }
else { while(true){} }

At this point, we are able to translate basic process. By way of illustration,
Figure 7 presents a skeleton of the complete translation of process Register .

4.5 Compound Processes

We now concentrate in the translation of the processes that are defined in terms
of other processes. At this stage, we are actually translating the body of some
process (Figure 3). This means, we are translating the body of its method run.

For a single process name N , we must instantiate the process N, and then,
invoke its run method. The visible channels of the process are given as arguments
to the process constructor. The function ExtChans returns a list of all channel
names in the domain of the environment ν.
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Rule 18. |[N ]|Proc = (new CSProcess(){

public void run(){(new N(ExtChans ν)).run();}
}).run();

The invocation of (parametrised) processes is translated to a new inner class.
It runs the parametrised process instantiated with the given arguments. The
new classes names are also indexed by a fresh ind to avoid clashes.

The sequential composition of processes is also easily translated to the se-
quential execution of each process.

Rule 19. |[P1; . . . ; Pn ]|Proc = |[P1]|Proc ; . . . ; |[Pn]|Proc

External choice has a similar solution to that presented for actions. The idea
is to create an alternative in which all the initial channels of both processes, that
are not hidden, take part. However, all auxiliary functions used in the previous
definitions take actions into account. All we have to do is use similar functions
that take processes into account.

As the internal choice for actions, the internal choice P1 � . . . � Pn for
processes randomly chooses a process, and then, starts to behave as such. Its
definition is very similar to the corresponding one for actions.

The translation of parallelism executes a Parallel process. This process
executes all the processes that are elements of the array given as argument to
its constructor in parallel. In our case, this array has only two elements: each
one corresponds to a process of the parallelism. Furthermore, the translation of
parallelism of processes does not have to take into account variable partitions.

Rule 20. |[P1 |[ cs ]| P2]|Proc =
(new CSProcess(){ public void run() { new Parallel(

new CSProcess[]{ |[P1 ]|Proc , |[P2 ]|Proc }).run();}}).run();

It is important to notice that, when using JCSP, the intersection of the al-
phabets determines the synchronisation channels set. For this reason, cs may be
ignored.

The renaming operation P [x1, . . . , xn := y1, . . . , yn ] is translated by replacing
all the x_is by the corresponding y_is in the translated Java code of P .

As for actions, the iterated operators are translated using for loops. The
same restrictions apply for processes. The first iterated operator on processes
is the sequential composition o

9 . As for actions, we use an auxiliary function
to create a vector of processes, and execute in sequence each process within
this vector. The iterated internal choice chooses a value for each indexing
variable, and runs the process with the randomly chosen values for the indexing
variables.

The translation of iterated parallelism of processes are simpler than that of
actions, since we do not need to deal with partitions of variables in scope.
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Rule 21. |[ ‖ x1 : T1; . . . ; xn : Tn |[ cs]| • P]|Proc =
(new CSProcess(){

public void run(){
InstProcs pV_ind (x1 : T1; . . . ; xn : Tn) P ind
CSProcess[] pA_ind = new CSProcess[pV_ind.size()];
for (int i = 0; i < pV_ind.size(); i++)

{ pA_ind[i] = (CSProcess)pV_ind.get(i); }
(new Parallel(pA_ind)).run(); } }).run();

It uses the function InstProcs to instantiate a vector pV_ind containing each
of the processes obtained by considering each possible value of the indexing
variables. Then, it transforms this pV_ind in an array pA_ind , which is given to
the constructor of a Parallel process. Finally, we run the Parallel process.

The indexed operator translation uses array of channels. Its definition can be
found in [11]. Furthermore, the translation of free types, abbreviations, generic
channels, and further types of communications are also present in [11].

4.6 Running the Program

The function |[ ]|Program summarises our translation strategy. Besides the Circus
program, this function also receives a project name, which is used to declare
the package for each new class. It declares the class that encapsulates all the
axiomatic definitions (DeclAxDefCls), and translates all the declared processes.

Rule 22. |[Types AxDefs ChanDecls ProcDecls ]|Program proj =
(DeclAxDefCls proj AxDefs) (|[ProcDecls ]|ProcDecls proj )

In order to generate a class with a main method, which can be used to
execute a given process, we use the function |[ ]|Run . This function is applied to
a Circus process, and a project name. It creates a Java class named Main, which
is created in the package proj . After the package declaration, the class imports
the packages java.util, jcsp.lang, and all the packages within the project.
The method main is defined as the translation of the given process.

For instance, in order to run the process Summation, we have to apply the
function |[ ]|Run to this process and give the project name sum as argument. This
application results in the following Java code.

(new CSProcess() {
public void run(){(new Summation()).run();} }).run();

For conciseness, we present only the body of the main method, and omit the
package, import, class, and main method declarations.

5 Conclusion

The translation strategy presented in this work has been used to implement
several programs, including a quite complex fire control system developed from
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its abstract centralised specification [11]. The application of the translation rules
was straightforward; only human errors, which could be avoided if a translation
tool were available, raised problems. The choice of JCSP was motivated by the
local support of the JCSP implementors. Furthermore, the direct correspondence
between many CSP and Circus constructs is a motivation for extending JCSP to
support Circus, instead of creating another library from scratch.

Certainly, code generated by hand could be simpler. For instance, the trans-
lation of compound processes do not always need anonymous inner classes; they
are used in the rules for generalisation purposes. However, our experiments have
shown no significant improvement in performance after simplification.

In [4], Fischer formalises a translation from CSP-OZ to annotations of Java
programs. A CSP-OZ specification is composed mostly by class definitions that
model processes. They contain Z schemas that describe the internal state and
its initialisation, and CSP processes that model the behaviour of the class. For
each channel, an enable schema specifies when communication is possible, and
an effect schema specifies the state changes caused by the communication.

In the translation, enable and effect schemas become pre and postconditions;
the CSP part becomes trace assertions, which specify the allowed sequences of
method calls; finally, state invariants become class invariants. The result is not an
implementation of a CSP-OZ class, but annotations that support the verification
of a given implementation. The treatment of class composition is left as future
work. Differently, our work supports the translation from Circus specifications,
possibly describing the interaction between many processes, to correct Java code.

The translation from a subset of CSP-OZ to Java is also considered in [1],
where a language called COZJava, which includes CSP-OZ and Java, is used.
A CSP-OZ specification is first translated to a description of the structure of
the final Java program, which still contains the original CSP processes and Z
schemas; these are translated afterwards. The library that they use to imple-
ment processes is called CTJ [6], which is in many ways similar to JCSP. The
architecture of the resulting Java program is determined by the architecture of
CSP-OZ specifications, which keep communications and state update separate.
As a consequence, the code is usually inefficient and complicated. It was this
difficulty that motivated the design of Circus.

In Circus, communications are not attached to state changes, but are freely
mixed as exemplified by the action RegCycle of process Register . As a conse-
quence, the reuse of Z and CSP tools is not straightforward. On the other hand,
Circus specifications can be refined to code that follow the usual style of pro-
gramming in languages like occam, or JCSP, and are more efficient.

Due to JCSP limitations, we consider a restrict set of communications: non-
typed inputs, outputs, and synchronisations. In [11], we treat generic channels
and synchronisations c.e over a channel c with expression e. Strategies to refine
out the remaining forms of communication, multi-synchronisation, and guarded
outputs are left as future work. A strategy to remove a special case of multi-
synchronisation, in which it is not part of an external choice, is presented in [19].
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JCSP itself restricts our strategy in the translation of parallelism. It does not
support the definition of a synchronisation channel set: the intersection of the
alphabets determines the synchronisation channels set.

We have considered the type of indexing variables of iterated operators to be
finite. Furthermore, not all iterated operators are treated directly. The transla-
tion of iterated parallelism and interleaving of actions requires their expansion.
For external choice, expansion is required for both the action and the process
operator, due to the need to determine their initials. For conciseness, we omitted
the Circus indexing operator, which expands the types of values communicated
through the channels used in an action (or process) to include an index. Its
simple translation involves arrays of channels; the rules can be found in [11].

The most important piece of future work is the implementation of a tool
to support the translation strategy. In order to prove the soundness of such a
tool, the proof of the translation rules presented here would be necessary. This,
however, is a very complex task, as it involves the semantics of Java and Circus.
We currently rely on the validation of the implementation of our industrial-scale
case study [13] and on the fairly direct correspondence of JCSP and Circus.
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Abstract. An approach to systematically update finite state protocols
while preserving application independent properties such as consistency
and executability is described. Protocols are modelled as a network of
communicating finite state machines with each machine denoting the
behavior of a single protocol controller. Updates to protocols are spec-
ified as a finite set of rules that may add, delete and/or replace one or
more transitions in one or more controllers. Conditions on updates are
identified under which a single transition in a single controller or mul-
tiple transitions in one or more controllers can be changed to produce
an executable protocol with a consistent global transition relation. The
effectiveness of the proposed approach is illustrated on a large class of
cache coherence protocols. It is shown how several common design choices
can be consistently incorporated into these protocols by specifying them
as updates. Many changes to verified protocols are non-monotonic in the
sense that they do not preserve all of the verified protocol invariants.
The proposed approach enables incremental verification of application
independent properties that need to be preserved by any update and are
a precursor to verification of the application specific properties.

1 Introduction

Design and verification of protocols is an evolutionary and iterative process.
Verified protocols are updated several times during a design cycle to optimize
various system parameters that can often be accurately measured only based on
an executable implementation. The updated protocols are re-verified, resulting
implementation is analyzed, and the process repeats until the desired system
parameter values are obtained.

Protocols in practice tend to be quite elaborate with several distributed and
interacting components (controllers). Changing these protocols in an ad hoc
manner, as usually done in practice, is highly error prone. Even apparently triv-
ial changes frequently result in non-executable protocols containing unspecified
message receptions, unreachable states, and introduce deadlocks. Consequently,
each update is typically followed by extensive debugging, a tedious and time con-
suming activity that does not provide any additional insight about the protocol
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and the changes. More importantly, properties such as protocol being executable,
absence of unspecified and non-executable message receptions, and absence of
deadlocks are application independent properties that must hold for any pro-
tocol. Preservation of such properties by any update is a pre-requisite for the
re-verification of any application specific protocol invariants.

The main objective of this paper is to develop an approach to systematically
specify updates to protocols that can be automatically applied while guarantee-
ing that the updated protocol is consistent and executable. We identify condi-
tions on update specifications such that the updated protocol is guaranteed to
be executable and consistent whenever these conditions are met and the original
protocol is consistent and executable.

Protocols are modelled as a network of communicating finite state machines
(CFSM s) [1] that exchange messages with each other over dedicated, bounded,
FIFO channels. Each CFSM describes the behavior of a single protocol con-
troller. The transition relation of a CFSM describes the outputs generated by
the controller for each legal input combination to the controller. Each transi-
tion takes a message and a controller state as its inputs and outputs a set of
messages and the next controller state. The global transition relation based on
asynchronous composition of these machines with message exchanges describes
the overall protocol behavior.

A protocol is said to be executable if it is possible to reach any initial global
state from another using the global transition relation. A protocol is said to
be consistent if its global transition relation is deterministic, every transition
appears in a path between a pair of initial global states, and every path reaching
any transition in the relation can be extended to an initial global state.

Updates to protocols are specified as a finite set of rules, update rules, that
may add, delete or replace one or more transitions in one or more controllers.
Updates with single as well multiple rules involving multiple controllers are con-
sidered. Updates with a single rule affect only single controller. They may either
add a transition with a new legal input combination to the controller or they
may replace an existing transition by another that produces different outputs.
We show that a transition with a new input combination can be added while
preserving executability if the messages and states in the transition already ap-
pear in the original protocol. Consistency is preserved if the input state is an
initial state and every path from any initial global state reaching the newly
added transition can be extended to reach an initial global state. For updates
that replace transitions, the requirement that the input state be initial can be
relaxed; it can be any state appearing in the original protocol. However, when
we replace a transition, to preserve consistency, every transition following the re-
placed transition in any path between a pair of initial global states must appear
in another such path not involving the replaced transition.

Updates with single rule may seem limited. However, several changes to
industrial-strength protocols such as cache coherence protocols can be specified
using single rule updates. This is illustrated in detail in section 7.
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Updates with a single rule however, cannot introduce new states and/or new
messages while preserving consistency and executability. Simultaneous updates
to multiple controllers each with multiple update rules are needed to specify
such changes. Rules in such updates can be classified as addition, replacement
or deletion rules. Updates with multiple rules preserve executability and con-
sistency if each rule in the update preserve these properties. Each addition and
replacement rule can be viewed as a single rule update and the conditions re-
quired for these rules to preserve these properties can be checked. For deletion
rules it needs to be additionally ensured that every transition appearing in a
path between initial global states with the transition being deleted is also ei-
ther deleted or appears in some other path not involving the nodes that are
deleted.

The proposed approach is largely motivated by the industrial experience of
one of the authors in design and verification of hardware-based cache coherence
protocols for shared memory multiprocessors. The effectiveness of the proposed
approach is illustrated by showing how common design choices for these protocols
[2] can be incorporated by specifying them as updates. However, we believe that
the proposed approach is general and is applicable to other protocols that can
be modelled using CFSM s with bounded channels.

2 Related Work

CFSMs based on both bounded and unbounded channels have been extensively
used to specify, synthesize and verify protocols [1, 3, 5, 6, 11, 10]. Protocols mod-
elled using CFSMs been analyzed to verify application independent properties
such as the absence of unspecified and unxecutable message receptions [1, 11] as
well as the absence of deadlocks [6, 10, 11]. However, approaches to systematically
update protocols modelled using CFSMs do not seem to have been considered
earlier. To the best of our knowledge, this is also the first attempt identifying
conditions on updates so that these application independent properties are pre-
served. However, our model of CFSMs is more constrained than those considered
earlier since we consider only bounded channels and constrain the transition re-
lations to be deterministic both of which are common for several protocols in
practice, especially those realized in hardware.

Preservation of protocol properties with respect to updates have also been
considered in the context of incremental model checking [13, 8] as well as in
terms of correctness preserving refinements and abstractions [9, 7]. Olga and
Smolka in [8, 13] also model updates as changes to transitions as done here.
However, the focus in [8, 13] is to efficiently re-verify properties and no attempt is
made to relate preservation of properties to constraints on update specifications.
Further, the updates described in this paper can be non-monotonic with respect
to the established protocol invariants and hence do not strictly correspond to
correctness preserving refinements or abstractions of protocols.
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3 Modelling Protocols by CFSMs

In this section a brief overview of (CFSM s) is given. Most of the section is based
on [1, 10].

Typically, a protocol is modelled as network of CFSMs, P = (P1, · · · , Pn, E)
where each Pi is a CFSM representing a protocol controller and E denotes the
environment. The protocol controllers communicate with each other and the
environment by exchanging messages over a network of bounded FIFO channels.
Each CFSM Pi is a 4-tuple (Si, Ii, Mi, Ti) where Si is a finite set of states, Ii ⊆
Si is a finite set of initial states, Mi are the messages sent and received by Pi

and Ti ⊆ Si x Mi x Si x 2Mi is the transition relation.
Each set Mi = Mi,j ∪ Mj,i, for 1 ≤ i, j ≤ n, i �= j, where Mi,j denotes

the messages sent by the machine Pi to the machine Pj and Mj,i denotes the
messages received by Pi from Pj . Each message in Mi,j is written as m(i, j)
where m is the message label. The set Mi,i is empty for all i since we assume
that no Pi exchanges messages with itself.

Each transition t in Ti is a 4-tuple 〈m0(j, i), si, s′
i, {m1(i, k1), · · ·, ml(i, kl)}〉

where m0 is the input message, si and s′
i are respectively the input and output

states, and m1, · · · , ml are respectively the output messages to the controllers
k1 · · · kl, 1 ≤ l ≤ n, l �= i. Let im[t], is[t], os[t] and om[t] respectively stand
for the input message, input state, output state and the set of output messages
of t. The set om[t] could be empty and means that no output messages are
sent by the transition t. Allowing om[t] to contain multiple elements allows t
to send out multiple different messages to different controllers on processing
the input message. A transition with multiple identical output messages models
multi-casting and is used to model cache coherence protocols in section 7.

Let (i, j), i �= j, denote the channel on which a message in Mi,j is transmitted.
We slightly abuse the notation and use the channel (i, j) to denote the contents of
the channel (i, j) as well. We assume in this paper that all channels are bounded
and have length 1. Further, (i, i) = {} for all i since no controller Pi exchanges
messages with itself.

The global state of P is a pair [−→u , −→v ] where −→u = 〈si〉, si ∈ Si and −→v =
〈(i, j)〉, 1 ≤ i, j ≤ n, i �= j. We use −→u [j] to denote the jth element of −→u and
−→v [i, j] to denote the contents of channel (i, j). The initial global state is a tuple
[−→u0,−→v0 ] where −→u [i] ∈ Ii for all i, and −→v0 [i, j] = {} if i �= E and j �= E . So, the
only channel messages in an initial global states are messages from/to E .

Given a transition ti = 〈m0(j, i), si, s
′
i, {m1(i, k1), · · · , ml(i, kl)}〉, an execu-

tion step → of P is a binary relation on global states: [−→u1,−→v1 ] → [−→u2,
−→
v2] where

the input message m0 from controller Pj to Pi in the channel (j, i) is dequeued
and processed by controller Pi in state si and the output messages m1 · · ·ml to
controllers Pk1 · · · Pkl

are enqueued to the channels (i, k1), · · · , (i, kl). After m0
is dequeued, channel (j, i) is empty in −→v2 . Similarly, before m1, · · · , ml are en-
queued, channels (i, k1), · · · , (i, kl) are empty in −→v1 . The controller Pi transitions
to the next state s′

i while all other controller states remain unchanged.
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The relation →∗, the reflexive, transitive closure of → is used to define the
notion of reachability among global states. A global state [−→u2,−→v2 ] is reachable
from [−→u1,−→v1 ] if [−→u1,−→v1 ] →∗ [−→u2,−→v2 ].

A path [−→u0,−→v0 ] →∗ [−→u1,−→v1 ] is valid if [−→u0,−→v0 ] and [−→u1,−→v1 ] are initial global
states.

We say that protocol P executable if there is a valid path between every pair
of initial global states of P . If P has a single initial global state then there must
be a valid path from the initial global state to itself.

3.1 Transition Dependency Graph

Updates modify the protocol at the transition level. To produce a consistent
updated protocol it is necessary to understand the effects of modifying one tran-
sition on other dependent transitions. To explicate transition dependencies the
global transition relation is modelled as a transition dependency graph(TDG).

The TDG is a directed graph whose nodes are the transitions of controllers
Pi along with the node E . A node u is initial if is[u] belongs to Ii.

Edges in TDG are labelled either as a message edges or state edges. There is
a state edge from node u to v, (u, v, si), whenever os[u] = is[v] = si. There is a
message edge from u to v, (u, v, m1) whenever om[u] = im[v] = m1. State edges
are always among nodes of the same controller and message edges are always
among nodes of different controllers. So, between u and v there is at most one
edge. There are no state edges from/to E . There may be no outgoing message
edges from a node if it does not issue an output message.

Node u is an immediate message predecessor of node v, mpre[v] = u, if
(u, v, m) belongs to TDG. Then, node v is the immediate message successor of
u, mpos[u] = v. The immediate state predecessor spre[u] and successor spos[u]
of a node u are similarly defined. Note that in general mpos[], mpre[], spre[] and
spos[] are sets of nodes since nodes may have several immediate successors and
predecessors. If u is an initial node then spre[u] = {}.

A message path in TDG is a sequence of nodes u1, · · · , un such that each ui

is a immediate message predecessor of ui+1. A node u is a message predecessor
for a node v if there is a message path starting at u and ending in v. Then, node
v is the message successor of u. A state path in TDG is similarly defined based
on state edges. State predecessor and successor are similarly defined based on
state paths.

Two transitions match if their inputs are the same.
Two nodes in TDG match if the corresponding transitions match. The graph

TDG is deterministic if it does not contain matching nodes with different
outputs.

Definition 1. A TDG is consistent if and only if for each node n

– No other node in TDG matches n and
– n appears in a valid path and
– each path [−→u0,−→v0 ] →∗ · · · →n [−→u , −→v ] for a global initial state [−→u0,−→v0 ], is a

prefix of a valid path
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Note that consistency of TDG does not imply that the corresponding protocol
P is executable. For instance, consider protocol P with a single controller Pi

with the transition relation TDG with three initial nodes n0 = 〈m1(E , i), s0, s1,
m1(i, E)〉, n1 = 〈m1(E , i), s1, s0, m1(i, E)〉 and n2 = 〈m1(E , i), s2, s0, m1(i, E)〉.
The TDG is consistent since it is deterministic, every node appears in a valid
path and every path containing these nodes is a prefix of a valid path since all
nodes are initial nodes. However, P is not executable since there is no valid path
from between the global initial states [〈s0〉, 〈m1(E , i)〉] and [〈s0〉, 〈m1(i, E〉]. One
can construct a similar example to observe that the executability of a protocol
does not imply the consistency of the corresponding TDG.

4 Specifying Updates

Updates add and/or replace one or more nodes of a given TDG. An update
specification δ of a protocol P is a set of updates δ1, · · ·, δn where each δi

updates the controller Pi. An update δi is specified as a set of update rules of
the form uri : mti → cti. The rule denotes replacement of a TDG node matching
mti by the node cti. The node mti is called the match node and cti is the change
node. If the match node of the rule uri does not belong to TDG then the update
simply adds the change node cti to TDG. If there is no update for a controller
Pk in δ its transitions remain unchanged.

Let UTDG stand for the updated transition dependency graph.
Many common updates to protocols require that each δi have multiple rules.

For example, an update that introduces a new non-initial state s in a con-
troller must include at least two rules – a rule that specifies the predecessor
of s and another that specifies its successor. In general, if δi contains multiple
rules, then it is possible that different updated transition graphs are produced
based on the order of application of rules. For instance, if a match node mtk in
a rule urk matches a change node ctl of another rule url, then the updated
graph will include node ctl if urk is applied before url. Otherwise, the change
node ctl added by the rule url will be deleted by the application of the
rule urk.

To avoid this we require that for any two rules urk and url, either mtk does
not match ctl, and mtl does not match ctk or ctk = ctl. Then, the rules urk and
url are said to be order-independent. An update δi with multiple-rules is order-
independent if its rules are pairwise order-independent. The update δ is order-
independent if each δi is order-independent. Henceforth, we assume updates with
multiple rules to be order-independent.

An update δ may also represented using the transition dependency graph
TDG(δ) whose nodes are all the change nodes of δ. For instance, the TDG(δi)
for an update with a single update rule uri, is a single node cti and has a single
state edge (cti, cti, is[cti]) if is[cti] = os[cti] and no edges otherwise.

An update δ is deterministic if the corresponding TDG(δ) is deterministic.
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4.1 Preserving Determinism

Now we describe the conditions on updates to preserve determinism. A notion
of match-complete updates is introduced and it is shown that the updated graph
UTDG obtained from a given a deterministic TDG and a match-complete up-
date is deterministic.

Determinism can be preserved if TDG(δi) is deterministic and it is guaran-
teed that all nodes of TDG matching a change node in TDG(δi) will be deleted
by the update operation. An update δi with a single rule mti → cti will delete
a TDG node matching the change node cti if cti matches the node mti. Such
updates are said to be match-complete.

An update δi with multiple rules is match-complete if for each rule urk there
is a rule url such that the change node ctk of the rule urk matches the match
node mtl of the rule url.

Update δ = (δ1, · · · , δk) is match-complete if each δi is match-complete.
Henceforth, we will assume that updates δ are match-complete and consistent.

Proposition 1. A deterministic, match-complete update δ preserves determin-
ism.

5 Updating with a Single Rule

Consider updating a single controller Pi in an executable protocol P by a single
update rule uri: mti → cti. If none of the nodes of TDG matches mti then the
updated protocol is obtained by simply adding the change node cti to TDG. In
this case, the update is referred to as an add update. Otherwise, cti replaces
the matching node to produce the updated protocol and is a replacement
update. Below, add updates are considered first. Then, replacement updates
are discussed.

In updates with a single rule, the match node mti and the change node cti
must have identical input states and messages to be match-complete.

5.1 Add Updates

In this case, the updated protocol is obtained by adding a new message and state
input combination specified by the change node cti to the controller Pi.

Consider the following protocol P with two controllers P1 and P2 with initial
states {s0, s

′
0} and {t0} respectively. It can be verified that P is executable and

has a consistent TDG.

P1 : 1. 〈m1(2, 1), s0, s1, m2(1, 2)〉, 2. 〈m3(2, 1), s1, s2, m4(1, 2)〉,
3. 〈m5(2, 1), s2, s′

0,m6(1, E)〉, 4. 〈m0(E , 1),s′
0, s0, m0(1, E)〉,

P2 : 5. 〈m0(E , 2), t0, t0, m1(2, 1)〉, 6. 〈m2(1, 2), t0, t0, m3(2, 1)〉,
7. 〈m4(1, 2), t0, t0, m5(2, 1)〉.

Consider the following add update mti: 〈m7(E , 1), s0, s′
0, m8(1, E)〉 → cti:

〈m7(E , 1), s0, s′
0, m8(1, E)〉. The change node cti appears in a valid path by
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itself and this is the only valid path containing cti. Further, all valid paths of
the original protocol are preserved since all TDG nodes are retained. Hence
UTDG is consistent. Moreover, since no new initial states are introduced by cti
this also implies that there is valid path between every pair of initial global states
in the updated protocol as well. Therefore, the updated protocol is executable.

It is not necessary that messages in cti be exchanged only with E . For in-
stance, we can add cti: 〈m1(2, 1), s′

0, s1, m2(1, 2)〉 to P1 while preserving consis-
tency and executability. A valid path including cti can be constructed by starting
in the input state of cti to reach [〈s1, t0〉, 〈m2(1, 2)〉], a state in the original pro-
tocol P , that reaches the global initial state [〈s′

0, t0〉, 〈〉]. Since this is the only
path from an initial global state in which cti appears, every path involving cti
is a prefix of a valid path. Paths in UTDG without cti are all valid since TDG
is consistent.

Also, for any cti to appear in a valid path its input state must be an initial
state. Suppose cti: 〈m1(2, 1), s1, s1, m2(1, 2)〉, it can be verified that cti cannot
appear in a valid path in the updated protocol obtained from the protocol above.

In general, when a cti is being added, to preserve the consistency of UTDG,
all global states [−→u1,−→v1 ] from which cti can be executed and all global states
[−→u2,−→v2 ] resulting after executing cti are considered. The node cti is added to
UTDG only if there is a path pm from an initial global state to [−→u1,−→v1 ] and
there is a path pn from some initial global state (not necessarily the same as
that of pm) to [−→u2,−→v2 ] such that −→u1[j] = −→u2[j] for all j �= i and −→v1 = −→v2 for all
channels except (j, i) and (i, k). Further, for each path pm we must be able to
find a path pn such that the above conditions hold. This ensures that cti appears
in a valid path and all paths from initial states to cti are prefixes of a valid path
in the updated protocol.

The transition graph UTDG will not be consistent if we cannot find paths pm

and pn that meet the above conditions. For example, consider adding the change
node cti: 〈m7(E , 1), s0, s2, m2(1, 2)〉 to the controller P1 above. The global state
where cti is executable is the initial state [〈s0, t0〉, 〈m7(E , 1)〉], which is trivially
reachable from an initial state (pm = {}). However, the UTDG with cti is not
consistent since we cannot find a path pn from the global state [〈s2, t0〉〈m2(1, 2)〉
to any initial global state.

Further, it is clear that cti cannot introduce new states because we are adding
only one node which cannot create the valid paths required to make UTDG
consistent. Similarly, cti cannot contain a new input (output) message as there
is no node in UTDG to send (receive) the message.

The following lemma establishes the requirements on updates with a single
rule for preserving consistency and executability when there is no matching node
in TDG. Recall that any update specification δ is match-complete.

Lemma 1. An add update δi = 〈mti, cti〉 preserves executability and consistency
of a protocol P if all of the following conditions hold. Let cti = 〈m1(j, i), s, s′,
m2(i, k)〉.
1. s, s′ ∈ Si and s ∈ Ii and m1(j, i) ∈ Mj,i or j = E and m2(i, k) ∈ Mi,k or

k = E and
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2. cti is reachable from an initial global state and for each path pm = [−→u0,−→v0 ]
→pm [−→u1,−→v1 ] in the updated protocol where −→u1[i] = s and −→v1 [j, i] = m1, and
[−→u0,−→v0 ] is an initial global state, there exists a path pn = [−→u2,−→v2 ] →pn [−→u3,−→v3 ]
for an initial global state [−→u2,−→v2 ] such that −→u3[i] = s′ and −→v3 [i, k] = m2 and
−→u1[j] = −→u3[j], j �= i, and −→v1 = −→v3 for all channels but (j, i) and (i, k).

5.2 Replacement Updates

Replacement unlike addition does not introduce a new message, state input com-
bination for a controller but changes the outputs for a given input combination
by a different one. The requirements on the messages and the states in the change
node are the same as that of addition except that it can have a non-initial state
as an input state.

For example, in the executable protocol,

P1 : 1. 〈m0(E , 1), s0, s1, m1(1, 2)〉, 2. 〈m2(2, 1), s1, s2, m3(1, 2)〉,
3. 〈m4(2, 1), s2, s0,m5(1, E)〉,

P2 : 4. 〈m1(1, 2), t0, t0, m2(2, 1)〉, 5. 〈m3(1, 2), t0, t0, m4(2, 1)〉,

we can replace the node mti: 〈m4(2, 1), s2, s1, m5(1, E)〉 by cti: 〈m4(2, 1), s2, s0,
m0(1, E)〉 to produce an executable protocol with a consistent updated transition
relation where the change node has a non-initial state.

In general, replacing a node n may make other nodes that follow n in a
valid path in the original protocol unreachable in the updated protocol. For
example, consider replacing the node mti: 〈m2(2, 1), s1, s2, m3(1, 2)〉 by the
node cti: 〈m2(2, 1), s1, s0, m3(1, 2)〉. The change node cti appears in a valid
path which is also the only valid path in the protocol. However, the nodes
〈m3(1, 2), t0, t0, m4(2, 1)〉 and 〈m4(2, 1), s2, s0, m5(1, E)〉 no longer appear in a
valid path. This can be determined a priori by identifying all nodes that may
appear in any valid path following a node n that matches the node mti and en-
suring that each node either appears in some valid path in the original protocol
not involving the node n or it appears in the updated protocol in a valid path
involving cti.

For example, it can be verified that the same update of the following slightly
modified protocol,

P1 : 1. 〈m0(E , 1), s0, s1, m1(1, 2)〉, 2. 〈m2(2, 1), s1, s2, m3(1, 2)〉,
3. 〈m4(2, 1), s2, s0,m5(1, E)〉,
4. m1(E , 1), s0, s11, m1(1, 2)〉, 5. m2(2, 1), s11, s2, m3(1, 2)〉

P2 : 6. 〈m1(1, 2), t0, t0, m2(2, 1)〉, 7. 〈m3(1, 2), t0, t0, m4(2, 1)〉,

with an additional initial state s11 in controller P1, will produce an executable
protocol with a consistent UTDG. In this case, the nodes 〈m3(1, 2), t0, t0,
m4(2, 1)〉 and 〈m4(2, 1), s2, s0, m5(1, E)〉 both appear in valid paths not involv-
ing the node 〈m2(2, 1), s1, s2 m3(1, 2)〉. Hence this node can be replaced with a
different outputs that reach an initial state without involving these nodes.



350 M. Subramaniam and P. Chundi

Lemma 2. A replacement update δi = 〈mti, cti〉 preserves executability and
consistency of a protocol P if all of the following conditions hold. Let cti =
〈m1(j, i), s, s′, m2(i, k)〉.
1. s, s′ ∈ Si and m1(j, i) ∈ Mj,i or j = E and m2(i, k) ∈ Mi,k or k = E and
2. cti is reachable from an initial global state and for each path pm = [−→u0,−→v0 ]

→pm [−→u1,−→v1 ] in the updated protocol where −→u1[i] = s and −→v1 [j, i] = m1, and
[−→u0,−→v0 ] is an initial global state, there exists a path pn = [−→u2,−→v2 ] →pn [−→u3,−→v3 ]
for an initial global state [−→u2,−→v2 ] such that −→u3[i] = s′ and −→v3 [i, k] = m2 and
−→u1[j] = −→u3[j], j �= i, and −→v1 = −→v3 for all channels but (j, i) and (i, k) and

3. each node n′ following the node n in a valid path in P either appears in a
valid path in P not involving n or appears in a valid path in the updated
protocol with cti.

6 Updating with Multiple Rules

As discussed earlier in section 4, more general changes to protocols that intro-
duce new states and/or new messages cannot be specified by updates with a
single rule. Updates to a controller with multiple rules are needed to introduce
new states and it is necessary to simultaneously update multiple controllers to
introduce new messages. Due to the dependency among the rules, often, the
intermediate protocol produced by application of any individual rule may not
preserve executability and consistency.

Consider an update δ = {ur1, · · · , urk} with multiple rules.
A rule uri is called an addition rule if its match node mti does not match any

TDG node. A rule uri is called a deletion rule if its match node mti matches
some TDG node but does not match the change node of any rule urj . A rule uri

is called a replacement rule if its match node mti matches some TDG node and
matches the change node of some rule urj . Each rule in δ is either an addition,
deletion or a replacement rule. An update δ can be made of only addition and/or
replacement rules. However, it cannot be made only of deletion rules since it will
not be match-complete.

Consider updating the protocol P with a single controller P1 with initial state
{s0} and non-initial states {s1, s2},

P1 : 1. 〈m0(E , 1), s0, s0, m1(1, E)〉, 2. 〈m1(E , 1), s0, s1, m2(1, E)〉,
3. 〈m3(E , 1), s1, s2, m4(1, E)〉, 4. 〈m5(E , 1), s2, s0, m6(1, E)〉,

using an update δ with two addition rules with change nodes ct1 = 〈m1(E , 1), s0,
s3, m2(1, E)〉 and ct2 = 〈m3(E , 1), s3, s0, m4(1, E)〉 where s3, is a new non-initial
state. Let mt1 = ct1 and mt2 = ct2. It is easy to see that the intermediate protocol
obtained by adding either of these change nodes does not have a consistent
transition relation since neither ct1 nor ct2 can appear in a valid path without the
other. Similar cyclic dependencies are evident among change nodes in updates
that introduce new messages.
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To handle such cyclic dependencies, all the rules in an update are applied
to the transition relation TDG to produce an UTDG. Then, for each rule, de-
pending on whether it is an addition, deletion or replacement rule, conditions to
guarantee an executable updated protocol with a consistent transition relation
are identified and checked with respect to UTDG. If each rule satisfies the con-
ditions then the updated protocol is executable with the consistent transition
relation being UTDG. Otherwise, it is concluded that δ cannot be applied while
preserving executability and consistency.

The conditions for an addition and a replacement rules are the same as those
for the corresponding single rule updates except that the constraints on the
messages and states in the change nodes are no longer needed (condition 1 of
Lemmas 1 and 2 can be dropped).

In the above example, nodes ct1 and ct2 are added to the nodes 1-4 to produce
an updated transition relation. Since ur1 and ur2 both satisfy the condition 2
of Lemma 1 the update can be applied and the updated protocol is guaranteed
to be executable with a consistent transition relation as can be verified.

However, additional conditions are necessary to guarantee an executable pro-
tocol with a consistent transition relation when δ has deletion rules. For exam-
ple, consider updating the protocol P above using δ with rules ur1: mt1 : 3 →
〈m7(E , 1), s0, s0, m8(1, E)〉, ur2: 〈m7(E , 1), s0, s0, m8(1, E)〉, → 〈m7(E , 1), s0,
s0, m8(1, E)〉. The rule ur1 is a deletion rule and the rule ur2 is an addition rule.
Note that rule ur2 is needed to ensure that the update δ is match-complete as
mentioned above. It can also be verified that the update δ is order-independent.

In the protocol P , the node 1 appears in a valid path by itself and the nodes
2, 3 and 4 form another valid path. Applying δ deletes the node 3 and adds
the change node 〈m7(E , 1), s0, s0, m8(1, E)〉. In the updated protocol, there is
no node that can process the message m3(E , 1) in state s2 and hence the nodes
2 and 4 do not appear in a valid path and must be deleted as well to get a
consistent transition relation. Further, suppose node 1 were not be present in
the protocol above, then node 2 is the only node with the initial state s0 then
update δ cannot delete 3. Otherwise, there is no path from initial global state
s0 to itself in the updated protocol which makes the protocol unexecutable.

Let mti = 〈m1, s1, s2, m2〉 be a match node of a deletion rule. Let pm =
[−→u0,−→v0 ] →∗ [−→u1,−→v1 ] · · · →n [−→u , −→v ] be a prefix of a valid path in which a TDG
node n that matches mti appears. Since after deleting n, the updated graph does
not have any node with the same inputs as n, none of the nodes in the prefix
of pm, [−→u0,−→v0 ] →∗ [−→u1,−→v1 ] can appear in a valid path in the updated protocol.
Therefore, all these nodes must also deleted for the updated protocol to have a
consistent transition relation. This implies that all the nodes that appear in a
path from an initial global state to n must also match the match node of some
delete only rule in δ. Additionally, to make sure that every node in the updated
protocol continues to appear in a valid path after deleting the node n and other
associated nodes, each node that appears in a valid path with any of the nodes
being deleted must either also be deleted by the update or the node must appear
in a valid path involving none of these nodes.
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If pm is the only path from an initial global state then there is no way to
reach any other initial state from that initial state. Hence in such cases, it is not
possible to get an executable updated protocol using the update δ.

Theorem 1. An update δ = {ur1, · · · , urk} preserves executability and consis-
tency of a protocol P if all of the following conditions hold. Let UTDG be the
transition relation obtained by applying all the rules in δ to TDG.

1. Condition 2 of Lemma 1 holds with respect to UTDG for each addition rule
in δ and

2. conditions 2 and 3 of Lemma 2 hold with respect to UTDG for each replace-
ment rule of δ and

3. For each deletion rule with match node mti,
(a) every node in every path from an initial global state to n is deleted by δ

and
(b) each initial state of the updated protocol appears in UTDG and
(c) Let n be a node that matches mti. For each node n′ of TDG that follows

n in any valid path in P , the node n′ is either deleted by δ or appears in
a valid path with nodes that are not deleted by δ.

7 An Application – Snoop-Based MSI Protocol

The snoop-based MSI protocol provides a coherent view of the memory sub-
system to all processors by serializing accesses to memory locations. Memory
accesses are broadcast over a bus to all processors and the main memory, which
then provide the appropriate responses. Each memory location is stored in a
processor’s cache in one of M (modified), S (shared) or I (invalid) states. The
cache state M means that the most recent copy is with cache and the corre-
sponding cache has both read and write permissions. The cache state S means
that both memory and cache have the most recent copy and cache has only read
permission. The cache state I means that the location is not present in cache.
In the MSI protocol, at most one cache can have the cache state as M for a
location; however the location can be cached in S state in many caches. Further,
all other cached copies must be invalidated before granting write permission for
a location to a cache.

The protocol is abstractly modelled using three controllers – request(Rq),
reply (Rp) cache controllers and a memory (Mm) controller. The processors
constitute the environment E . The controller Rq processes each access request
from E , communicates with the controllers Rp in other caches and the memory
controller Mm, if needed, to get the most recent copy, and responds back to E .
The two primary protocol transactions are as follows.
Read Transaction: is initiated by a Read request from E to the controller Rq. If
Rq has read permission (state is M or S) for the location, then Rq sends Data
to E . Otherwise, Rq multi-casts a Busrd (Bus Read) request to the controllers
Rp and Mm. Receipt of a Busrd is acknowledged by Rp with data, Ackd, if it has
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the most recent copy1. Otherwise, Rp merely acknowledges with an Ack, and
Mm supplies the Data. The response from Rp determines whether Mm should
send the data. The Data is forwarded to E by Rq to end the transaction.
Write Transaction: is initiated by the Readex (Read for exclusive) request from
E to Rq. If the Rq has write permission then it sends a Done message to E . Oth-
erwise, (state is either S or I) Rq multi-casts a Breadex (Bus Read Exclusive)
request to Rp and Mm. The controller Rp invalidates cached copies on receipt of
Breadex and sends acknowledgement with data to Rq, Ackd, if the cache state
M ; it sends Ack to Rq otherwise. In the latter case, Mm supplies Data to Rq.
The controller performs write on receipt of both Ack and Data and sends Done
to E to end the transaction.

The TDG for the MSI protocol is given below. The nodes pertaining to the
read transaction appear on the left and those for the write transaction appear
on the right. The initial states of controllers Rq and Rp are the states M , S
and I and that of Mm is free. All other states are non-initial. For brevity we
indicate channels with messages only for multi-casting.

Rq1 : 〈Read, M , M , {Data}〉,
Rq2 : 〈Read, I, Brad,

{Busrd(Rq, Mm), Busrd(Rq, Rp)}〉,
Rq3 : 〈Ack, Brad, Brd, {}〉
Rq4 : 〈Ackd, Brad, S, {Data}〉,
Rq5 : 〈Data, Brd, S, {Data}〉
Rq6 : 〈Read, S, S, {Data}〉.
Mm1 : 〈Busrd, free, Waitackdr, {}〉,
Mm2 : 〈Ack, Waitackdr, free, {Data}〉,
Mm3 : 〈Ackd, Waitackdr, free, {}〉,
Rp1 : 〈Busrd, S, S, {Ack(Rp, Rq-Mm)}〉,
Rp2 : 〈Busrd, M, S, {Ackd(Rp, Rq-Mm)}〉,
Rp3 : 〈Busrd, I, I, {Ack(Rp, Rq-Mm)}〉.
Rq7 : 〈Readex, M, M, {Done}〉,
Rq8 : 〈Readex, S, Bradx, {Busrdx(Rq, Mm),

Busrdx(Rq, Rp)}〉,

Rq9 : 〈Readex, I, Bradx, {Busrdx(Rq, Mm),

Busrdx(Rq, Rp)}〉,
Rq10 : 〈Ack, Bradx, Brdx, {}〉,
Rq11 : 〈Ackd, Bradx, M, {Done}〉,
Rq12 : 〈Data, Brdx, M, {Done}〉,
Rp4 : 〈Busrdx, I, I, {Ack(Rp, Rq),

Ack(Rp, Mm)}〉,
Rp5 : 〈Busrdx, S, I, {Ack(Rp, Rq),

Ack(Rp, Mm)}〉,
Rp6 : 〈Busrdx, M, I, {Ackd(Rp, Rq),

Ackd(Rp, Mm)}〉,
Mm4 : 〈Busrdx, free, Waitackdw, {}〉,
Mm5 : 〈Ack, Waitackdw, free, {Data}〉,
Mm6 : 〈Ackd, Waitackdw, free, {}〉,

Below we describe two common updates to the MSI protocol from Chapter
5 of [2]. The first update has a single rule and involves the read transaction. The
second one has multiple rules and deals with write transaction.

7.1 Cache-Cache Transfers

To alleviate memory bandwidth and access latency requirements, the read trans-
action in the protocol in the above protocol may be changed so that the reply

1 Typically, in practice, acknowledgements do not appear in the bus in a snoop-based
protocol and additional hardware such as wired-or signals are used to report these
results [2] (pp: 384). In this paper, for simplicity, we assume that the bus is used for
these as well.
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controller Rp at a cache supplies data instead of Mm whenever both of them
have the most recent copy (i.e., cache state is S). This change can be specified us-
ing the update with a single replacement rule mt : 〈Busrd, S, S, {Ack(Rp, Rq),
Ack(Rp, Mm)}〉, → ct : 〈Busrd, S, S, {Ackd(Rp, Rq), Ackd(Rp, Mm)}〉 that
replaces the node Rp1 by the node ct.

It can be easily verified that Proposition 1 and Lemma 2 is satisfied primarily
because there is a path from the initial global state S0 = [〈I, S, free〉, 〈Read〉] is
pm: S0 →Rq2 [〈Brad, S, free〉, 〈Busrd(Rq, Rp), Busrd(Rq, Mm)〉] →ct [〈Brad,
S, free〉, 〈Busrd(Rq, Mm), Ackd(Rp, Rq), Ackd(Rp, Mm)〉]. This path extends
to the valid path reaching the initial state [〈S, S, free〉, 〈〉] with nodes Mm1,
Mm3, and Rq4. Hence the updated protocol is executable with a consistent
transition relation, which can be verified.

7.2 Multi-controller Update - Upgrade Transaction

In the write transaction of the MSI protocol, the controller Rq does not distin-
guish between the states I and S; in both cases a Busrdx request is multi-cast
leading to data transfer. If the state is S then the requestor only needs write-
permission and data transfer can be avoided. This change can be specified by
the update δ, given below, that simultaneously updates all the three controllers
while introducing a new message Busupgr (Bus Upgrade) indicating request
for write-permission but not data. The update also introduces a new non-initial
state Bup in the request controller to handle responses to the request Busupgr.

urq1 : mt1 :Rq8 → ct1 : 〈Readex, S, Bup,{Busupgr(Rq, Mm), Busupgr(Rq, Rp)}〉,
urq2 : mt2 :〈Ack, Bup, M, {Done}〉 → ct2 : 〈Ack, Bup, M, {Done}〉,
urp1 : mt3 : 〈Busupgr, I, I, {Ack(Rp, Rq),Ack(Rp, Mm)}〉 →

ct3 : 〈Busupgr, I, I, {Ack(Rp, Rq), Ack(Rp, Mm)}〉,
urp1 : mt4 : 〈Busupgr,S,I,{Ack(Rp, Rq), Ack(Rp, Mm)}〉 →

ct4 : 〈Busupgr,I,I,{Ack(Rp, Rq), Ack(Rp, Mm)}〉,
urm1 : mt5 : 〈Busupgr, free, free, {}〉 → ct5 : 〈Busupgr, free, free, {}〉.

The rule urq1 is a replacement rule that replaces Rq8 by the corresponding
change node; all the other rules are addition rules. It can be verified that the up-
date δ is order-independent. It is also match-complete and hence by Proposition
1, the updated protocol is deterministic.

According to Theorem 1, each of the addition rules must satisfy the condition
2 of Lemma 1 with respect to the updated graph UTDG and the replacement rule
urq1 must satisfy the conditions 2 and 3 of Lemma 2 with respect to UTDG to
guarantee an executable updated protocol with a consistent transition relation.

Consider the addition rule urq2 with the change node ct2. It is reachable
from the initial global state S0 = [〈S, S, free〉, 〈Readex〉] through the path pm

= S0 →ct1 [〈Bup, S, free〉, 〈 Busupgr(Rq, Rp), Busupgr(Rq, Mm)〉] →ct3

〈Bup, I, free〉, 〈 Busupgr(Rq, Mm), Ack(Rp, Rq), Ack(Rp, Mm)〉]. Note that
unlike single rule update, the path pm in this case can involve change nodes from
δ since conditions are checked with respect to the updated graph UTDG. The
path pm can be extended to an initial state [〈M, I, free〉, 〈〉] using the node ct2
and ct5. The other valid path to ct2 from the initial state [〈S, I, free〉, 〈Readex〉]
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can be similarly extended to a valid path. Hence the condition 2 of Lemma 1
holds for the addition rule urq2. It can be similarly verified that all the other
addition rules also satisfy the condition 2 of Lemma 1 with respect to UTDG.

The change node ct1 in the replacement rule ur1 is reachable from the same
initial states as the addition rules and all the valid paths containing ct1 are those
that contain the change nodes of the addition rules. Hence, ct1 appears in a valid
path and every path from an initial global state to ct1 is a prefix of a valid path
in the updated protocol. Therefore, condition 2 of Lemma 2 is met with respect
to UTDG. The nodes that can appear in any valid path following Rq8 in the
original protocol are Rq10, Rq12, Rp4, Rp5, Mm4 and Mm5. Since all of these
nodes also appear in a valid path involving Rp9 which does not involve Rp10,
the condition 3 of Lemma 2 is also satisfied. Hence all conditions of Theorem 1
are met by δ and hence the updated protocol is executable and has a consistent
relation, which can be verified.

8 Conclusion and Future Work

An approach to systematically update protocols specified as a network of de-
terministic CFSM s is proposed. Updates are specified as a finite set of rules
that add, delete, and/or replace one more transitions from one or more pro-
tocol controllers. Sufficient conditions on updates are identified for preserving
the executability and consistency of a given protocol. Conditions under which
a single transition can be changed in a single controller as well as conditions
for simultaneously updating multiple transitions in multiple controllers are de-
scribed. The effectiveness of the approach is illustrated by showing how different
commonly used design choices for cache coherence protocols can be incorporated
by specifying them as updates. The proposed approach is equally applicable to
other finite state protocols that can be modelled using a network CFSM s with
bounded channels.
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Abstract. A formal framework for software development and analysis
is presented, which aims at reducing the gap between formal specifica-
tion and implementation by integrating the two and allowing them to-
gether to form a system. It is called monitoring-oriented programming
(MOP), since runtime monitoring is supported and encouraged as a
fundamental principle. Monitors are automatically synthesized from for-
mal specifications and integrated at appropriate places in the program,
according to user-configurable attributes. Violations and/or validations
of specifications can trigger user-defined code at any points in the pro-
gram, in particular recovery code, outputting/sending messages, or rais-
ing exceptions. The major novelty of MOP is its generality w.r.t. logical
formalisms: it allows users to insert their favorite or domain-specific spec-
ification formalisms via logic plug-in modules. A WWW repository has
been created, allowing MOP users to download and upload logic plug-
ins. An experimental prototype tool, called Java-MOP, is also discussed,
which currently supports most but not all of the desired MOP features.

1 Introduction

We present a tool-supported software development and analysis framework, aim-
ing at increasing the quality of software through monitoring of formal specifi-
cations against running programs. Based on the belief that specification and
implementation should together form a system, the presented framework techni-
cally allows and methodologically encourages designs in which the two interact
with each other. For this reason, we call it monitoring-oriented programming
(MOP). In MOP, runtime violations and validations of specifications result in
adding functionality to a system by executing user-defined code at user-defined
places in the program; executing recovery code, outputting or sending messages,
throwing exceptions, etc., are just special cases. Monitors are automatically syn-
thesized from specifications and integrated appropriately within the system.

Practice has shown that there is no “silver bullet” logic to formally express
any software requirements. One of the major design decisions of MOP was to
keep it independent from any particular specification formalism. Instead, a spec-
ification formalism can be modularly added to the MOP framework, provided
that it is coded as a logic plug-in, that is, a module whose interface respects some
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rigorously defined and standardized conventions explained in the paper. A logic
plug-in essentially incorporates a monitor synthesis algorithm, taking formal
specifications to corresponding concrete monitoring code that analyzes program
execution traces. No other restrictions are imposed on the MOP-admissible spec-
ification formalisms, such as to be “executable” or “declarative”; these can range
from highly abstract to very detailed. Once a specification formalism is defined
as a logic plug-in, any MOP user can include it into her MOP framework. To
facilitate the reuse of logic plug-ins, we created a WWW repository where users
can download and upload their favorite, or application-specific, logic plug-ins.

Besides monitor synthesis, another major aspect of MOP is monitor inte-
gration. This is technically very challenging, because some specifications may
need to be checked at various places in a program, some of them hard to detect
statically. Monitor integration is highly dependent upon the target programming
language(s). We have implemented a prototype MOP framework for Java soft-
ware development and analysis, called Java-MOP, which will be also discussed.

In short, one can understand MOP from at least three perspectives:

(1) As a discipline allowing one to improve reliability of a system by monitoring
its requirements against its implementation at runtime. By generating and inte-
grating the monitors automatically rather than manually, MOP provides several
important advantages, including reduced risk of producing wrong monitors due
to misunderstanding of specifications, complete integration of monitors at places
that may change as the application evolves, software products more amenable
to formal verification and validation, and increased separation of concerns.
(2) As an extension of programming languages with logics. One can add logical
statements anywhere in the program, referring to past or future states. These
can be seen at least like any other boolean expressions, so they give the user
a maximum of flexibility in using them: to terminate the program, guide its
execution, recover from a bad state, add functionality, throw exceptions, etc. In
some sense, MOP can be regarded as a framework potentially enabling fault-
tolerant software development methodologies.
(3) As a lightweight formal method. While firmly based on logical formalisms and
mathematical techniques, MOP aims at avoiding verifying an implementation
against its specification before operation, by not letting it go wrong at runtime.

The idea of MOP was first introduced in [6] at the Runtime Verification (RV)
workshop, focusing mainly on the logic independence aspect of it and having min-
imal tool support. The current paper reports significant advances of both ideo-
logical and technical nature, such as: (a) an AOP-based instrumentation package
allowing more flexible monitors to be generated as aspects, based on which our
current prototype can now support JASS annotations and will soon support
JML; (b) several novel configuration attributes besides the in-line and out-line
ones in [6], such as on-line, off-line, and synchronous; (c) a WWW repository of
logic-plug-ins where users can test, download and upload logic plug-ins, contain-
ing already four of them: future time and past time temporal logics, extended
regular expressions and JASS; and a new and much improved implementation of
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Java-MOP which can be configured to generate monitoring code using directly
the logic plug-ins in the WWW repository. Since RV has a relatively limited
audience, in this paper we do not assume the reader already familiar to MOP
concepts and terminology. All the necessary notions are introduced as needed.

Related Work. There are many approaches related to MOP that were a great
source of inspiration for us. What makes MOP different is its generality and
modularity with respect to specification languages, allowing it to include other
approaches as special cases. It is a major part of our efforts to capture these
relationships explicitly, by providing specific logic plug-ins.

Design by Contract (DBC) [20] is a software design methodology particularly
well supported in Eiffel [11]. DBC allows specifications to be associated with
programs as assertions and invariants, which are compiled into runtime checks.
There are DBC extensions proposed for several languages, such as JASS [4] and
jContractor [1] for Java. Java 1.4 introduces simple assertions as part of
the language, which are then compiled into runtime checks. DBC approaches
fall under the uniform format of logic plug-ins, so MOP can naturally support
DBC variants as special methodological cases. To strengthen this claim, we have
implemented a logic plug-in for JASS. However, MOP also allows monitors to
be synthesized out-line (See section 2.1 for more details), which is crucial in
assuring high reliability of software and is not provided by any DBC approach.

Java Modeling Language (JML) [18] is a behavioral specification language
for Java. It can be used to specify designs for Java classes and interfaces, and
provides the basis for further analysis, e.g., runtime debugging [7] and static
analysis [12]. JML assertions are presented as special annotations, using a fixed
logical formalism, so JML can be easily incorporated into Java-MOP.

Runtime Verification (RV) is an area [14, 15, 26] dedicated to providing more
rigor in testing. In RV, monitors are automatically synthesized from formal spec-
ifications, and can be deployed off-line for debugging, i.e., they analyze the ex-
ecution trace “post-mortem” by potentially random access to states, or on-line
for dynamically checking properties are not being violated during execution.
Java-MaC [17], JPaX [24], and Temporal Rover [9] are examples of such
RV systems; however, they also have their requirements logics hardwired, and
their generated monitors are synchronous. The MOP paradigm supports both
in-line and out-line, both on-line and off-line, as well as both synchronous and
asynchronous monitoring; these modes will be explained in Section 2. Although
our current Java-MOP prototype does not support all these modes yet, as ar-
gued in Section 4, it is not hard to incorporate them. MOP also allows any
logical specification formalism to be modularly added to the system. It is ex-
pected that all the RV systems that we are aware of will fall under the general
MOP architecture, provided that appropriate logic plug-ins are defined.

Aspect Oriented Programming (AOP) [16] is a software development tech-
nique aiming at separation of concerns [27]. An aspect is a module that charac-
terizes the behavior of cross-cutting concerns. AOP provides a means to define
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behavior that cross-cuts different abstractions of a program, avoiding scattering
code that is related to a single concept at different points of the program, thus
aiming for maintenance and extensibility of the code. Similarly to AOP, MOP
requires instrumentation to integrate monitors into the code; however, instru-
mentation is a small piece of MOP, namely a subpart of its monitor integration
capability. MOP’s most challenging part is indeed to synthesize monitors from
user defined logical formulae. In AOP, the behavior of each aspect is left to
be defined by the programmer. Actually, MOP and AOP are intended to solve
different problems. MOP is tuned and optimized to merge specification and im-
plementation via monitoring, while AOP aims at separation of concerns. Our
current MOP prototype uses AspectJ [2] as an instrumentation infrastruc-
ture. However, AspectJ does not provide support for several important MOP
features, such as asynchronous and/or out-line monitoring, as well as strong run-
time support needed to check a property at each change of the state of an object,
which is a must in the context of safety critical software.

2 Overview of MOP

The general idea underlying MOP is that specifications are inserted in programs
via annotations. Actual monitoring code is automatically synthesized from these
annotations and integrated at appropriate places in the program, according to
user-defined configuration attributes of the monitor. Before we present the gen-
eral principles of MOP, we first present a simple example. Figure 1 shows a
Java-MOP annotation, where a traffic light controller is monitored against the
safety property “yellow after green” expressed as a future time linear temporal
logic (FTLTL) formula. Java-MOP takes such an annotated code and gener-
ates the corresponding monitor as plain Java code, which is shown in Figure 2.
More details on the syntax of annotations are given in Section 2.1; [5] presents
temporal logic and its corresponding monitor synthesis algorithm.

... (Java code A) ...
/*@ FTLTL

Predicate red : tlc.state.getColor() == 1;
Predicate green : tlc.state.getColor() == 2;
Predicate yellow : tlc.state.getColor() == 3;
// yellow after green
Formula : [](green -> (! red U yellow));
Violation handler : ... (Java "recovery" code) ...

@*/
... (Java code B) ...

Fig. 1. Java-MOP specification

One way to regard MOP is as an extension of programming languages with
special statements which can refer to current, past or future states of the pro-
gram. To effectively handle these special statements, a standardized annota-
tion language is needed. Annotations are automatically converted into monitors,
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... (Java code A) ...
switch(FTLTL_1_state) {
case 1:

FTLTL_1_state = (tlc.state.getColor() == 3) ? 1 :
(tlc.state.getColor() == 2) ? (tlc.state.getColor() == 1) ? -2 : 2 : 1; break;

case 2:
FTLTL_1_state = (tlc.state.getColor() == 3) ? 1 :

(tlc.state.getColor() == 1) ? -2 : 2; break ;
}
if (FTLTL_1_state == -2) { ...(Violation Handler)... }
// Validation Handler is empty
... (Java code B) ...

Fig. 2. Monitor generated for the MOP specification in Figure 1

which can have several configurable attributes. The monitors may need meta-
information about the program’s state, such as the name of the current method
or class, so a standardized communication interface between the program and
annotations is also needed. Logics should be easy to incorporate as modules,
called logic plug-ins, so another standardized interface is necessary for these.

2.1 Extending Programming Languages with Logical Annotations

Most works on extending languages with annotations mainly focus on detecting
program errors. MOP is built on the belief that logical annotations can play a
deeper, active role in the execution of a program. For example, Figure 3 shows
how one can use MOP to guarantee authentication before access to protected
resources, by simply adding an appropriate safety policy together with an action.
The safety policy, expressed in negative form using extended regular expressions
(ERE; see [5]), states that “if one accesses a resource, it must be the case that at
some moment in the past the end of the authentication process has been seen”.
This policy is violated iff the ERE formula [^end(a)]* start(m), stating that
the end of the authentication has not occurred before the resource started to be
managed, is validated. If that is the case then, instead of reporting an error, one
simply enforces the authentication. Note that this specification has the attribute
class (explained below), so the generated monitor will check the safety policy
at each state change of the current object.

/*@ ERE {class}
Event a : authenticate() ;
Event m : manageResource() ;
// If the resource is accessed without authentication
Formula : (^ end(a))* start(m)
// enforce the authentication
Validation Handler: authenticate();

@*/

Fig. 3. A class monitor to assure authentication

It is often the case that it is easier to express a safety policy by what should
not happen. This is one of the reasons for which MOP accepts both a violation
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and a validation handler; another reason comes from the fact that there are
situations where one may want to take different actions depending on whether
a policy is violated or validated. Note that violation and validation are not
complementary properties. Hence, by combining specifications expressed using
appropriate underlying logical formalisms and code, and by synthesizing and
integrating automatically corresponding monitoring code, critical properties of a
program can be expressed and implemented rigorously and compactly. Moreover,
the obtained program is more amenable to formal verification and validation,
because significant parts of it are directly generated from its specification.

MOP Annotations. Specifications are introduced as comments in the host
language, having the structure in Figure 4. They begin with an optional name,

/*@ [Annotation Name] <Logic Name> [{attributes}]
... Specification Body ...
[Violation Handler: ... code handling the violation ...]
[Validation Hander: ... code to trigger when validated ...

@*/

Fig. 4. The structure of MOP annotations

followed by a required name of its underlying logic, e.g., FTLTL or ERE in the
examples in Figures 1 or 3, respectively, followed by optional monitor configura-
tion attributes (which will be discussed shortly), followed by the main body of
the annotation, whose format is logic-specific. In case of FTLTL, e.g., the body
of the specification has two parts: one containing declarations of predicates based
on program states, and the other containing the FTLTL formula built on these.

The last part of the annotation contains user-defined actions, including a vio-
lation handler and a validation handler. Catching the violation is a programmer’s
main concern in most cases, and then common actions are to throw exceptions or
produce error logs; MOP gives one full freedom in how to continue the execution
of the program. One may also want to take an action when the specification is
fulfilled at runtime. For example, a requirement “eventually F”, which is vali-
dated when F first holds, may trigger a certain action. All these suggest a strong
sense of programming with logics in MOP.

Monitor Configuration Attributes. Monitors generated from specifications
can be used in different ways and can be integrated at different places, depend-
ing on specific needs of the application under consideration. For example, some
specifications need to be checked at only one point (e.g., pre- or post-conditions),
while others must be monitored at any point in the program (e.g., class invari-
ants). In some applications, one may want generated monitors to use the same
resources as the rest of the program, in others one may want to run the moni-
tors as different processes. To give the software developers maximum flexibility,
MOP allows one to configure the monitors using attributes in annotations.

The uniqueness attribute, denoted !. The default monitor configuration
behavior is to create a monitor instance for each object of the corresponding
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class. However, if a monitor is specified as unique, it will only have one instance
at runtime, regardless of the number of objects of that class.

There are two running mode attributes, stating how the generated monitor-
ing code is executed. One is in-line versus out-line monitoring. Under in-line
monitoring, which is the default, the monitor runs using the same resource space
as the program. The monitor is inserted as one or more pieces of code into the
monitored program. In the out-line mode, the monitoring code is executed as a
different process, potentially on a different machine or CPU. The in-line monitor
can often be more efficient because it does not need inter-process communication
and can take advantage of compiler optimizations. However, an in-line monitor
cannot detect whether the program deadlocks or stops unexpectedly. Out-line
monitoring has the advantage that it allows, but does not enforce, a centralized
computation model, that is, one monitor server can be used to monitor multiple
programs. In order to reduce the runtime overhead of out-line monitoring in
certain applications, one can define communication strategies; for example, the
monitored program can send out the concrete values of the relevant variables
and the out-line monitor evaluates the state predicates, or, alternatively, the
monitored program sends out directly the boolean values of the state predicates.

The other running mode attribute is on-line versus off-line . Under on-line
monitoring, which is the default, specifications are checked against the execution
of the program dynamically and run-time actions are taken as the specifications
are violated or validated. The off-line mode is mostly used for debugging pur-
poses: the program is instrumented to log an appropriate execution trace in a
user-specified file and a program is generated which can analyze the execution
trace. The advantage of off-line monitoring is that the monitor has random ac-
cess to the execution trace. Indeed, there are common logics for which on-line
monitoring is exponential while off-line monitoring is linear [24].

Note that the two running mode attributes are orthogonal to each other. In
particular, an in-line off-line configuration inserts instrumentation code into the
original program for generating and logging the relevant states as the program
executes. Alternatively, an out-line off-line configuration generates an observer
process which receives events from the running program and generates and then
logs the states relevant to the corresponding specification. The latter may be
desirable, for example, when specifications involve many atomic predicates based
on a relatively small number of program variables; in this case, the runtime
overhead may be significantly reduced if the program is instrumented to just
send those variables to the observer and let the latter evaluate the predicates.

In the case of on-line monitoring, a further attribute, synchronization , is
possible. This attribute states whether the execution of the monitor should block
the execution of the monitored program or not. In in-line monitoring, for exam-
ple, a synchronized monitor is executed within the same thread as the surround-
ing code, while an asynchronous one may create a new execution thread and thus
reduce the runtime overhead on multi-threaded/multi-processor platforms. Syn-
chronization also plays a role in synthesizing code from logic formulae, because,
for some logics, asynchronous monitoring is more efficient than synchronous
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monitoring. Consider, for example, the formula “next F and next not F” which
is obviously not satisfiable: a synchronous monitor must report a violation right
away, while an asynchronous one can wait one more event, derive the formula to
“F and not F”, and then easily detect the violation by boolean simplification.
Note that synchronous monitoring requires running a satisfiability test, which
for most logics is very expensive (PSPACE-complete or worse).

The effective scope attribute, which can be class, method, block or check-
point, specifies the points at which the monitoring code is merged with the mon-
itored program. As indicated by name, the class attribute specifies an invariant
of a class, so it should be checked whenever the class state changes. The method
one refers to a specific method, which can be further divided into three sub-
categories: pre-method (before the method), post-method (after the method),
and exceptional-method (when the method raises exceptions). The annotation
can also be associated to a block, e.g., as a loop invariant/variant. Similar to the
method annotation, it is divided into three subtypes, namely, pre-block (before
the block), post-block (after the block), and exceptional-block (when the block
throws exceptions). Finally, the checkpoint attribute, which is the default, states
that the monitoring code should be integrated at the exact current place in the
program. Section 2.2 describes in more depth the monitor integration problem.

Retrieving Program Information. Since specification and implementation
live together in MOP, the specification needs information about the program in
order to define and synthesize its runtime behavior. The general principle is to
use the elements of the program to construct the elements of the specification,
such as the atomic predicates which are defined on the state of the program.
Three other pieces of information about the program, besides its state, have
turned out to be practically important in MOP to enhance its expressibility and
functionality, namely, positions, results and historic references. Figure 5 shows an
example of how a JASS specification in Java-MOP can use such information.

/*@ JASS {post-method}
@ ensures x == Old.x ;
@ ensures Result == a * a ;
Violation Handler:
throw new Exception("Method "+@FNCT_NAME_+" violated property "+ @ANNT_Name);

@*/
int square(int a) { ... (Java Code) ... }

Fig. 5. Specification retrieving program information

The position information is extracted via special variable names, such as
@METHOD_NAME_ for the name of the method that contains the current annotation.
Position information is useful to generate effective messages to users. Many other
special position variables are available, including ones for class and file names,
line numbers, etc. The use of predefined variables allows certain specifications
to be independent of their position and of changes of names of methods, classes,
etc. The result and historic references are useful to state certain properties, such
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as pre- and post-conditions of methods. The specification in Figure 5 states that
after each execution of the square method, the value of the class field x stays
unchanged and the result of the method is indeed the square of its input.

2.2 Extensible Logical Framework

To allow specifications using potentially different underlying formalisms, sup-
port for attaching new logical frameworks to an MOP environment is needed.
The layered MOP architecture in Figure 6 is currently adopted. It is especially
tuned to facilitate extending the MOP framework with new logical formalisms
added to the system as new components, which we simply call logic plug-ins.
More specifically, a logic plugin is usually composed of two modules in the ar-
chitecture, namely a logic engine and a language shell. By standardizing the
protocols between layers, new modules can be easily and independently added,
and modules on a lower layer can be reused by those on the adjacent upper layer.

Language−Independent

Processor

MoP Tool Interfaces ...

Java Annotation
Processor

C++ Annotation

for EREfor JML for ERE

...

...

......

GUI IDE C++−MoP

Logic Engine
for ERE

Logic Engine
for LTL

Java Shell
for LTL

Java Shell Java Shell C ShellC Shell
for LTL

Monitor Intergraters

Language Shells

Logic Engines

Interface
Web−Based

Fig. 6. MOP Architecture

The first layer provides a friendly user interface, via which one can define,
process, and debug MOP annotations. The second layer contains annotation pro-
cessors, each specialized on a specific target programming language. It consists
essentially of a program scanner, which isolates annotations to be processed by
specialized modules and report errors if these do not follow the expected struc-
ture. Annotation processors extract the specifications and dispatch them to the
corresponding logic plug-ins. Then they collect the generated monitoring code
and integrate it within the monitored program according to the configuration
attributes. The two upper levels are not expected to change or update frequently.

The two lower levels contain the logic plug-ins, which may be added, re-
moved, or updated on a frequent basis. To employ a new specification language,
the user needs to develop a new logic plug-in, or obtain one from others or
the provided WWW repository (see Section 3), and add it to her MOP frame-
work. Then, annotations using the new formalism can be processed in a “push
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button” manner. Monitors generated for a specific programming language and
specification formalism are generated on the third layer, by modules called lan-
guage shells, acting as intermediaries between annotation processors and logic
engines. In some simple cases, such as DBC or JML, the shell can directly gen-
erate monitors without the need of a logic engine. Modules on the bottom layer
are the logic engines, forming a core and distinguished feature of MOP. These
are generic translators from logic formulae into efficient monitors. Their output
uses abstract pseudocode, which is further translated into specific target code by
language shells. Therefore, logic engines can be reused across different languages.

Annotated 
Programs

Monitored
Programs

: Dataflow

Logic

Pseudo

Specification

Monitoring
Code

Interface

: Software Artifacts : System Modules

Formal

Code

Annotations
MoP
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Fig. 7. Program transformation flow in MOP

The protocols between adjacent layers are based exclusively on ASCII text,
to achieve maximum flexibility, extensibility, and to ease debugging and test-
ing. Basically, components in this architecture are implemented as individual
programs receiving ASCII text from the standard input and outputting ASCII
text to the standard output. Hence, the modules can be implemented by differ-
ent roles using different languages, and can run on different platforms. Figure 7
shows how an MOP supporting tool transforms an annotated program.

Interface of Logic Plug-ins. An important interface is the one between the
upper two layers and the lower ones, allowing MOP supporting tools to interact
with the logic plug-ins. The input of a logic plug-in is clearly a formal specifica-
tion, but the format of its output is less obvious. We next discuss five dimensions
that the output of any logic plug-in must consider in order to be attachable to
an MOP supporting tool, regardless of its internal monitor synthesis technique.
Several concrete logic plug-ins that have already been experimentally evaluated
using our Java-MOP prototype are discussed in [5].

(1) Declarations. Variables storing the state of the monitor. These will be
automatically inserted at appropriate places in the program, depending upon the
target programming language and the configuration attributes of the monitor.

(2) Initialization. This phase prepares the variables for starting the mon-
itoring and is executed only once, the first time the monitoring breakpoint is
encountered during the execution of the program.

(3) Monitoring Body. This is the main part of the monitor, executed
whenever the monitor breakpoint is reached.
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(4) Success Condition. This gives the condition stating that the moni-
toring requirement has been fulfilled, so that there is no reason to monitor it
anymore. For example, for a formula “eventually F” in future time temporal
logic, this condition becomes true when F holds the first time.

(5) Failure Condition. This gives the condition that states when the trace
violates the requirements. When this condition becomes true, user-provided re-
covery code will be executed. “Recovery” should be taken with a grain of salt
here, because such code can not only throw an exception or put the system in a
safe state, but also attach (any) new functionality to the program.

Logic Plug-ins Development. Designing and implementing a monitoring logic
plug-in is a highly nontrivial task, requiring a careful analysis of trade-offs among
various existing possibilities, or even developing entirely new algorithms. Two
or more logic plug-ins can be possible for a given logic, each with different ad-
vantages and disadvantages. One typical situation is for a logic to admit a logic
plug-in in which all the states of the monitor are explicitly generated, such as
an automaton, and one in which only one current state of the monitor is stored,
but a means to generate the next state on-the-fly is provided. A major benefit
of the modular MOP architecture is that users are encouraged to develop such
logic plug-ins once and for all, and then to post them in WWW repositories.
We have devised monitor synthesis algorithms for future time, past time, metric
and epistemic temporal logics, extended regular expressions and JASS (Section
3); and we are currently developing logic plug-ins for other logics, including real-
time logic (RTL) [23] and Eagle [3]. A logic plug-in contains two sub-modules,
a logic engine and a programming language shell. The former generates moni-
toring pseudocode from the input specification, and then the later turns that
pseudocode into target programming language code. This way, a mathemati-
cally skilled developer of the specific logic engine does not need to know the
target programming language, and the logic engine can be reused for different
programming languages. The language shells are usually straightforward.

Monitor Integration. Once a monitoring code is generated, an MOP sup-
porting tool needs to integrate it into the original program according to the con-
figuration attributes. Specifically, under the in-line mode the monitoring code
is placed at proper positions within the monitored program, while under the
out-line mode the MOP tool firstly constructs a stand-alone monitor program
and then generates corresponding communication code which is placed at proper
positions into the monitored program. For the off-line case, code that logs the
relevant execution trace is inserted at specific places in the program and a stand-
alone analysis program is also generated, but its role is to detect errors in the
log rather than to influence the execution of the program at runtime.

The effective scope attribute says where the monitoring, communication or
logging code needs to be placed. The method-related monitor is placed at the
beginning of the method or at the end of it, and the monitor associated to the
block is handled similarly, but with a smaller scope. The checkpoint monitor is
easy to integrate by replacing the annotation with the generated code.
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Class-scoped monitors, i.e., those generated from annotations with the config-
uration attribute class, are the most difficult to integrate; Java-MOP currently
supports only a partial integration of these monitors. One approach towards a
complete solution would be to insert the monitoring code at all places where
relevant events can take place, e.g., before or after method calls, or after vari-
able assignments. However, this simplistic approach can add an unacceptable
runtime overhead and may raise some additional technical difficulties because of
aliasing. JASS provides a tempting trade-off to reduce the complexity of this
problem, by requiring that the specification holds only in those states that can
be acknowledged by the client of a library, e.g., before or after the invocation to a
method. We are currently adopting this trade-off in our Java-MOP prototype,
which may admittedly allow safety leaks in critical systems.

Monitor integration gives MOP a flavor of AOP, and indeed, our current
prototype uses AspectJ to realize the instrumentation. However, MOP’s major
purpose is to extend programming languages with logics as a means to combine
formal specification and implementation, rather than to explicitly address cross-
cutting concerns. The essential and most challenging parts in the development
of a framework supporting MOP are to set up the general logic-extensible in-
frastructure and to develop the individual logic plug-ins. AOP techniques are
only employed to facilitate the final monitoring code integration. Besides, MOP
supports local specifications, such as block properties and/or checkpoint, which
are not considered in AOP. Moreover, MOP is concerned with the runtime
behavior of the program rather than with its static structure. As previously
mentioned, our current prototype can not support rigorous class invariants mon-
itoring, because the required runtime support is beyond the current abilities of
AOP.

3 Java-MOP

We next present Java-MOP, an MOP prototype framework. It consists of an
integrated collection of specialized programs, allowing one to easily, naturally
and automatically process annotations in Java programs, via a user-friendly
interface. It is also available for download from the MOP website [21].
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Fig. 8. The Architecture of Java-MOP
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Overview. Java-MOP is essentially a distributed client-server application,
whose architecture is shown in Figure 8 and whose implementation is discussed
in more depth in [5]. Users of Java-MOP only need to download and install the
client, which is implemented entirely in Java and is platform independent. One
can also download and start the server locally and then reconfigure the client to
request monitor synthesis services locally, but this is not necessary.

The client provides both a textual and a graphical user interface. The tex-
tual one consists of a simple command taking one or more names of annotated
Java files as input and generating corresponding files in which monitors are
synthesized and integrated appropriately. The textual interface is typically used
for batch processing, which is recommended when lots of monitors need to be
generated and/or when they involve complex logical formulae which need a long
time to be processed.

A friendly GUI interface is also implemented and available for download,
based on the Eclipse platform [10]. The Java-MOP tool provides an editor
plug-in for Eclipse, called Annotated Java Editor, which can be used to process
MOP annotations in a interactive way.

Logic Plug-ins. We have developed several logic plug-ins so far, which are
currently supported by Java-MOP. The discussion here is rather informal, but
[5] gives formal definitions and monitor synthesis algorithms. The interested
reader is encouraged to try all the examples in this paper, as well as many others,
at our WWW plug-in repository [21], where one can generate and visualize
monitors via an HTML client.

Design by Contract - JASS. Since the various DBC approaches are based
on the idea of compiling special annotations into runtime checks, MOP can
smoothly include these approaches, provided that appropriate logic plug-ins
are developed. To test and evaluate this hypothesis, we have implemented a
Java logic plug-in for JASS. The original syntax of JASS annotations has
been slightly modified to fit the uniform, logic-independent syntactic conven-
tions in Java-MOP. JASS supports the following types of assertions: method
pre-conditions and post-conditions, loop variants and invariants, and class in-
variants. Pre-conditions must be satisfied by the caller but the callee is in charge
of checking it. Post-conditions need to be satisfied at the exit of a method. Loop
variants, used to check termination of loops, are integer expressions that must
decrease at every iteration and whose evaluation should never reach 0. Loop
invariants are checked at the boundaries of a loop, and class invariants are prop-
erties over the fields of an object and are checked on the boundaries of methods.
JASS’ logic is relatively simple, so its monitor generation is straightforward.

Temporal Logics. Temporal logics have proved to be indispensable expressive
formalisms in the field of formal specification and verification of systems [22, 8].
Many practical safety properties can be naturally expressed in temporal logics,
so these logics are also useful as specification formalisms in our MOP framework.
We implemented plug-ins for both future and past time temporal logics. In future
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// Declaration
int $state = 1;

// Monitoring body
switch($state) {
case 1: $state = (tlc.state.getColor() == 3) ? 1 :

(tlc.state.getColor() == 2) ? (tlc.state.getColor() == 1) ? -2 : 2 : 1; break;
case 2: $state = (tlc.state.getColor() == 3) ? 1 :

(tlc.state.getColor() == 1) ? -2 : 2; break;
}

// Failure condition
$state == -2

G(g -> (!(r) U y))

init

 y or ! g

3 ! r
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 True
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Fig. 9. Generated monitor for Figure 1 and its graphical visualization

time linear temporal logic (FTLTL), one can state properties about the future
execution of a system. Consider the example in Figure 1, which formally states
in FTLTL a safety property of a traffic light controller: “if the green light is on
then the red light should not be turned on until the yellow has been turned on”.
Figure 2 already showed the final monitoring code monitor generated from this
specification. Figure 9 shows the output of the FTLTL logic plug-in, before it
is merged within the original code by the annotation processor, as well as the
automaton generated by the HTML client to the FTLTL logic plug-in. Note
that the additional variables in the generated code have generic names, starting
with the $ symbol; the annotation processor will replace these by appropriate
fresh names, to avoid conflicts with other variable names already occurring in the
program. Dually, in past time linear temporal logic (PTLTL), one can specify
properties referring to the past states. PTLTL has been shown to have the same
expressiveness as FTLTL [13]. However, it is exponentially more succinct than
FTLTL [19] and often more convenient to specify safety policies.

Extended Regular Expressions. Software engineers and programmers under-
stand easily regular patterns, as shown by the interest in and the success of
scripting languages like Perl. We believe that regular expressions provide an
elegant and powerful specification language also for monitoring requirements,
because an execution trace of a program is a string of states. Extended regular
expressions (ERE) add complementation to regular expressions, allowing one
to specify patterns that must not occur. Complementation gives one the power
to express patterns on traces non-elementarily more compactly. However, com-
plementation leads to a non-elementary exponential explosion in the number of
states of the corresponding automaton, so naive ERE monitoring algorithms
may be impractical. Preliminary efforts in [25] show how to generate simply
exponential monitoring algorithms for ERE. A logic engine for ERE and a cor-
responding logic plug-in incorporating these algorithms has been implemented.

Online Logic Plug-in Repository. Due to the standardized interface of MOP
components, once a logic plug-in is developed, which in most cases is expected
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to be a highly nontrivial and time-consuming task, potentially any other MOP
user can use it. To facilitate the reuse of logic plug-ins and to encourage users
to propose, design, implement, and share them, we set up an online WWW
repository of logic plug-ins [21]. The MOP user can try a logic plug-in online,
via a provided HTML client, before she decides to download and install it. This
repository is also implemented so that it can serve as a remote logic plug-in
server, as discussed in Section 3. Thus, it is possible for the user to install few
or no logic plug-ins on her machine, but to retrieve them by need from the
repository. This facilitates the usage of the MOP framework, because the user
does not need to search, download, compile and install all wanted plug-ins on
her own server.

4 Conclusion and Future Work

We presented monitoring-oriented programming (MOP) as a general software
development and analysis framework, aiming at increasing the quality of software
by merging formal specifications into programs via monitors synthesized and
integrated automatically. Specification formalisms can be easily added to and
removed from an MOP supporting system, due to logic plug-ins. A WWW
repository of logic plug-ins allows MOP users to download or upload them, thus
avoiding the admittedly heavy task of developing their own logic plug-ins. The
logic-independence and the broad spectrum of generated monitor integration
capabilities allow MOP to paradigmatically capture other related techniques as
special important cases. We also introduced Java-MOP, a prototype system
supporting most of the desired features of MOP.

There is much future work to be done, part of it already started. We intend to
extend our prototype to support all the running modes soon, to incorporate other
related approaches, such as JML, and especially to evaluate the MOP paradigm
on students and in practical large size applications. Advanced techniques to
dynamically “observe” the execution of a program in as much depth as needed are
imperiously needed; the current AOP capabilities that we are using are rather
static and limited. We believe that MOP may also lead to novel programming
techniques, and more work will be dedicated to methodologies for developing
MOP-based high quality software.
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Abstract. We present a correctness proof for a basic file system im-
plementation. This implementation contains key elements of standard
Unix file systems such as inodes and fixed-size disk blocks. We prove the
implementation correct by establishing a simulation relation between
the specification of the file system (which models the file system as an
abstract map from file names to sequences of bytes) and its implementa-
tion (which uses fixed-size disk blocks to store the contents of the files).
We used the Athena proof system to represent and validate our proof.
Our experience indicates that Athena’s use of block-structured natural
deduction, support for structural induction and proof abstraction, and
seamless integration with high-performance automated theorem provers
were essential to our ability to successfully manage a proof of this size.

1 Introduction

In this paper we explore the challenges of verifying the core operations of a
Unix-like file system [34,28]. We formalize the specification of the file system as
a map from file names to sequences of bytes, then formalize an implementation
that uses such standard file system data structures as inodes and fixed-sized disk
blocks. We verify the correctness of the implementation by proving the existence
of a simulation relation [16] between the specification and the implementation.

The proof is expressed and checked in Athena [1], a new interactive theorem-
proving system based on denotational proof languages (DPLs [2]) for first-order
logic with sorts and polymorphism. Athena uses a Fitch-style natural deduction
calculus [32], formalized via the semantic abstraction of assumption bases. High-
level reasoning idioms that are frequently encountered in common mathematical
practice are directly available to the user. Athena also includes a higher-order
functional language in the style of Scheme and ML and offers flexible mechanisms
for expressing proof-search algorithms in a trusted manner (akin to the “tactics”
and “tacticals” of LCF-like systems such as HOL [19] and Isabelle [30]). Block-
structured natural deduction is used not only for writing proofs, but also for
writing tactics. This is a novel feature of Athena; all other tactic languages we
are aware of are based on sequent calculi. It proved to be remarkably useful:
Tactics are much easier to write in this style, and are a great help in making
proofs more modular.

The proof comprises 283 lemmas and theorems, and took 1.5 person-months
of full-time work to complete. It consists of roughly 5,000 lines of Athena text,

J. Davies et al. (Eds.): ICFEM 2004, LNCS 3308, pp. 373–390, 2004.
c© Springer-Verlag Berlin Heidelberg 2004
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for an average of about 18 lines per lemma. It takes about 9 minutes to check on
a high-end Pentium, for an average of 1.9 seconds per lemma. Athena seamlessly
integrates cutting-edge automated theorem provers (ATPs) such as Vampire [35]
and Spass [36] in order to mechanically prove tedious steps, leaving the user to
focus on the interesting parts of the proof. Athena invokes Vampire and Spass
over 2,000 times during the course of the proof. That the proof is still sev-
eral thousand lines long reflects the sheer size of the problem. For instance, we
needed to prove 12 invariants and there are 10 state-transforming operations,
which translates to 120 lemmas for each invariant/operation pair (I, f), each
guaranteeing that f preserves I. Most of these lemmas are non-trivial; many re-
quire induction, and several require a number of other auxiliary lemmas. Further
complicating matters is the fact that we can show that some of these invariants
are preserved only if we assume that certain other invariants hold. In these cases
we must consider simultaneously the conjunction of several invariants. The re-
sulting formulas are very long and have dozens of quantified variables. We believe
that Athena’s combination of natural deduction, versatile mechanisms for proof
abstraction, and seamless incorporation of very efficient ATPs were crucial to
our ability to successfully complete a proof effort of this scale.

To place our results in a broader context, consider that organizations rely
on storage systems in general and file systems in particular to store critical
persistent data. Because errors can cause the file system to lose this data, it is
important for the implementation to be correct. The standard wisdom is that
core system components such as file systems will always remain beyond the
reach of full correctness proofs, leaving extensive testing—and the possibility
of undetected residual errors—as the only option. Our results, however, suggest
that correctness proofs for crucial system components (especially for the key
algorithms and data structures at the heart of such components) may very well
be within reach.

The remainder of the paper is structured as follows. In Section 2 we present
an abstract specification of the file system. This specification hides the complex-
ity of implementation-specific data structures such as inodes and data blocks
by representing files simply as indexable sequences of bytes. Section 3 presents
our model of the implementation of the file system. This implementation con-
tains many more details, e.g., the mapping from file names to inodes, as well as
the representation of file contents using sequences of non-contiguous data blocks
that are dynamically allocated on the disk. Section 4 presents the statement of
the correctness criterion. This criterion uses an abstraction function [16] that
maps the state of the implementation to the state of the specification. Section 4
also sketches out the overall strategy of the proof. Section 5 addresses the key
role that reachability invariants played in this project; these invariants express
the fundamental data structure consistency properties needed for correct func-
tioning of the file system implementation. Section 6 discusses the key role that
Athena tactics played in making the proof more tractable. The convenience of
using these proof tactics illustrates the advantages of a language that smoothly
integrates natural deduction proofs and a Turing-complete higher-order proof-
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search language. Section 7 describes our experience in extending the basic file
system with a form of access control. The last two sections discuss related work
and present our main conclusions.

2 Abstract Specification of the File System

The abstract specification of the file system uses two primitive sorts Byte
and FileID , representing bytes and file identifiers, respectively. File is defined
as a resizable array of Byte, introduced as a sort abbreviation: File =
RSArrayOf (Byte). The abstract state of the file system, AbState, is defined as
a finite map from file identifiers (FileID) to file contents (File), i.e., AbState =
FMap(FileID ,File). (See the corresponding technical report [7] for details on
the Athena formalization of finite maps and resizable arrays. For a presentation
of Athena’s syntax and formal semantics see [9]; for further sample applications
see [6,3,4,20].) We also introduce a distinguished element of Byte, called fillByte,
which will be used to pad a file if a write is attempted at a position exceeding
the file size.

We begin by giving the signature of the abstract read operation, read:

declare read : FileID × Nat × AbState → ReadResult

Thus read takes a file identifier fid , an index i in the file, and an abstract
file system state s, and returns an element of ReadResult . The latter is defined
as the following datatype:

datatype ReadResult = EOF | Ok(Byte) | FileNotFound

Therefore, the result of any read operation is either EOF , if the index is
out of bounds; or FileNotFound , if the file does not exist; or, if all goes well, a
value of the form Ok(v) for some byte v, representing the content of file fid at
position i. More precisely, the semantics of read are given by the following three
axioms:

[AR1] ∀ fid i s . lookUp (fid, s) = NONE ⇒ read(fid , i, s) = FileNotFound

[AR2] ∀ fid i s file . [lookUp (fid, s) = SOME(file) ∧ arrayLen(file) ≤ i] ⇒
read(fid , i, s) = EOF

[AR3] ∀ fid i s file v . [lookUp (fid, s)=SOME(file) ∧ arrayRead(file, i)=SOME (v)] ⇒
read(fid , i, s) = Ok(v)

Using the equality conditions for finite maps and resizable arrays, we can
prove the following extensionality theorem for abstract states:

∀ s1 s2 . s1 = s2 ⇔ [∀ fid i . read(fid , i, s1) = read(fid , i, s2)] (1)

The abstract write has the following signature:

declare write : FileID × Nat × Byte × AbState → AbState
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This is the operation that defines state transitions in our file system. It takes
as arguments a file identifier fid , an index i indicating a file position, a byte v
representing the value to be written, and a file system state s. The result is a
new state where the file contents have been updated by storing v at position i.
Note that if i exceeds the length of the file in state s, then in the resulting state
the file will be extended to size i + 1 and all newly allocated positions below i
will be padded with fillByte. Finally, if fid does not exist at all in s, then an
empty file of size i+1 is first created and then the value v is written. The axioms
below make this precise:

[AW1] ∀ fid i v s . lookUp (fid, s) = NONE ⇒
write(fid , i, v, s) = update(s,fid , arrayWrite(makeArray(fillByte, i + 1), i, v, fillByte))

[AW2] ∀ fid i v s file . lookUp (fid, s) = SOME(file) ⇒
write(fid , i, v, s) = update(s,fid , arrayWrite(file, i, v,fillByte))

3 File System Implementation

Standard Unix file systems store the contents of each file in separate disk blocks,
and maintain a table of structures called inodes that index those blocks and
store various types of information about the file. Our implementation operates
directly on the inodes and disk blocks and therefore models the operations that
the file system performs on the disk. The file system organizes file data in Block
units. Conceptually, a Block is an array of blockSize bytes, where blockSize is a
positive constant. We model a Block as a finite map from natural numbers to
bytes: Block = FMap(Nat ,Byte). A pictorial representation of a sample imple-
mentation state is shown in Figure 1. File meta-data is stored in inodes:

datatype INode = inode(fileSize : Nat , blockCount : Nat , blockList : FMap(Nat ,Nat))

An INode is a datatype consisting of the file size in bytes and in blocks, and
a list of block numbers. The list of block numbers is an array of the indices of
the blocks that contain the file data. We model this array as a finite map from
natural numbers (array indices) to natural numbers (block numbers).

The data type State represents the file system state:

datatype State = state(inodeCount : Nat , stateBlockCount : Nat ,
inodes : FMap(Nat , INode), blocks : FMap(Nat ,Block), root : FMap(FileID ,Nat))

A State consists of a count of the inodes in use; a count of the blocks in
use; an array of inodes; an array of blocks; and the root directory. We model
the array of inodes as a finite map from natural numbers (array indices) to
INode (inodes). Likewise, we model the array of blocks as a finite map from
natural numbers (array indices) to Block (blocks). We model the root directory
as a finite map from FileID (file identifiers) to natural numbers (inode num-
bers).

The implementation of the fundamental file system operations in our model
is presented in Figures 2 and 3 in pseudo code. In what follows we present the
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Fig. 1. A snapshot of the file system’s state

first-order axioms that correspond to these operations. We have manually derived
these axioms from the pseudo code by explicitly threading the file system state
through each operation.

3.1 Definition of the Concrete Read Operation

The concrete read operation, read (Figure 2), has the following signature:

declare read : FileID × Nat × State → ReadResult

(As a convention, we use bold italic font to indicate the abstract-state version
of something: e.g., abstract read vs. concrete read , an abstract state s vs. a
concrete state s, etc.) The read operation takes a file identifier fid , an index i in
the file, and a concrete file system state s, and returns an element of ReadResult .
It first determines if fid is present in the root directory of s. If not, read returns
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FileNotFound . Otherwise, it looks up the corresponding inode. If i is not less than
the file size, read returns EOF . Otherwise, read looks up the block containing the
data and returns the relevant byte. The following axioms capture these semantics
(for ease of presentation, we omit universal quantifiers from now on; all variables
can be assumed to be universally quantified):

proc extract ov = case ov of NONE -> fail | SOME v -> return v

proc read(fid,i) =

case root[fid] of

| NONE -> return FileNotFound

| SOME inodeNum ->

var inode = extract(inodes[inodeNum]);

if i >= inode.fileSize then return EOF

else var blockNum = extract(inode.blockList[i div blockSize]);

var block = blocks[blockNum];

return extract(block[i mod blockSize])

Fig. 2. Pseudocode for the concrete read operation

[CR1] lookUp (fid , root(s)) = NONE ⇒ read(fid , i, s) = FileNotFound
[CR2] [lookUp (fid , root(s)) = SOME(n) ∧

lookUp (n, inodes(s)) = SOME(inode(fs, bc, bl)) ∧ (fs ≤ i)] ⇒ read(fid , i, s) = EOF
[CR3] [lookUp (fid , root(s)) = SOME(n) ∧

lookUp (n, inodes(s)) = SOME(inode(fs, bc, bl)) ∧ (i < fs) ∧
lookUp (i div blockSize, bl) = SOME(bn) ∧ lookUp (bn, blocks(s)) = SOME(block) ∧

lookUp (i mod blockSize, block) = SOME(v)] ⇒ read(fid , i, s) = Ok(v)

3.2 Definition of the Concrete Write Operation

The concrete write operation, write (Figure 3), takes a file identifier fid , a byte
index i, the byte value v to write, and a state s, and returns the updated state:

declare write : FileID × Nat × Byte × State → State
[CW1] lookUp (fid , root(s)) = SOME(n) ⇒write(fid , i, v, s) = writeExisting(n, i, v, s)

[CW2] let s′ = allocINode(fid , s) in
[lookUp (fid , root(s)) = NONE ∧ lookUp (fid , root(s′)) = SOME(n)] ⇒

write(fid , i, v, s) = writeExisting(n, i, v, s′)

If the file associated with fid already exists, write delegates the write to
the helper function writeExisting . If the file does not exist, write first invokes
allocINode, which creates a new empty file by allocating and initializing an inode
and then calls writeExisting with the inode number of the new file.

writeExisting takes an inode number n, a byte index i, the byte value v to
write, and a state s, and returns the updated state:
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proc write(fid,i,v) =

case root[fid] of

| NONE -> allocINode(fid);

var inodeNum = root[fid];

writeExisting(inodeNum,i,v)

| SOME inodeNum -> writeExisting(inodeNum,i,v)

proc writeExisting(inodeNum,i,v) =

var inode = extract(inodes[inodeNum]);

if i div blockSize < inode.blockCount then

if i < inode.fileSize then writeNoExtend(inodeNum,i,v)

else writeSmallExtend(inodeNum,i,v)

else extendFile(inodeNum,i);

writeNoExtend(inodeNum,i,v)

proc writeSmallExtend(inodeNum,i,v) =

var inode = extract(inodes[inodeNum]);

var blockNum = extract(inode.blockList[i div blockSize]);

var block = extract(blocks[blockNum]);

inode.fileSize := i+1;

inodes[inodeNum] := inode;

block[i mod blockSize] := v;

blocks[blockNum] := block

proc writeNoExtend(inodeNum,i,v) =

var inode = extract(inodes[inodeNum]);

var blockNum = extract(inode.blockList[i div blockSize]);

var block = extract(blocks[blockNum]);

block[i mod blockSize] := v;

updateBlock(blockNum,block)

proc updateBlock(blockNum,block) = (blocks[blockNum] := block)

proc extendFile(inodeNum,i) =

var inode = extract(inodes[inodeNum]);

var blockIndex = i div blockSize;

if blockIndex >= inode.blockCount then

allocBlocks(inodeNum, blockIndex-inode.blockCount+1, i)

proc allocBlocks(inodeNum,toAlloc,i) =

if toAlloc > 0 then

getNextBlock();

var inode = extract(inodes[inodeNum]);

inode.fileSize := i+1;

inode.blockList[inode.blockCount] := stateBlockCount-1;

inode.blockCount := inode.blockCount+1;

inodes[inodeNum] := inode;

allocBlocks(inodeNum,toAlloc-1,i)

proc getNextBlock() = blocks[stateBlockCount] := initialBlock;

stateBlockCount := stateBlockCount+1

proc allocInode(fid) = root[fid] := inodeCount;

getNextInode()

proc getNextInode() = inodes[inodeCount] := initialInode;

inodeCount := inodeCount+1

Fig. 3. Pseudocode for the concrete write operation
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declare writeExisting : Nat × Nat × Byte × State → State
[WE1] [lookUp (n, inodes(s)) = SOME(inode) ∧

(i div blockSize) < blockCount(inode) ∧ i < fileSize(inode)] ⇒
writeExisting(n, i, v, s) = writeNoExtend(n, i, v, s)
[WE2] [lookUp (n, inodes(s)) = SOME(inode) ∧

(i div blockSize) < blockCount(inode) ∧ fileSize(inode) ≤ i] ⇒
writeExisting(n, i, v, s) = writeSmallExtend(n, i, v, s)

[WE3] [lookUp (n, inodes(s)) = SOME(inode) ∧
blockCount(inode) ≤ (i div blockSize)] ⇒

writeExisting(n, i, v, s) = writeNoExtend(n, i, v, extendFile(n, i, s))

If i is less than the file size, writeExisting delegates the writing to the
helper function writeNoExtend , which stores the value v in the appropriate
location.

If i is not less than the file size but is located in the last block of the file,
writeExisting delegates to writeSmallExtend , which stores the value v in the
appropriate position and updates the file size. Otherwise, writeExisting first
invokes extendFile, which extends the file by the appropriate number of blocks,
and then calls writeNoExtend on the updated state.1

extendFile takes an inode number n, the byte index of the write, and the
state s. It delegates the task of allocating the necessary blocks to allocBlocks:

declare extendFile : Nat × Nat × State → State
[lookUp (n, inodes(s)) = SOME(inode) ∧ blockCount(inode) ≤ (j div blockSize)] ⇒
extendFile(n, j, s) = allocBlocks(n, (j div blockSize) − blockCount(inode) + 1, j, s)

allocBlocks takes an inode number n, the number of blocks to allocate, the
byte index j, and the state s. We define it by primitive recursion:

declare allocBlocks : Nat × Nat × Nat × State → State
[AB1] allocBlocks(n, 0, j, s) = s

[AB2] [getNextBlock(s) = state(inc, bc + 1, inm, bm, root) ∧
lookUp (n, inm) = SOME(inode(fs, inbc, inbl))] ⇒

allocBlocks(n, k + 1, j, s) = allocBlocks(n, k, j, state(inc, bc + 1,
update(inm, n, inode(j + 1, inbc + 1, update(inbl, inbc, bc)))))

allocBlocks uses the helper function getNextBlock , which takes the state s, allo-
cates and initializes the next free block, and returns the updated state:

declare getNextBlock : State → State
getNextBlock(state(inc, bc, inm, bm, root)) =

state(inc, bc + 1, inm, update(bm, bc, initialBlock), root)

Reachable States. In what follows we will restrict our attention to reachable
states, those that can be obtained from the initial state by some finite sequence

1 We omit the axiomatization of writeNoExtend and a few other functions
due to space constraints. The entire formalization along with the com-
plete proof and a more detailed technical report [7] can be found at
www.cag.lcs.mit.edu/~kostas/dpls/athena/fs.
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of write operations. Specifically, we define a predicate reachableN (“reachable in
n steps”) via two axioms:

reachableN(s, 0) ⇔ s = initialState, and

reachableN(s, n + 1) ⇔∃ s′ fid i v . reachableN(s′, n) ∧ s = write(fid , i, v, s′)

We then set reachable(s) ⇔∃ n . reachableN(s, n). We will write ̂State for the
set of all reachable states, and we will use the symbol ŝ to denote a reachable
state. Propositions of the form ∀ · · · ŝ · · · . P (· · · ŝ · · · ) and ∃ · · · ŝ · · · . P (· · · ŝ · · · )
should be taken as abbreviations for ∀ · · · s · · · . reachable(s) ⇒P (· · · s · · · ) and
∃ · · · s · · · . reachable(s) ∧ P (· · · s · · · ), respectively.

4 The Correctness Proof

4.1 State Abstraction and Homomorphic Simulation

Consider the following binary relation A from concrete to abstract states:

∀ s s . A(s, s) ⇔ [∀ fid i . read(fid , i, s) = read(fid , i, s)]

It follows directly from the extensionality principle on abstract states (1) that
A is functional, i.e., that ∀ s s1 s2 . A(s, s1) ∧ A(s, s2) ⇒ s1 = s2. Accordingly, we
postulate the existence of an abstraction function α : State → AbState such that
∀ ŝ s . α(ŝ) = s⇔A(ŝ, s). That is, an abstracted state α(ŝ) has the exact same
contents as ŝ: reading any position of a file in one state yields the same result as
reading that position of the file in the other state. Note that α, although total,
is underspecified; it is only defined for reachable states.

A standard way of formalizing the requirement that an implementation I is
faithful to a specification S is to express I and S as many-sorted algebras and
establish a homomorphism from one to the other. In our case the two algebras
are I = (FileID ,Nat ,Byte, ̂State; read ,write) and

S = (FileID ,Nat ,Byte,AbState; read,write)

FileID × Nat × ̂State





�

�
FileID × Nat × AbState

i × i × α

�
���

read

re
ad

ReadResult

FileID × Nat × Byte × ̂State 
write
̂State

�
FileID × Nat × Byte × AbState

i × i × i × α


write
AbState

�
α

Fig. 4. Commuting diagrams for the read and write operations
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The embeddings from I to S for the carriers FileID , Nat , and Byte are
simply the identity functions on these domains; while the embedding from ̂State
to AbState is the abstraction mapping α. In order to prove that this translation
yields a homomorphism we need to show that the two diagrams shown in Figure 4
commute. Symbolically, we need to prove the following:

∀fid i ŝ . read(fid , i, ŝ) = read(fid , i, α(ŝ)) (2)

and
∀fid i v ŝ . α(write(fid , i, v, ŝ)) = write(fid , i, v, α(ŝ)) (3)

4.2 Proof Outline

Goal (2) follows immediately from the definition of the abstraction function α.
For (3), since the consequent is equality between two abstract states and we
have already proven that two abstract states s1 and s2 are equal iff any abstract
read operation yields identical results on s1 and s2, we transform (3) into the
following:

∀fid i v ŝ fid ′ j . read(fid ′, j, α(write(fid , i, v, ŝ))) = read(fid ′, j,write(fid , i, v, α(ŝ)))

Finally, using (2) on the above gives:

∀fid fid ′ i j v ŝ . read(fid ′, j,write(fid , i, v, ŝ)) = read(fid ′, j,write(fid , i, v, α(ŝ)))

Therefore, choosing arbitrary fid ,fid ′, j, v, i, and ŝ, we need to show L = R,
where L = read(fid ′, j,write(fid , i, v, ŝ)) and

R = read(fid ′, j,write(fid , i, v, α(ŝ)))

true

�� ��
fid ′ = fid fid ′ �= fid

C8
�� ��

i = j

C1

i �= j
�

�
�








lookUp (fid , root(ŝ)) = NONE

�� ��
i < j

C2

i > j

C3

lookUp (fid , root(ŝ)) = SOME(n) ∧
lookUp (n, inodes(ŝ)) = SOME(inode(fs, bc, bl))

�� ��
j < fs

C4

j ≥ fs

�� ��
i < fs

C5

i ≥ fs

�� ��
i < j

C6

i > j

C7

Fig. 5. Case analysis for proving the correctness of write
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Showing L = R is the main goal of the proof. We proceed by a case analysis
as shown in Fig. 5. The decision tree of Fig. 5 has the following property: if the
conditions that appear on a path from the root of the tree to an internal node u
are all true, then the conditions at the children of u are mutually exclusive and
jointly exhaustive (given that certain invariants hold, as discussed in Section 5).
There are ultimately 8 distinct cases to be considered, C1 through C8, appearing
at the leaves of the tree. Exactly one of those 8 cases must be true for any given
fid ,fid ′, j, v, ŝ and i. We prove that L = R in all 8 cases.

For each case Ci, i = 1, . . . , 8, we formulate and prove a pair of lemmas Mi

and Mi that facilitate the proof of the goal L = R. Specifically, for each case Ci

[M1] read(fid , i,write(fid, i, v, ŝ)) = Ok(v)

[M1] read(fid , i,write(fid, i, v, s) = Ok(v)

[M2] [lookUp (fid , root(ŝ)) = NONE ∧ i < j] ⇒ read(fid , i,write(fid, j, v, ŝ)) = Ok(v)

[M2] [lookUp (fid , s) = NONE ∧ i < j] ⇒ read(fid , i,write(fid, j, v, s)) = Ok(v)

[M3] [lookUp (fid , root(ŝ)) = NONE ∧ j < i] ⇒ read(fid , i,write(fid, j, v, ŝ)) = EOF

[M3] [lookUp (fid , s) = NONE ∧ j < i] ⇒ read(fid , i,write(fid, j, v, s)) = EOF

[M4]
[lookUp (fid , root(ŝ)) = SOME(n) ∧

lookUp (n, inodes(ŝ)) = SOME(inode(fs, bc, bl)) ∧ i �= j ∧ j < fs] ⇒
read(fid , i,write(fid, j, v, ŝ)) = read(fid , i, ŝ)

[M4]
[lookUp (fid , s) = SOME(A) ∧ i �= j ∧ j < arrayLen(A)] ⇒

read(fid , i,write(fid, j, v, s)) = read(fid , i, s)

[M5]
[lookUp (fid , root(ŝ)) = SOME(n) ∧

lookUp (n, inodes(ŝ)) = SOME(inode(fs, bc, bl)) ∧ fs ≤ j ∧ i < fs] ⇒
read(fid , i,write(fid, j, v, ŝ)) = read(fid , i, ŝ)

[M5]
[lookUp (fid , s) = SOME(A) ∧ arrayLen(A) ≤ j ∧ i < arrayLen(A)] ⇒

read(fid , i,write(fid, j, v, s)) = read(fid , i, s)

[M6]
[lookUp (fid , root(ŝ)) = SOME(n) ∧

lookUp (n, inodes(ŝ)) = SOME(inode(fs, bc, bl)) ∧ fs ≤ i ∧ i < j] ⇒
read(fid , i,write(fid, j, v, ŝ)) = Ok(fillByte)

[M6]
[lookUp (fid , s) = SOME(A) ∧ arrayLen(A) ≤ j ∧ arrayLen(A) ≤ i ∧ i < j] ⇒

read(fid , i,write(fid, j, v, s)) = Ok(fillByte)

[M7]
[lookUp (fid , root(ŝ)) = SOME(n) ∧

lookUp (n, inodes(ŝ)) = SOME(inode(fs, bc, bl)) ∧ fs ≤ j ∧ j < i] ⇒
read(fid , i,write(fid, j, v, ŝ)) = EOF

[M7]
[lookUp (fid , s) = SOME(A) ∧ arrayLen(A) ≤ j ∧ arrayLen(A) ≤ i ∧ j < i] ⇒

read(fid , i,write(fid, j, v, s)) = EOF

[M8] fid1 �= fid2 ⇒ read(fid2, i,write(fid1, j, v, ŝ)) = read(fid2, i, ŝ)

[M8] fid1 �= fid2 ⇒ read(fid2, i,write(fid1, j, v, s)) = read(fid2, i, s)

Fig. 6. Main lemmas
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there are two possibilities: First, L = R follows because both L and R reduce to a
common term t, with L = t following by virtue of lemma Mi and R = t following

by virtue of lemma Mi: L
Mi−→ t

Mi←− R. Or, second, the identity follows because
L and R respectively reduce to read(fid ′, i, ŝ) and read(fid ′, i, α(ŝ)), which are
equal owing to (2). In that case, Mi is used to show L = read(fid ′, i, ŝ) and Mi

is used to show R = read(fid ′, i, α(ŝ)):

L
Mi−→ read(fid ′, i, ŝ) = read(fid ′, i, α(ŝ))

Mi←− R (4)

The eight pairs of lemmas are shown in Figure 6. The “abstract-state”
versions of the lemmas ([Mi], i = 1, . . . , 8) are readily proved with the aid of
Vampire from the axiomatizations of maps, resizable arrays, options, natural
numbers, etc., and the specification axioms. The concrete lemmas Mi are much
more challenging.

5 Proving Reachability Invariants

Reachable states have a number of properties that make them “well-behaved.”
For instance, if a file identifier is bound in the root of a state s to some inode
number n, then we expect n to be bound in the mapping inodes(s). While this
is not true for arbitrary states s, it is true for reachable states. In what follows,
by a state invariant we will mean a unary predicate on states I(s) that is true
for all reachable states, i.e., such that ∀ ŝ . I(ŝ).

There are 12 invariants inv0, . . . , inv11, that are of particular interest. The
proof relies on them explicitly, i.e., at various points in the course of the argument
we assume that all reachable states have these properties. Therefore, for the
proof to be complete, we need to discharge these assumptions by proving that
the properties in question are indeed invariants.

The process of guessing useful invariants—and then, more importantly, try-
ing to prove them—was very helpful in strengthening our understanding of the
implementation. More than once we conjectured false invariants, properties that
appeared reasonable at first glance but later, when we tried to prove them,
turned out to be false. For instance, a seemingly sensible “size invariant” is that
for every inode of size fs and block count bc we have

fs = [(bc − 1) · blockSize] + (fs mod blockSize)

But this equality does not hold when the file size is a multiple of the block
count. The proper invariant is

[fs mod blockSize = 0 ⇒ fs = bc · blockSize] ∧
[fs mod blockSize �= 0 ⇒ fs = ((bc − 1) · blockSize) + (fs mod blockSize)]

For any inode of file size fs and block count bc, we will write szInv(fs, bc) to
indicate that fs and bc are related as shown by the above formula. The following
are the first four of the twelve invariants:
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inv0(s) : ∀ fid n . [lookUp (fid , root(s)) = SOME(n)] ⇒ inDom(n, inodes(s))

inv1(s) : ∀ n fs bc bl . [lookUp (n, inodes(s)) = SOME(inode(fs, bc, bl))] ⇒
[inDom(n, inodes(s)) ⇔n < bc]

inv2(s): ∀ n inode bn bn ′ . [lookUp (n, inodes(s)) = SOME(inode) ∧
lookUp (bn, blockList(inode)) = SOME(bn ′)] ⇒ inDom(bn ′, blocks(s))

inv3(s) : ∀ n fs bc bl . [lookUp (n, inodes(s)) = SOME(inode(fs, bc, bl))] ⇒ szInv(fs, bc)

These four invariants are fundamental and must be established before any-
thing non-trivial can be proven about the system. They are also codependent,
meaning that in order to prove that an operation preserves one of these prop-
erties we need to assume that the incoming state has all four of them. For the
complete list of reachability invariants, see [7].

Showing that a unary state property I(s) is an invariant proceeds in two
steps. First, proving that I holds for the initial state; and second, proving
∀ fid i v s . I(s) ⇒ I(write(fid , i, v, s)). Once both of these have been established,
a routine induction on n will show ∀ n s . reachableN(s, n) ⇒ I(s). It then follows
directly by the definition of reachability that all reachable states have I.

Proving that the initial state has an invariant invj is straightforward: in all
12 cases it is done automatically. The second step, proving that write preserves
invj , is more involved. Including write, the implementation comprises 10 state-
transforming operations,2 and control may flow from write to any one of them.
Accordingly, we need to show that all ten operations preserve the invariant
under consideration. This means that for a total of 10 operations f0, . . . , f9 and
12 invariants inv0, . . . , inv11, we need to prove 120 lemmas, each stating that fi

preserves invj .
The large majority of the proof text (about 80% of it) is devoted to proving

these lemmas. Some of them are surprisingly tricky to prove, and even those
that are not particularly conceptually demanding can be challenging to manipu-
late, if for no other reason simply because of their volume. Given the size of the
function preconditions and the size of the invariants (especially in those cases
where we need to consider the conjunction of several invariants at once), an in-
variance lemma can span multiple pages of text. Proof goals of that scale test
the limits even of cutting-edge ATPs. For instance, in the case of a proposition
P that was several pages long (which arose in the proof of one of the invariance
lemmas), Spass took over 10 minutes to prove the trivial goal P ⇒P ′, where
P ′ was simply an alphabetically renamed copy of P (Vampire was not able to
prove it at all, at least within 20 minutes). Heavily skolemizing the formula and
blindly following the resolution procedure prevented these systems from recogniz-
ing the goal as trivial. By contrast, using Athena’s native inference rules, the goal
was derived instantaneously via the two-line deduction assume P in claim P ′,
because Athena treats alphabetically equivalent propositions as identical and has

2 By a “state-transforming operation” we mean one that takes a state as an argument
and produces a state as output. There are ten such operations, nine of which are
auxiliary functions (such as extendFile) invoked by write.
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an efficient implementation of proposition look-ups. This speaks to the need to
have a variety of reasoning mechanisms available in a uniform integrated frame-
work.

6 Proof Automation with Athena Methods

After proving a few invariance lemmas for some of the operations it became
apparent that a large portion of the reasoning was the same in every case and
could thus be factored away for reuse. Athena makes it easy to abstract con-
crete proofs into natural-deduction proof algorithms called methods. For every
state-transforming operation fi we wrote a “preserver” method Pi that takes
an arbitrary invariant I as input (expressed as a unary function that takes a
state and constructs an appropriate proposition) and attempts to prove the cor-
responding invariance lemma. Pi encapsulates all the generic reasoning involved
in proving invariants for fi. If any non-generic reasoning (specific to I) is addi-
tionally required, it is packaged into a proof continuation K and passed into Pi

as a higher-order method argument. Pi can then invoke K at appropriate points
within its body as needed. Similar methods for other functions made the overall
proof substantially shorter—and easier to develop and to debug—than it would
have been otherwise.

Proof programmability was useful in streamlining several other recurring pat-
terns of reasoning, apart from dealing with invariants. A typical example is this:
given a reachable state ŝ, an inode number n such that lookUp (n, inodes(ŝ)) =
SOME (inode(fs, bc, bl)), and an index i < fs, we often need to prove the exis-
tence of bn and block such that lookUp (i div blockSize, bl) = SOME (bn) and
lookUp (bn, blocks(ŝ)) = SOME (block). The reasoning required for this involves
the invocation of various reachable-state invariants and standard laws of arith-
metic. We packaged this reasoning in a method find-bn-block that takes all the
relevant quantities as inputs, assumes that the appropriate hypotheses are in the
assumption base, and performs the appropriate inferences.

7 Extending the Basic Model

To test the extensibility of our proof and to better model real systems, we aug-
mented our models with user permissions after we completed the proof. We
associated with each abstract file the set of authorized users, and modified the
read and write operations to check that a user has permission before executing a
read or a write. In the implementation, we similarly stored the user-permission
information in a list associated with each inode. In the resulting models, not only
the read operation, but also the write operation may return an error condition.
The error condition for write occurs when the user does not have the permission
to write a file. We modified the simulation relation condition to imply that a
concrete write returns an error whenever the abstract write returns an error,
and returns the corresponding concrete state otherwise. We then updated the
proof to verify the new simulation relation condition.
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Our experience from adapting the existing proof in the presence of changes
to both the specification and to the implementation is encouraging. The overall
structure of the proof did not change: the key components are still simulation
relation conditions and invariants on reachable states. We were able to reuse
a significant number of lemmas with no changes whatsoever. This includes not
only useful abstractions such as resizable arrays, but also some non-interference
properties of state-transforming operations. Most of the other lemmas required
small adaptations to accommodate the additional components in the abstract
and concrete state. We have found that the use of selector functions on algebraic
data types improves the maintainability of proofs because it avoids explicitly
listing all state components. In addition, accessors functions reduce the number
of quantified variables in lemmas, making them more amenable to ATPs.

Another important factor contributing to the maintainability of our proofs is
the abstraction of proof steps using Athena methods: instead of updating several
similar proofs, it was often sufficient to update a single generic proof method.
The ability to write recursive proof methods was also useful in increasing the
granularity of proofs steps, reducing the typical size of proofs. In particular,
we were able to noticeably increase the performance and robustness of calls to
first-order theorem provers by wrapping them into a natural-deduction theorem-
proving method written in Athena.

8 Related Work

Techniques for verifying the correct use of file system interfaces expressed as
finite state machines are presented in [17,15]. In this paper we have addressed the
more difficult problem of showing that the file system implementation conforms
to its specification. Consequently, our proof obligations are stronger and we
have resorted to more general deductive verification. Static analysis techniques
that handle more complex data structures include predicate abstraction and
shape analysis [33,25,10]. These approaches are promising for automating proofs
of program properties, but have not been used so far to show full functional
correctness, as we do here.

Alloy [21] is a specification language based on a first-order relational calculus
that can be used to specify complex structural constraints [23]. It has been used
to describe the directory structure of a file system, but without modeling read
and write operations. The use of the Alloy Analyzer to find counterexamples is
complementary to our proofs [5]. Model checkers have been applied to systems
whose main difficulty stems from concurrency [38, 14]. In contrast, the main
challenge in our study is the complexity of the data structures that are needed
for the correct functioning of the system. Abstract models of file systems have
also been developed in Z [39, Chapter 15] and MooZ [29]; security properties
of a Unix file system are studied in [37, Chapter 10]; security aspects of a CVS
server were analyzed in [13]. These models capture properties that are largely
orthogonal to the correct manipulation of the data stored in the files, which is
the focus of our work.
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It is interesting to consider whether the verification burden would be lighter
with a system such as PVS [31] or ACL2 [22] that makes heavy use of automatic
decision procedures for combinations of first-order theories such as arrays, lists,
linear arithmetic, etc. We note that our use of high-performance off-the-shelf
ATPs already provides a considerable degree of automation. In our experience,
both Vampire and Spass have proven quite effective in non-inductive reasoning
about lists, arrays, etc., simply on the basis of first-order axiomatizations of
these domains. Our experience supports a recent benchmark study by Armando
et al. [8], which showed that a state-of-the-art paramodulation-based prover with
a fair search strategy compares favorably with CVC [11] in reasoning about ar-
rays with extensionality. To further automate the verification process, we are
considering the use of program analyses [33, 18, 27, 26] in conjunction with de-
cision procedures for decidable logics [24, 12] to formulate the key lemmas in
the proof, generate some of the reachability invariants, and prove the frame
conditions.

9 Conclusions

We presented a correctness proof for the key operations (reading and writing) of
a file system based on Unix implementations. We are not aware of any other file
system verification attempts dealing with such strong properties as the simula-
tion relation condition, for all possible sequences of file system operations and
without a priori bounds on the number of files or their sizes. Despite the apparent
simplicity of this particular specification and implementation, our proofs shed
light on the general reasoning techniques that would be required in establishing
full functional correctness for any file system. Our experience with extending
the basic model with new features indicates that the approach can be adapted
to model additional relevant aspects of the file system implementation. These
results suggest that a combination of state-of-the art formal methods techniques
greatly facilitates the deductive verification of crucial software infrastructure
components such as file systems.

We have found Athena to be a powerful framework for carrying out a com-
plex verification effort. Polymorphic sorts and datatypes allow for natural data
modeling; strong support for structural induction facilitates inductive reason-
ing over such datatypes; a block-structured natural deduction format helps
to make proofs more readable and writable; and the use of first-order logic
allows for smooth integration with state-of-the-art first-order ATPs, keeping
the proof steps at a high level of detail. Perhaps most importantly, the novel
assumption-base semantics of Athena make it possible to formulate not only
proofs but also tactics in true natural-deduction (“Fitch”) style. A significant
technical insight emerging from this project is that tactics in such a style can be
an exceptionally practical and useful tool for making proofs shorter and more
modular.
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Abstract. Large-scale medical systems—like magnetic resonance tomographs—
are manufactured with a steadily growing number of product options. Different
model lines can be equipped with large numbers of supplementary equipment op-
tions like (gradient) coils, amplifiers, magnets or imaging devices. The diversity in
service and maintenance procedures, which may be different for each of the many
product instances, grows accordingly. Therefore, instead of having one common
on-line service handbook for all medical devices, SIEMENS parcels out the on-
line documentation into small (help) packages, out of which a suitable subset is
selected for each individual product instance. Selection of packages is controlled
by XML terms. To check whether the existing set of help packages is sufficient
for all possible devices and service cases, we developed the HelpChecker tool.
HelpChecker translates the XML input into Boolean logic formulae and employs
both SAT- and BDD-based methods to check the consistency and completeness of
the on-line documentation. To explain its reasoning and to facilitate error correc-
tion, it generates small (counter-)examples for cases where verification conditions
are violated. We expect that a wide range of cross-checks between XML docu-
ments can be handled in a similar manner using our techniques.

1 Introduction

There is a persistent trend towards products that are individually adaptable to each cus-
tomer’s needs (mass customization [Dav87]). This trend, while offering considerable ad-
vantages for the customer, at the same time demands special efforts by the manufacturer,
as he now must make arrangements to cope with myriads of different product instances.
Questions arising in this respect include: How can such a large set of product variants be
represented and maintained concisely and uniquely? How can the parts be determined
that are required to manufacture a given product instance? Is a certain requested product
variant manufacturable at all? And, last but not least, how can the documentation—both
for internal purposes and for the customer—be prepared adequately?

Triggered, among other reasons, by an increased product complexity, SIEMENS
Medical Solutions recently introduced a formal description for their magnetic resonance
tomographs (MR) based on XML. Thus, not only individual product instances, but also
the set of all possible (valid, correct) product configurations can now be described by an
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XML term which implicitly encodes the logical configuration constraints. This formal
product documentation allows for an automated checking of incoming customer orders
for compliance with the product specification. Besides checking an individual customer
order for correctness, further tests become possible, including those for completeness
and consistency of the on-line help system which are the topic of this paper. Similarly,
cross-checks between the set of valid product instances and the parts list (in order to
find superfluous parts) or other product attributes are within the reach of our method
[SKK03].

In order to apply formal verification methods to an industrial process, the following
steps are commonly necessary. First, a formal model of the process must be constructed.
Second, correctness assertions must be derived in a formal language which is compatible
with the model. Third, it must be proved mechanically whether the assertions hold in
the model. Finally, those cases where the assertion fail must be explained to the user
to make debugging possible. Throughout the formal process, speed is usually an issue,
because in practice verification is often applied repeatedly as a formal debugging step
embedded in an industrial development cycle.

In this paper we develop a formal semantics of the SIEMENS XML representation
of their MR systems using propositional logic. This is accomplished by making the
implicit assumptions and constraints of the tree-like XML representation explicit. We
then translate different consistency properties of the on-line help system (help package
overlaps, missing help packages) into propositional logic formulae, and thus we are
able to apply automatic theorem proving methods (like SAT-checkers) in order to find
defects in the package assignment of the on-line help system. Situations in which such
a defect occurs are computed and simplified using Binary Decision Diagrams (BDDs).
This exceeds the possibilities of other previously suggested checking techniques, as e.g.
those of the XLinkIt system [NCEF02].

2 Product Documentation Using XML

Product Structure. Many different formalisms have been proposed in the literature to
model the structure of complex products [MF89, SW98, STMS98, MW98, KS00]. The
method used by SIEMENS for the configuration of their MR systems was developed in
collaboration with the first author of this paper and resembles the approach presented by
Soininen et al. [STMS98]. Structural information is explicitly represented as a tree. This
tree serves two purposes: first, it reflects the hierarchical assembly of the device, i.e. it
shows the constituent components of larger (sub-)assemblies; and, second, it collects all
available, functionally equivalent configuration options for a certain functionality. These
two distinct purposes are reflected by two different kinds of nodes in the tree, as can be
seen from the example in Fig. 1.

Type Nodes are employed to reflect the hierarchical structure, whereas Item Nodes
represent possible configuration options with common functionality. From the example
tree shown in Fig. 1 we may, e.g., conclude that there are two different possibilities
for choosing a System: Harmony and Concerto. A Harmony system possesses three
configurable (direct) subcomponents, of type MPCU, Receiver, and Rx4, respectively.
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Rx4 = X2

Type

Main

System

MPCU Receiver Rx4 Table SAR

300

Mhz
R-2

R-4

X1

X2

Open IEC

MHW

Type Node

Item Node

Constraint Satellite

ConcertoHarmony

Fig. 1. Product Structure of Magnetic Resonance Tomographs (Simplified Example)

<Config auto-ns1:noNamespaceSchemaLocation="Config.xsd"
xmlns:xsi="http://www.w3.org/2001/XMLSchema-instance">

<Structure>
<Type IDREF="INT_ConsoleType" MinOccurs="1" MaxOccurs="1">

<Item IDREF="INI_ConsoleType_Sat"/>
<Item IDREF="INI_ConsoleType_Main">

<SubType IDREF="INT_System" MinOccurs="1" MaxOccurs="1">
<!-- Harmony -->
<Item IDREF="INI_System024">

<SubType IDREF="INT_Comp_MPCU" Default="INI_Comp_MPCU300"
ReadOnly="true" MinOccurs="1" MaxOccurs="1">

<Item IDREF="INI_Comp_MPCU300"/>
</SubType>
<SubType IDREF="INT_Comp_RXNumOf" Default="INI_Comp_RXNumOf1"

MinOccurs="1" MaxOccurs="1">
<Item IDREF="INI_Comp_RXNumOf1"/>
<Item IDREF="INI_Comp_RXNumOf2"/>

</SubType>
<SubType IDREF="INT_Comp_ReceiverNumOf" MinOccurs="1"

MaxOccurs="1">
<Item IDREF="INI_Comp_ReceiverNumOf2"/>
<Item IDREF="INI_Comp_ReceiverNumOf4">

<Conditions>
<Condition Type="INT_Comp_RXNumOf" Op="eq"

Value="INI_Comp_RXNumOf2"/>
</Conditions>

</Item>
</SubType>

</Item>
<!-- Concerto --> ...

</SubType>
</Item>

</Type>
</Structure>

</Config>

Fig. 2. Product Structure of Fig.1 in XML Representation (Excerpts)s
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The receiver, in turn, may be selected from the two alternatives R-2 and R-4. Choosing the
latter option puts an additional restriction on the configurable component Rx4: this has to
be selected in its form X2. Each type node possesses additional attributes MinOccurs and
MaxOccurs to bound the number of subitems of that type to admissible values.Assuming
that for each type exactly one item has to be selected (i.e. MinOccurs = MaxOccurs = 1
for all type nodes), the configuration tree shown in Fig. 1 permits the following valid
configuration (set of assignments):

Type = Main MPCU = 300MHz Rx4 = X2

System = Harmony Receiver = R-4

Within the SIEMENS system, the tree describing all product configurations is repre-
sented as an XML term. The term corresponding to the tree of Fig. 1 is shown in Fig. 2.
All XML terms are checked for well-formedness using XML Schemas [XML01].

We will use the simplified configuration example of this section throughout the rest
of the paper for illustration purposes. The experiments of Section 4, however, were
conducted on more complex and more realistic data sets.

Structure of On-line Help. The on-line help pages that are presented to the user of an
MR system may depend on the configuration of the system. For example, help pages
should only be offered for those components that are in fact present in the system
configuration. Moreover, for certain service procedures (e.g., tune up, quality assurance),
the pages depend not only on the system configuration at hand, but also on the (workflow)
steps that the service personnel already has executed. Thus, the help system is both
configuration and workflow state dependent.

To avoid writing the complete on-line help from scratch for each possible system
configuration and all possible workflow states, the whole help system is broken down into
small Help Packages (see Fig. 3). A help package contains documents (texts, pictures,
demonstration videos) on a specialized topic. The authors of the help packages decide
autonomously about how they break down the whole help into smaller packages. So it
is their own decision whether to write a whole bunch of smaller packages, one for each
system configuration, or to integrate similar packages into one.

Now, in order to specify the assignment of help packages to system configurations,
a list of dependencies is attached to each help package, in which the author lists the

Help package

content (e.g. HTML)

Help

packages Dependencies
(configurations,

workflow states)
x ¬y, ...

<html>

...

</html>

Fig. 3. Illustration of Help Packages: For each system configuration and workflow state a suitable
help package has to be selected (controlled by dependencies)
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<Package ID="HLP_HP-1-181203-01-001" Name="HP-1-181203-01-001">
<Content> ... </Content>
<Dependencies>

<Dependency>
<RefType IDREF="INT_Workflow">

<RefItem IDREF="INI_Workflow_TUNEUP"/>
</RefType>
<RefType IDREF="INT_System">

<RefItem IDREF="INI_System_003"/>
</RefType>

</Dependency>
</Dependencies>

</Package>

<Context>
<RefType IDREF="INT_System">

<RefItem IDREF="INI_System_003"/>
</RefType>
<RefType IDREF="INT_Workflow">

<RefItem IDREF="INI_Workflow_TUNEUP"/>
</RefType>
<RefType IDREF="INT_WorkflowMode">

<RefItem IDREF="INI_WorkflowMode_General"/>
</RefType>
<RefType IDREF="INT_WorkflowSfp">

<RefItem IDREF="INI_WorkflowSfp_SfpTuncalOpen"/>
</RefType>

</Context>

Fig. 4. Example of a Help Package (with Dependencies) and a Help Context

system configurations and workflow states for which his package is suitable (see Fig. 4
for an example): all of a dependency’s RefType/RefItem assignments must match
in order to activate the package and to include it into the set of on-line help pages
for that system. Multiple matching situations may be specified by associating further
Dependency-elements to the package.

The situations for which help packages must be available are specified by the en-
gineering department using so-called Help Contexts. A help context determines system
parameters and workflow steps for which a help package must be present. Examples for
both a help package and a context (in XML representation) can be found in Fig. 4. The
help package of this example fits any state of workflow tune up and all configurations
of System 003. The example’s context specifies that for step TuncalOpen in the tune up
procedure of System 003 a help package is required.

Currently, almost a thousand help contexts are defined for eleven MR systems, each
with millions of different configuration possibilities. So, in spite of in-depth product
knowledge, it is a difficult and time consuming task for the authors of help packages
to find gaps (missing packages) or overlaps (ambiguities in package assignment) in
the help system. To assist the authors, we therefore developed the HelpChecker tool,
which is able to perform cross-checks between the set of valid system configurations,
the situations for which help may be requested (determined by the contexts) and the
situations for which help packages are available (determined by the packages’ depen-
dencies).
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3 Logical Translation of Product Structure and Help System

To check the completeness and consistency of the on-line help system we need a trans-
lation into a logical formalism. We have chosen propositional logic for this purpose
because of its relative simplicity and the presence of fast and elaborate decision pro-
cedures (SAT, BDD). We now lay down precisely what constitutes a consistent help
system. Informally speaking, for each situation in which help may be requested for an
existing system (and therefore a valid system configuration) there should be a matching
help package. This means, help should be complete. Furthermore, to avoid possible am-
biguities or even contradictions, there should be exactly one unique help package. This
means, help should be consistent.

Therefore, we first have to find out which situations and product configurations can
actually occur. We therefore develop a formalization of the product structure by building
a configuration validity formula (ValidConf) describing the set of all valid configurations.
The validity formula can automatically be derived from the XML data of the product
structure and consists of consistency criteria for each of the structure’s tree nodes. For a
type node the following three validity conditions have to hold:

T1. The number of sub-items of the node must match the number restrictions given by
the MinOccurs and MaxOccurs attributes.

T2. All selected sub-items must fulfill the validity conditions for item nodes.
T3. No sub-items may be selected that were not explicitly listed as admissible for this

type.

For an item node the following three validity conditions have to hold:

I1. All sub-type nodes must fulfill the validity conditions for type nodes.
I2. The item’s constraint, if present, has to be fulfilled.
I3. Unreferenced types and their items must not be used in the configuration. Types are

considered unreferenced, if they do not appear as a subnode of the item.

We now informally define completeness and consistency of the on-line help system.

Definition 1. The on-line help system is complete if, for each context, a matching help
package exists. Only valid system configurations have to be considered.

Remember that contexts specify situations (system configuration plus workflow state)
for which help may be requested by the user. Thus the system has to make sure that for
each such situation a help package is available.

To define consistency, we first need the notion of overlapping help packages:

Definition 2. There is an overlap between two help packages (“ambiguity”), if there is
a context and a valid system configuration for which both help packages’ dependencies
match (i.e., evaluate to true).

Definition 3. An on-line help system is consistent if there are no overlaps between help
packages.
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In the next section we will give propositional criteria for these two properties. To
build the link between XML terms and propositional logic, we will have to select sub-
elements and attributes from an XML term. For this purpose we will use XPath [XPa02]
expressions as shown in Table 1. The result of an XPath selection is always a set of XML
nodes or a set of attributes. In Table 1, a stands for an arbitrary XML attribute and p for
an arbitrary path, i.e. a list of XML elements separated by slashes (/).

Table 1. XPath Examples

expression denotation example(s)
/p absolute path /Config/Structure
p/.. parent element Type/Item/.. (= Type)
p@a attribute selection Item@MaxOccurs, SubType@IDREF

3.1 Formalization of the Product Structure

In this subsection we derive a propositional logic formula describing all valid system
configurations. The variables of this formula stem from the XML specification’s unique
identifiers (ID and IDREF attributes) for types (InvType) and items (InvItem). A propo-
sitional variable is true for a given configuration if and only if the respective type or item
is actually present in the configuration, i.e. is selected for the present product instance.
Thus, the item-variables uniquely describe the system configuration, and a type variable
is true if and only if at least one of its items occurs in the configuration.

Validity of a Configuration:

ValidConf = TypeDefs ∧
∨

t∈/Config/
Structure/Type

ValConfT(t) (‡)

TypeDefs =
∧

t∈/Inventory/
InvTypes/InvType

(
t@ID ⇐=

∨

i∈t/InvItem

i@ID
)

Formula ValidConf describes the set of all valid system configurations. A configura-
tion is valid, if and only if it respects the type definitions (TypeDefs) and if it matches at
least one configuration structure of the XML document, which is assured by the formula
part around ValConfT(t). Whether a configuration matches a structure depends on the
items of the configuration, on the tree-like assembly of the structure nodes as well as the
constraints given in the item nodes. The type definitions are collected in a subformula
(TypeDefs) that is responsible for a type variable to be set, as soon as at least one of its
items is selected. As the MR system structure is recursively defined over tree nodes, the
validity formulae are also recursive. In the same way, the distinction between type and
item nodes is carried over to a distinction between validity formulae for type and item
nodes. The overall validity of a configuration is determined by its top node in the tree,
as can be seen from Formula (‡).
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Validity of a Type Node:

ValConfT(t) = CardinalityOK(t) ∧ SubItemsValid(t)
∧ ForbidUnrefItems(t)

CardinalityOK(t) = St@MaxOccurs
t@MinOccurs ({i@IDREF | i ∈ t/Item})

SubItemsValid(t) =
∧

i∈t/Item

(
i@IDREF ⇒ ValConfI(i)

)

ForbidUnrefItems(t) =
∧

i∈unrefItems(t)

¬i@IDREF

A type node t is valid if and only if the three conditions (corresponding to T1-T3)
of ValConfT(t) hold. First, the number of selected items must match the MinOccurs
and MaxOccurs attributes (CardinalityOK(t)). To express number restrictions, we use
the selection operator S introduced by Kaiser [Kai01, SKK03]. Sa

b (M) is true if and
only if between a and b formulae in M are true. Second, the validity of all selected
subitems of type t, i.e. those items i, for which i@IDREF is true, must be guaranteed
(SubItemsValid(t)). And, third, items that are not explicitly specified as sub-items of
type node t are not allowed (ForbidUnrefItems(t)).

Validity of an Item Node:

ValConfI(i) = SubTypesValid(i) ∧ ConditionValid(i)
∧ ForbidUnrefTypes(i)

SubTypesValid(i) =
∧

t∈i/SubType

ValConfT(t)

ConditionValid(i) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

� if i/Conditions = ∅,∨
c∈i/Conditions∧

d∈c/Condition

DecodeOp(d) otherwise

ForbidUnrefTypes(i) =
∧

t∈unrefTypes(i)

¬t@IDREF

The validity of item nodes is defined in an analogous way. Again, three conditions
(according to I1-I3) have to be fulfilled for an item node i to be valid. First, all sub-type
nodes of item i have to be valid. Second, the item node’s Condition XML-elements, if
present, have to be fulfilled (ConditionValid(i)), where each Condition is a disjunction
of conjunctions (DNF) of atomic equality or disequality expressions, as delivered by
DecodeOp. And, third, unreferenced types, i.e. types that are not used beyond item node
i, may not be used (ForbidUnrefTypes(i)).

Definitions of auxiliary expressions used in these formulae can be found in Ap-
pendix A.
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3.2 Formalization of Help Package Assignment

To formalize the help package assignment we first need three basic formula definitions.
Here, c and p are XML help context and help package elements, respectively.

Assignment of Help Packages:

HelpReq(c) =
∧

t∈c/RefType

HelpTypeCond(t)

HelpProv(p) =
∨

d∈p/Dependencies

∧

t∈d/Dependency

HelpTypeCond(t)

HelpTypeCond(t) =

⎧
⎨

⎩

∨
i∈t/RefItem i@IDREF if t/RefItem �= ∅,

∨
i∈/Inventory/

InvTypes/t/InvItem
i@ID otherwise

HelpReq(c) defines for which situations, i.e. configurations and workflows, context
c requires a help package, whereas HelpProv(p) determines the situations for which
help package p provides help. Now, completeness of the help system is equivalent to the
validity of

∧

c∈/Help/Contexts

(
HelpReq(c) ∧ ValidConf ⇒

∨

p∈/Help/Packages

HelpProv(p)
)

. (*)

All cases which satisfy the negation of this formula are error conditions. Moreover,
there is an overlap between help packages p1 and p2 if and only if

∨

c∈/Help/Contexts

(
HelpReq(c) ∧ ValidConf ∧ HelpProv(p1) ∧ HelpProv(p2)

)
(**)

is satisfiable. Thus, the help system is consistent, if the latter formula is unsatisfiable for
all help packages p1 and p2 with p1 �= p2. All cases which satisfy this formula are thus
error conditions.

4 Technical Realization and Experimental Results

Our implementation HelpChecker is a C++ program that builds on Apache’s Xerces
XML parser to read the SIEMENS product and help system descriptions. From these
data, it generates Formulae (*) and (**).After having generated these formulae, it checks
their satisfiability (in case of (*), it checks satisfiability of the negation). The intermediate
conversion to conjunctive normal form (CNF) required by the SAT-checker is done using
the well-known technique due to Tseitin [Tse70]. In case of an error condition, a formula
is generated describing the set of situations in which this error occurs. This formula, call
it F , is simplified by existential abstraction over irrelevant variables using standard
BDD techniques (i.e. by replacing F by ∃xF or, equivalently, by F |x=0 ∨ F |x=1 for an
irrelevant propositional variable x).
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HelpChecker is embedded into a larger interactive authoring system for the authors
of help packages at SIEMENS. The system is not yet in everyday use, but still in the
evaluation phase. Production use of the system is planned for the end of 2004. Thus,
we do not have user feedback yet, and can only report on manually created (and thus
possibly artificial) tests. All test cases were generated by SIEMENS documentation
experts, though.

First experiments and timing measurements with the HelpChecker were conducted
on a data set containing eleven lines of basic MR systems, 964 help contexts and twelve
(dummy) help packages. To check the completeness and consistency of this data set,
35 SAT instances were generated (we use a fast approximative pre-test for package
overlaps that filters out trivial cases). These SAT instances contained 1425 different
propositional variables and between 11008 and 11018 clauses. Ten of them were satis-
fiable, corresponding to error cases (as can be seen from Equations (*) and (**) above),
25 unsatisfiable. One satisfiable instance corresponded to a missing help package, the
other nine were due to package overlaps.

Initially, to check satisfiability we used a sequential version of our parallel SAT-
checker PaSAT [SBK01]. Unsatisfiability could always be determined by unit propaga-
tion alone, the maximal search time for a satisfiable instance amounted to 15.90 ms on
a 1.2 GHz Athlon running under Windows XP (80 branches in the Davis-Putnam algo-
rithm, search heuristics MAX OCC). The current version of HelpChecker makes use of
a BDD-based satisfiability checker developed at our department, and refrains from using
a Davis-Putnam-style SAT-checker. The resulting BDDs contained up to 9715 nodes and
458 variables (with intermediate BDD sizes of over 100,000 nodes). A complete check
of our experimental XML help—including computation of error situations—with eleven
model lines, 964 help contexts and twelve help packages took 6.96 seconds. These input
data already contain the complete configuration structure for all of SIEMENS’ current
MR model lines. However, the number of help packages is much lower than what we
expect during production use.

In our context, speed is an important issue, because the authoring system will not
allow a new help package to be checked in unless the HelpChecker reports an absence
of all error conditions.

5 Related Work and Conclusion

Related Work. On the syntactic level, consistency checking of XML documents can
be accomplished for the most part by XML Schema [XML01]. The appropriateness
(i.e. consistency) of the semantic content, however, can not—or at most partially—be
checked using these techniques. Among the different approaches to check the semanti-
cal consistency of XML documents are work on Java-based XML document evaluation
by Bühler and Küchlin [BK01], the XLinkIt system by Nentwich et al. [NCEF02] and
work on consistency checking of CIM models by Sinz et al. [SKKM03]. All these
approaches differ considerably in the extent of expressible formulae and practically
checkable conditions. From a logical point of view, none of these techniques exceeds
an evaluation of first-order formulae in a fixed structure, which is not sufficient for our
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application. In this respect, our method opens up new application areas for the discipline
of XML checking.

For work on consistency checking of Boolean configuration constraints in the auto-
motive industry see [KS00] and [SKK03].

Conclusion. In this paper we presented an encoding of the configuration and on-line
help system of SIEMENS MR devices in propositional logic. Consistency properties of
the on-line help system are expressed as Boolean logic formulae, checked by a SAT-
solver, and simplified using BDD techniques. By using a Boolean encoding we are able
to employ advanced SAT-solvers as they are also used, e.g., in hardware verification to
efficiently check formulae with hundreds of thousands of variables.

Although we demonstrated the feasibility of our method only for the MR systems of
SIEMENS Medical Solutions, we suppose that the presented techniques are also usable
for other complex products. More generally, we expect that a wide range of cross-checks
between XML documents can be computed efficiently using SAT-solvers.
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A Appendix: Auxiliary Definitions

DecodeOp(d) =

{
d@Value if d@Op = “eq”,

¬d@Value if d@Op = “ne”

unrefItems(t) = allItems(t) \ t/Item

allItems(t) =
⋃

t′@ID=t@IDREF

/Inventory/InvTypes/t′/InvItem

unrefTypes(i) = (refTypesT(i/..) \ {i/..}) \ refTypesI(i)

refTypesT(t) = {t} ∪
⋃

i∈t/Item

refTypesI(i)

refTypesI(i) =
⋃

t∈i/RefType

refTypesT(t)

Sb
a(M) =

{
Sb(M) if a = 0,

Sb(M) ∧ ¬Sa−1(M) otherwise

Sb(M) =
∧

K⊆M
|K|=b+1

∨

f∈K

¬f
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Abstract. We previously defined an extension to the B method to be
able to dynamically aggregate components. The proposed extension al-
lowed one to build specifications which can create and delete instances
of machines at run time, a feature often associated with object oriented
languages and not directly supported in the B method. In this paper, we
study the refinement of specifications written using this extension.

We define a procedure that, given a valid implementation of an abs-
tract machine M , systematically generates an implementation for a ma-
chine representing a dynamic aggregation of “instances” of M . Moreover,
the generated implementation is guaranteed to be correct by construc-
tion.

Following the approach initiated in our previous work, the refinement
process is defined in a way that is fully compatible with the standard B
method.

1 Introduction

The B formal specification language is one of the most successful model based
formalisms for software specification. It has an associated method, the B Method
[1], and commercial tool support, including proof assistance [3][4]. As all formal
methods, the B method provides a formal language to describe systems, allowing
for analysis and verification of certain system properties prior to implementation.
An important characteristic of B is that it covers the whole development process,
from specification to implementation.

Various facilities for structuring specifications are provided in B, helping to
make the specification and refinement activities scalable. However, the B method
has an important restriction regarding structuring mechanisms, namely, it does
not provide dynamic creation and deletion of modules or components. All struc-
turing mechanisms of B are static; they allow one to define abstract machines
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c© Springer-Verlag Berlin Heidelberg 2004



404 N. Aguirre et al.

(the specification components of B) whose architectural structure in terms of
other components is fixed, i.e., it does not change at run time [5]. Dynamic
management of the population of components is a feature often associated with
object oriented languages, since the replication of objects is intrinsic to these
languages [9]. Indeed, dynamic management of “objects” appears frequently
and naturally when modelling software, perhaps due to the success of object
oriented methodologies and programming languages. However, fully fledged ob-
ject oriented extensions of B would imply a significant change to B’s (rather
neat) syntax and semantics, and would excessively complicate the tool support
implementation (especially in relation to proof support).

In [2], an extension of the syntax of B is proposed for supporting dynamic
population management of components. This extension, in contrast with other
proposed extensions to model based specification languages with this feature,
such as some of the object oriented extensions to Z [11] or VDM [7], is not object
oriented. Moreover, it does not imply any changes to the standard semantics
of B, since it can be mapped into the standard language constructs [2]. The
extension is essentially the provision of an extra structuring mechanism, the
AGGREGATES clause, which intuitively allows us to dynamically “link” a set of
abstract machines to a certain including machine.

The aggregation relies on the generation of a population manager of the aggre-
gated machines. A population manager of an abstract machine M puts together
the relativisation of the operations of M (so they work for multiple instances)
with operations that mimic the creation and deletion of machine instances. How-
ever, these population managers are meant to be hidden from the specifier, who
can use aggregation without worrying or knowing about the managers, via the
“dot notation”, borrowed from object orientation, and an extra combinator of
substitutions, the interleaving parallel composition. In fact, AGGREGATES works
as other conventional structuring mechanisms of B: the internal consistency1 of
machines aggregating other machines can be reduced to the consistency of the
aggregate, and a number of further conditions on the aggregating machine. This
is the case thanks to the fact that the population manager of a machine M is
internally consistent by construction, provided that M is internally consistent
[2].

In this paper, we complement the work of [2] by showing how the new AG-

GREGATES clause can be refined. Since we want to keep the managers hidden
from the software engineer, the refinement process consists of the systematic
generation of implementations for the managers introduced by a specification
using AGGREGATES. More precisely, if a machine M ′ “aggregates” a machine
M , then, given a valid implementation of M , we generate an implementation

1 An abstract machine is internally consistent if it satisfies its proof obligations, i.e., if it
satisfies the requirements imposed in the B method for considering a machine correct.
Proof obligations for the correctness of abstract machines include conditions such as
non-emptiness of the state space determined by the machine, or the preservation of
the machine’s invariant by the machine’s operations [1].
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MACHINE
MinMax

VARIABLES
y

INVARIANT
y ∈ F(NAT1)

INITIALIZATION
y := ∅

OPERATIONS
ins(x) =̂ PRE x ∈ NAT1 THEN y := y ∪ {x} END;
x ←− getMin =̂ PRE y �= ∅ THEN x := min(y) END;
x ←− getMax =̂ PRE y �= ∅ THEN x := max(y) END

END

Fig. 1. Abstract machine MinMax

of MManager , which is guaranteed to be internally consistent by construction.
The generated implementation of MManager can then be used as part of an
implementation for M ′.

2 Aggregating Abstract Machines

Consider the abstract machine MinMax shown in Fig. 1. This is a simple variant
of machine Little Example, from page 508 of [1]. To illustrate the use of AG-

GREGATES, suppose we want a dynamic set of “instances” of machine MinMax,
together with extra operations, to somehow “synchronise” the “min” or “max”
values of two instances. This can be defined easily, by exploiting AGGREGATES

and interleaving parallel composition, as shown in Fig. 2. The AGGREGATES M
clause within a machine M ′ can be understood as the inclusion of a dynamic
set of “instances” of M in M ′, in the style of EXTENDS, i.e., promoting the

MACHINE
MultipleMinMax

AGGREGATES
MinMax

OPERATIONS
syncMin(m1, m2) =̂

PRE m1, m2 ∈ MinMaxSet∧ (m1.y∪m2.y �= ∅)
THEN

ANY x
WHERE x = min(m1.y ∪ m2.y)
THEN m1.ins(x) ||| m2.ins(x)
END

END;
syncMax(m1, m2) =̂

PRE m1, m2 ∈ MinMaxSet∧ (m1.y∪m2.y �= ∅)
THEN

ANY x
WHERE x = max(m1.y ∪ m2.y)
THEN m1.ins(x) ||| m2.ins(x)
END

END
END

Fig. 2. Abstract machine MultipleMinMax, a dynamic aggregation of MinMax ma-

chines
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operations of the included machine as part of the “interface” of the including
machine.

MSet represents the set of “live instances” of M within an aggregating ma-
chine. In our case, MinMaxSet represents the live MinMax instances (see the
preconditions of operations syncMin and syncMax ).

Note that we employ the “dot notation” to access the variables and opera-
tions of the aggregated machines. For instance, the expression m1.y intuitively
represents the value of variable y corresponding to instance m1; analogously,
the expression m1.ins(x) represents a “call” to operation ins, with argument
x, corresponding to instance m1 (see the definitions of operations syncMin and
syncMax ). As we said, the operations of the aggregated machines are promoted
by the aggregating machine. For our example, this means that the operations
ins, getMin and getMax of the live instances are accessible from the interface of
MultipleMinMax.

Besides the operations explicitly defined in the aggregating machine M ′, we
have available the operations originating in the aggregated machine M and two
further (implicitly defined) operations. These further operations are add M and
del M , and correspond to the population management of M , allowing for the
creation and deletion of instances of machine M within M ′.

2.1 The Population Managers

The AGGREGATES structuring mechanism relies on the generation of a population
manager of the aggregated machines. A population manager of an abstract ma-
chine M puts together the relativisation of the operations of M with operations
that mimic the creation and deletion of machine instances. The relativisation
of the operations is a process that transforms the definitions of the operations
of a basic machine so they work for multiple instances. An extra parameter is
given for the relativised operations. This extra parameter represents the name
of the “instance” on which the operation performs. When “calling” relativised
operations, we simply put the extra parameter as a prefix, using the dot notation
from object orientation.

Fig. 3. The meaning of AGGREGATES in terms of EXTENDS
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As the reader might imagine, AGGREGATES M within a machine definition
is simply interpreted as EXTENDS MManager. Figure 3 illustrates this. The
population manager for the MinMax machine is shown in Fig. 4. Note how the
operations ins, getMin and getMax have changed.

MACHINE
MinMaxManager

VARIABLES
y, MinMaxSet

INVARIANT
(∀n · n ∈ MinMaxSet ⇒ y(n) ∈ F(NAT1)) ∧
(MinMaxSet ⊆ NAME) ∧ (y ∈ MinMaxSet → F(NAT1))

INITIALIZATION
y, MinMaxSet := ∅, ∅

OPERATIONS
ins(x, n) =̂

PRE n ∈ MinMaxSet ∧ x ∈ NAT1
THEN y(n) := y(n) ∪ {x}
END;

x ←− getMin(n) =̂
PRE n ∈ MinMaxSet ∧ y(n) �= ∅
THEN x := min(y(n))
END;

x ←− getMax(n) =̂
PRE n ∈ MinMaxSet ∧ y(n) �= ∅
THEN x := max(y(n))
END;

add MinMax(n) =̂
PRE n ∈ NAME − MinMaxSet
THEN

MinMaxSet := MinMaxSet ∪ {n} || y := y ∪ {n, ∅}
END;

del MinMax(n) =̂
PRE n ∈ MinMaxSet
THEN

y := {n} �− y ||
MinMaxSet := MinMaxSet − {n}

END;
END

Fig. 4. MinMaxManager: Population manager of abstract machine MinMax

The population manager of a basic machine M is automatically constructed.
Moreover, the population manager of a machine M is internally consistent by
construction, provided that M is internally consistent [2]. Thus, population man-
agers can be hidden from the specifier, who can use AGGREGATES as other con-
ventional structuring mechanisms of B.

2.2 Interleaving Parallel Composition

Note that, in machine MultipleMinMax (see Fig. 2), we have used a new combi-
nation of substitutions, denoted by |||. The reason for the use of this operator has
to do with the conditions under which parallel composition is well formed. In B,
a (reasonable) restriction on the parallel composition S||T of two substitutions
S and T is that these substitutions must not write on the same variables.
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In order to understand the need for the triple bar, consider the operations
m1.ins and m2.ins within a machine aggregating MinMax (MultipleMinMax, for
instance). When m1 and m2 are different, m1.ins and m2.ins seem to update
different variables, namely m1.y and m2.y . Thus, we would like to be able to
combine these substitutions in parallel, using ||. However, what actually happens
is that m1.ins and m2.ins are the same operation, called with different parame-
ters; so, m1.ins and m2.ins modify the same variable, namely, the mapping y .
For defining operations such as syncMin(m1,m2) and syncMax (m1,m2), we still
want to somehow obtain the joint “behaviour” of m1.ins and m2.ins; we could
use sequential composition, but this is not allowed in B at the specification stage,
for very good reasons. Hence, we decided to introduce a new combinator of sub-
stitutions, called interleaving parallel composition. This is a derived combinator
of substitutions, whose semantics, in terms of weakest precondition, is:

[S|||T ]P ≡ [S][T ]P ∧ [T ][S]P

Note that there are no syntactic restrictions on S and T for the well-formedness
of S|||T . In particular, S and T can write on the same variables. Also, triple bar
maintains the abstraction required at the specification stage, not allowing us to
enforce sequentiality on substitutions.

We refer the reader to [2] for more details on this combinator, as well as its
relationship with parallel composition.

3 The Refinement Process in the Presence of
Aggregation

Our promise with aggregation during specification is that the specifier will not
need to see or know about the managers, and should just use them abstractly, via
the dot notation and interleaving parallel composition. However, AGGREGATES

exists only at the specification stage. So, the specifier cannot, in principle, es-
cape from the managers when considering refinements and implementations of
machines with aggregation.

As explained in [1][3], the purposes of structuring a development at specifi-
cation stage are different from the purposes of structuring it in the implemen-
tation. When decomposing a specification, one primarily seeks to alleviate the
effort of proving consistency and to make specifications more understandable.
On the other hand, the main motivations for structuring an implementation are
to allow separate implementability and to promote reuse (of both library imple-
mentations and subsystems of the development). Thus, the architectural shape
of a development at specification stage might be completely different from its
architectural structure at implementation.

An extreme case of “architectural refactoring” during a development would be
to flatten the top level machine of a specification (after proving its consistency)
and then refine the resulting flat machine, introducing a new structure during
the refinement process. However, in practice, both the purposes of structuring
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at specification and the purposes of structuring at implementation concern us
throughout the whole development process (e.g., we factor implementations to
make them more understandable, we decompose specifications to reuse common
substructures, etc). So, one usually prefers to preserve, perhaps partially, the
decomposition of the specification when refining.

Indeed, this last approach is an alternative available in the B method. In
particular, the INCLUDES structure of a specification can be preserved when
refining or implementing:

“if a specification component B INCLUDES a machine A then we can use
an IMPORTS A clause in the implementation B 1 of B to carry out the
functionality supplied by A in the specification” (cf. pp. 148-149 of [8]).

A diagrammatic presentation of the above situation is shown in Fig. 5. We
refer the reader to [8] for details on the exact process needed for translating the
INCLUDES into IMPORTS at implementation.

Fig. 5. The INCLUDES structure being preserved by implementations

We would like to provide the same result for our AGGREGATES clause, i.e.,
to somehow translate the AGGREGATES structure into a corresponding structure
at implementation. For that purpose, we need to keep the managers hidden.
Our intention is to make the process of refining the managers fully automated,
making the use of aggregations completely transparent. Essentially, we propose
the following procedure: Let M be a basic machine, and M ′ a machine aggre-
gating M . M ′ then relies on a manager MManager of M . If M is refined and
eventually implemented by an implementation IM , then we can automatically
produce an implementation IMManager for the manager MManager of M . We
can then exploit the above cited result, relating INCLUDES to IMPORTS, to cons-
truct an implementation of M ′ based on IMManager . Finally, what keeps the
manager hidden is the fact that we generate the implementation IMManager of
MManager in such a way that its consistency is ensured, provided that IM is a
valid implementation of M . Therefore, the specifier will be able to use abstractly
the dynamic aggregation of M within M ′, and will just need to deal with M
and M ′ and their implementations.
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3.1 Refining the Machine Managers

During a development in standard B, the whole state in implementations of abs-
tract machines (i.e., the variables) must be imported from the state of other
machines [1]. These imported (simpler) machines either (i) have already been
refined and implemented, or (ii) will need to be subsequently refined and im-
plemented, to obtain an implementation of the whole system. So, we can always
assume that if a machine M is imported in some implementation, we count (or
will eventually count) on an implementation of it. A set of library machines, for
which there exist (proved correct) implementations, constitutes the base case of
this recursive process of implementation.

Our main requirement for automatically implementing managers of arbitrary
machines is the following: For every library machine Ml, there exists a prov-
ably correct implementation of its corresponding manager MlManager. Note
that machine MlManager is systematically produced from Ml, and is consistent
provided that Ml is consistent; but the implementation of MlManager will have
to be provided. These managers, and their implementations, will constitute the
base case for the implementations of managers for arbitrary machines.

For every machine M with a corresponding implementation IM , an imple-
mentation of MManager is built via the following procedure:

/* ------------------------------------------------------------------- */

/* implManager(M, I_M): builds an implementation for the manager */

/* MManager of M. */

/* Precondition: I_M is a valid implementation of M, and all machines */

/* imported in I_M are already implemented. */

/* Postcondition: A valid implementation of MManager is returned. The */

/* implementation of the manager is constructed from the */

/* implementation I_M of M. */

/* ------------------------------------------------------------------- */

implManager(Machine M, Implementation I_M) returns Implementation

begin

create an "Empty Implementation" I_MManager

add "REFINES MManager" to I_MManager

let N1, ..., Nk be the machines imported by I_M

for every Ni do

begin

let NiManager be the manager of Ni

if (Ni is not a library machine and

NiManager is not implemented) then

create an impl. of NiManager via implManager(Ni, I_Ni)

add "IMPORTS NiManager" to I_MManager

end

relativise the invariant in I_M and add it to I_MManager

relativise the operations defs. in I_M and add them to I_MManager

add operations for creation/deletion of instances, with standard

implementations

return I_MManager

end
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Note that the above process is recursive. Each “IMPORTS Ni” is translated
into “IMPORTS NiManager”, and incorporated as part of the implementation
being built. In case these imported managers do not have corresponding imple-
mentations, we recursively employ the procedure to obtain implementations for
them. The process is guaranteed to terminate, since the recursive calls will
eventually reach library machines, for which, as we assume, there exist imple-
mented managers. An important point to note is that the decision on how the
deferred set NAME is implemented will have to be made only in the implemen-
tation of the managers of library machines (then it will be simply used by the
rest of the implementations for managers).

The relativisation of the invariant and the operations is similar to the relativi-
sation involved in the creation of a machine manager from an abstract machine.
We will describe in detail the relativisation in implementations later on in this
paper.

In order to get an intuition of the process for implementing managers, con-
sider the following example.

Example 1. Let us consider the abstract machine MinMax (Fig. 1), previously
introduced, and an implementation of it, shown in Fig. 6. This implementation
is based on another machine, called Pair and shown in Fig. 7. Machine Pair is
also implemented, as shown in Fig. 8, this time by using the library machine
Scalar. Note that, strictly speaking, the implementation in Fig. 8 is not a proper
B implementation: we are not allowed to use the suffix dot mechanism in order
to import multiple instances of a machine in an implementation. However, this
mechanism can be easily implemented in B, by replicating the machine specifi-
cations we need to import.

IMPLEMENTATION
IMinMax

REFINES
MinMax

IMPORTS
Pair(maxint, 0)

INVARIANT
first = min({maxint} ∪ y) ∧ second = max({0} ∪ y)

OPERATIONS
ins(x) =̂

VAR v, w IN
v ←− getFirst;
w ←− getSecond;
IF x < v THEN setFirst(x) END;
IF w < x THEN setSecond(x) END

END;
x ←− getMin =̂ BEGIN x ←− getFirst END;
x ←− getMax =̂ BEGIN x ←− getSecond END

END

Fig. 6. An implementation of abstract machine MinMax

Let us apply the previous algorithm to obtain an implementation of the
manager MinMaxManager . The resulting implementation is shown in Fig. 9.
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Note how the operations and the invariant have been relativised. Also, stan-
dard implementations for the operations for creation and deletion of instances
are incorporated. The exact process of relativisation will be described later
on.

Since IMinMax is defined in terms of Pair, the algorithm recursively genera-
tes an implementation for PairManager . Again, the generation of PairManager
from Pair is systematic (and is left as an exercise for the interested reader).
The obtained implementation of PairManager , generated from IPair, is shown in
Fig. 10. The implementation IPair is based on Scalar, which is a library machine;
IPairManager is then based on ScalarManager , for which, as we assumed, there
exists a proved correct implementation.

3.2 Relativisation of Invariant and Operations of an
Implementation

The algorithm for the generation of implementations for managers involves the
relativisation of invariants and operations. We already had examples of these
relativisations, for the implementations of MinMaxManager and PairManager .
Here, we define precisely how operations and invariants are relativised.

Relativisation of Invariants. Let M be an abstract machine, with a valid
implementation IM . The invariant of IM is an expression that relates the “state
space” of M (i.e., its variables) with the “state space” of IM (composed of the
variables of the machines imported by IM ). Thus, if v are the variables of M ,
and M1, . . . ,Mk are machines imported in IM , with variables M1.v, . . . ,Mk.v
respectively, then the invariant of IM has the form:

INV (v,M1.v, . . . ,Mk.v)

The relativisation of this invariant has the purpose of relating the state space
of MManager with the implementation for it that we generate from IM . It has
the following form:

(MSet = M1Set ∧ . . . ∧ MSet = MkSet) ∧
[∀n · n ∈ MSet ⇒ INV (v(n),M1.v(n), . . . , Mk.v(n))]

MACHINE
Pair(x, y)

VARIABLES
first, second

INITIALIZATION
first := x || second := y

OPERATIONS
setFirst(fst) =̂ BEGIN first := fst END;
setSecond(snd) =̂ BEGIN second := snd END;
fst ←− getFirst =̂ BEGIN fst := first END;
snd ←− getSecond =̂ BEGIN snd := second END

END

Fig. 7. Abstract machine Pair
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IMPLEMENTATION
IPair(x, y)

REFINES
Pair

IMPORTS
xx .Scalar(x), yy.Scalar(y)

INVARIANT
xx .var = first ∧ yy.var = second

OPERATIONS
setFirst(fst) =̂ BEGIN xx .chg(fst) END;
setSecond(snd) =̂ BEGIN yy.chg(snd) END;
fst ←− getFirst =̂ BEGIN fst ←− xx .val END;
snd ←− getSecond =̂ BEGIN snd ←− yy.val END

END

Fig. 8. An implementation of abstract machine Pair

IMPLEMENTATION
IMinMaxManager

REFINES
MinMaxManager

IMPORTS
PairManager(maxint, 0)

INVARIANT
(MinMaxSet = PairSet) ∧
[∀n · n ∈ MinMaxSet ⇒

(n.first = min({maxint} ∪ n.y) ∧ n.second = max({0} ∪ n.y))]
OPERATIONS

ins(x, n) =̂
VAR v, w IN

v ←− n.getFirst;
w ←− n.getSecond;
IF x < v THEN n.setFirst(x) END;
IF w < x THEN n.setSecond(x) END

END;
x ←− getMin(n) =̂ BEGIN x ←− n.getFirst END;
x ←− getMax(n) =̂ BEGIN x ←− n.getSecond END;
add MinMax(n) =̂ BEGIN add Pair(n) END;
del MinMax(n) =̂ BEGIN del Pair(n) END

END

Fig. 9. The implementation of MinMaxManager obtained from IMinMax

The first conjunct indicates how MSet is represented in the implementation
of MManager , by identifying it with each of the instance sets of the imported
managers. The second conjunct shows how the variables of MManager are rep-
resented by using the representation of M ’s variables introduced by IM .

Example 2. Consider the following expression:

first = min({maxint} ∪ y) ∧ second = max({0} ∪ y)

This is the invariant of the implementation IMinMax. The relativisation of this
is the following:

(MinMaxSet = PairSet) ∧
[∀n · n ∈ MinMaxSet ⇒

(first(n) = min({maxint} ∪ y(n)) ∧ second(n) = max({0} ∪ y(n)))]
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IMPLEMENTATION
IPairManager (x, y)

REFINES
PairManager

IMPORTS
xx .ScalarManager(x), yy.ScalarManager(y)

INVARIANT
(PairSet = xx.ScalarSet ∪ yy.ScalarSet) ∧
[∀n · n ∈ PairSet ⇒ (xx .var(n) = n.first ∧ yy.var(n) = n.second)]

OPERATIONS
setFirst(fst, n) =̂ BEGIN xx .chg(fst, n) END;
setSecond(snd, n) =̂ BEGIN yy.chg(snd, n) END;
fst ←− getFirst(n) =̂ BEGIN fst ←− xx .val(n) END;
snd ←− getSecond(n) =̂ BEGIN snd ←− yy.val(n) END;
add Pair(n) =̂ BEGIN xx .add Scalar(n); yy.add Scalar(n) END;
del Pair(n) =̂ BEGIN xx .del Scalar(n); yy.del Scalar(n) END

END

Fig. 10. The implementation of machine PairManager generated from I Pair

Relativisation of Operations. Let M be an abstract machine, with a valid
implementation IM . Let op be an operation of M , implemented in IM . The
implementation of op is a substitution with certain restrictions, that can be, as
any substitution, reduced to the normal form as described in page 284 of [1]. So,
we can say that the implementation of op in IM has the following form:

r ← op(p) =̂ P ′(p,Mi.v) @x′.(Q′(x′, p,Mi.v) =⇒ Mi.v, r := x′)

The relativisation of this operation has the following form:

r ← op(p, n) =̂
P ′(p,MiManager .v(n))

@x′.(Q′(x′, p,MiManager .v(n)) =⇒ MiManager .v(n), r := x′)

Example 3. Consider the following operation:

ins(x) =̂
VAR v, w IN

v ←− getFirst ;
w ←− getSecond ;
IF x < v THEN setFirst(x) END;
IF w < x THEN setSecond(x) END

END

This is the implementation of ins provided by IMinMax. Its relativisation,
which corresponds to an implementation of ins as an operation of
MinMaxManager is the following:

ins(x, n) =̂
VAR v, w IN

v ←− getFirst(n);
w ←− getSecond(n);
IF x < v THEN setFirst(x, n) END;
IF w < x THEN setSecond(x, n) END

END
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Note that, in Fig. 9, we denoted this operation by using the dot notation,
i.e., denoting the extra parameter n as a prefix of the corresponding expressions.

3.3 Refining Interleaving Parallel Composition

The implementation of interleaving parallel composition does not present any
difficulties, since this combinator of substitutions is a derived one. In fact, refin-
ing S|||T is equivalent to refining:

S;T [] T ;S

4 Proving Consistency of Automatically Generated
Implementations

Unfortunately, due to space restrictions we are unable to reproduce the proof of
the fact that the implementations that we generate are correct by construction.
We restrict ourselves to giving a sketch of the proof in this section.

The proof proceeds as follows. We first consider a generic abstract machine
M which has a valid implementation IM . Then, the following proof obligations
indicating that IM is a correct implementation of M are fulfilled:

a1 Correct instantiation of the parameters of imported machines in IM ,
a2 Non-emptiness of the joint state space of M and IM ,
a3 refinement of the initialisation of M by IM ,
a4 Refinement of the operations of M by IM .

Assuming that M is internally consistent, we automatically generate the man-
ager MManager of M , which, as proved in [2], is consistent by construction;
moreover, we apply the algorithm presented previously in this paper to produce
an implementation for MManager . We then prove that the following proof obli-
gations, indicating that I MManager is a correct implementation of MManager ,
are satisfied as a consequence of our hypotheses:

b1 Correct instantiation of the parameters of imported machines in I MManager ,
b2 Non-emptiness of the joint state space of MManager and I MManager ,
b3 refinement of the initialisation of MManager by I MManager ,
b4 Refinement of the operations of MManager by I MManager .

Proof obligation b1 follows immediately from a1, since the constraints and
properties of M and IM are preserved by MManager and I MManager , respec-
tively. The non-emptiness of the joint state space of machine MManager and its
implementation I MManager , i.e. proof obligation b2, is easily proved by taking
the instance sets MSet ,M1Set , . . . ,MkSet as empty sets. Proof obligation b3 is
proved by relatively simple calculations, using the form of the initialisation of
MManager and its refinement in I MManager . Finally, proof obligation b4 is
actually split into two parts: (i) refinement of the population management op-
erations add M and del M , and (ii) refinement of the operations originating in
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M . The correctness of the refinement of the population management operations
requires some calculations, and concerns the general forms of these operations
and their implementations. The correctness of the refinement of the operations
originating in M requires more complex calculations, and uses the fact that the
refinements of the operations of M by IM are correct, i.e., proof obligation a4.

5 Conclusions

We have defined a procedure that, given an abstract machine M correctly imple-
mented, automatically generates an implementation for a machine representing
a dynamic aggregation of “instances” of M . The implementation is generated in
such a way that its consistency is guaranteed by construction.

This work complements the work initiated in [2], where we proposed an ex-
tension to the B language to support dynamic creation or deletion of instan-
ces of abstract machines. The extension was based on the provision of a new
structuring mechanism, AGGREGATES. Now the specifications written using the
AGGREGATES clause can be implemented in a way that is fully transparent to
the specifier.

The semantics of standard B is preserved by the defined extensions (including
the conditions for the generation of implementations). Only some basic machin-
ery has to be built on top of standard B.

There is some evidence of the need for complementing model oriented formal
specification languages with support for some of the current systems engineer-
ing practices. The work in [12] and the various object oriented extensions to
model oriented specification languages (e.g., [13], [10]), for instance, are cases
in which this need becomes manifest. The proposed extension, although pre-
liminary, builds into B support for some common activities of the current sys-
tems design practice (highly influenced by object orientation), and avoids the
complexities often associated with the semantics of fully-fledged object oriented
languages.

As work in progress, we are currently studying some further properties of the
interleaving parallel composition operator, in particular, trying to find a stronger
relationship between the standard parallel composition and triple bar. We are
doing so in the context of Dunne’s theory of generalised substitutions [6], which
has so far simplified our proof efforts. We are also exploring ways of incorpo-
rating support for associations between dynamic instances of abstract machines,
trying not to fall into the complexities of object orientation, i.e., keeping the
structural organisation of machines hierarchical. Also, we are currently studying
how our AGGREGATES structuring mechanism combines with other structuring
mechanisms of B when the architectural organisation of a specification involves
various layers of abstract machines. We believe there will be no difficulties in
applying our aggregation approach to abstract machines with complex architec-
tural organisations.
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Abstract. We present a practical approach to a formal analysis of UML-
based models. This is achieved by an underlying formal representation in
Z, which allows us to pose and discharge conjectures to analyse models.
We show how our approach allows us to consistency-check UML models,
and model analysis by simply drawing snapshot diagrams.

Keywords: UML, Z, model analysis, formal proof, consistency checking.

1 Introduction

This paper describes a practical approach to the formal analysis of models of
sequential systems. Our models are UML-based, yet they are amenable to formal
analysis. This is achieved by an underlying formal representation in Z, which al-
lows us to pose and discharge conjectures to analyse models. This formal analysis
is supported by the Z/Eves theorem prover [1].

UML is the defacto standard modelling notation among software engineers.
One feature of UML often forgotten (or perhaps unknown in some circles) is that
the language has a multi-interpretation nature; the semantics of the language’s
constructs vary with the application domain. When using UML, modellers ought
to make explicit the interpretation being followed, but this is seldom done.

Moreover, UML has many limitations that preclude rigorous (or sound) de-
velopment. UML models are imprecise and cannot be formally analysed in the
UML context. This brings the following consequences: (a) UML models result in
ambiguous descriptions of software systems; (b) UML models cannot be checked
for consistency, which means that one may produce unsatisfiable models for
which no implementation may possibly exist; and (c) there are no means for
checking whether certain desired system properties hold in a UML model.

Formal specification languages (FSLs), on the other hand, allow sound devel-
opment. They yield precise descriptions of software systems that are amenable
to formal analysis. However, these languages require substantial expertise from
developers, and they are criticised for being unpractical, as substantial effort is
involved in formally model and analyse systems.

In our modelling approach we aim at addressing these issues. We want (a)
to deal with the multi-interpretation nature of UML, (b) to introduce sound-
ness into UML-based development, and (c) to make sound development more
approachable to developers and substantial more practical for use in wide engi-
neering domains.

J. Davies et al. (Eds.): ICFEM 2004, LNCS 3308, pp. 418–433, 2004.
c© Springer-Verlag Berlin Heidelberg 2004
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To address these issues we propose modelling frameworks. Modelling frame-
works are environments for building and analysing models that are tailored to
problem domains. Each modelling framework comprises a set of UML notations,
a semantics for those notations and an analysis approach for models built using
the framework. The semantics of the UML notations is expressed by using a
FSL; the analysis approach is based on the analysis means of the FSL being
used. The components that make-up the framework (definitions and FSL) are
appropriate to the problem domain being targeted by the framework.

We use templates to define modelling frameworks. Templates are used to
describe meta-level properties, such as, the formal representation (or seman-
tics) of UML modelling elements (e.g. class), and proof-obligations (or meta-
conjectures). Our templates are parametric descriptions of phrases in a FSL
(here Z), describing the essential structure of a phrase. A template instantiation
involves providing names for the template’s parameters; when properly instan-
tiated a template yields a FSL phrase.

By using the templates of a framework, we can generate conjectures to for-
mally analyse a UML-based model. Some of these conjectures are simply true by
construction because our meta-level representations based on templates allows
us to do meta-proofs of properties (i.e., the property is proved at the meta-level),
which, once proved, are true for many instantiations of a particular form. Other
conjectures can be automatically generated just by drawing diagrams; this allows
formal model analysis by simply drawing simple and intuitive diagrams.

The following terminology is used to refer to the results of proving conjec-
tures:

– true by construction — it is guaranteed to be true, so there is no need to do
a proof, essentially, a meta-proof has been done;

– trivially true – Z/Eves can do it automatically;
– and provable – can be proved but Z/Eves needs some help: we are working

on patterns/tactics for this class, to make them trivial.

Here we present and illustrate the use of a modelling framework for sequential
systems based on UML and Z. The illustration is a simplified library system,
comprising a library catalogue, copies of catalogued books for borrowing, track-
ing and renewal of loaned copies, and recalling of books. Section 2 presents the
framework. Sections 3 to 6 construct and analyse the model of the library system.

2 A Modelling Framework for Sequential Systems

We have developed a modelling framework to construct and analyse models of
sequential systems by using Z as the FSL [2]. Models and associated analysis
conjectures are built by instantiating templates of the framework [3].

The models of our framework comprise UML class, state and snapshot di-
agrams with an underlying Z representation. Snapshot diagrams are a feature
of Catalysis [4]; they are essentially object diagrams, illustrating either one sys-
tem state or one system state transition. In the framework, most properties are
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expressed diagrammatically, but the modeller needs to resort to Z to express:
invariants (or model constraints), and operation specifications. These properties
would be expressed in OCL in a UML-only development.

Z has proved to be an appropriate language to represent abstract UML mod-
els. Z has semantics that is mathematical rather than computational. This makes
the language flexible, powerful and extensible, and allows structuring based
on different computational models. We have developed a model for Z based
on the OO paradigm to represent abstract UML models. This results in well-
structured and natural Z specifications. Another Z feature that is important in
our approach is Z conjunction, which allows us to assemble the local pieces of
state and behaviour into global ones. This gives us modular and conceptually
clear Z.

In the following subsections, we discuss the semantic model used to represent
UML diagrams, and the analysis strategy of the framework.

2.1 The Semantic Model

A semantic model is required to formally represent UML models. This is defined
by using our OO Z structuring [2], which can be used to represent UML-based
models and to construct Z specifications in a OO style.

Our OO structuring extends those reviewed in [5]. One of the novel features of
our structuring is that it is views based, following a views structuring approach
for Z [6]. The need for a views structuring approach came from the observation
that not all properties of class models would fit elegantly into a single view.

In our structuring, a class has a dual meaning. Class intension defines the
properties shared by the objects of that class (e.g, Member of figure 1 has prop-
erties name, address, and category). Class extension defines the class in terms
of currently existing objects (e.g., Member is {oRalph, oJohn, oAlan}).

The main modelling entities are represented in Z in a state and operations
style. Each class intension, class extension, association, subsystem and ultimately
the whole system is represented as a Z abstract data type (ADT), consisting of
a state description, an initialisation, and operations upon the state.

2.2 Analysis Strategy

The models of our framework are analysed through proof in Z. Our OO struc-
turing based on ADTs across views, makes the task of demonstrating the con-
sistency of our modelling entities easier, we just have to follow Z’s consis-
tency checking approach (proving initialisation theorems and calculating pre-
conditions of operations). We also generate conjectures from diagrams, either
to check the consistency of a diagram or to validate the system model. It is
important to emphasise our approach to model validation, which is based on
drawing snapshot diagrams; once we have these diagrams we can then gener-
ate conjectures, by instantiating templates, which are either trivially true or
provable.
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3 Modelling State

Modelling of state involves: building class models, describing the main entities of
the system and the relationships between them; formally representing the class
model and adding the model’s static constraints (or invariants); and drawing
snapshots of system state to validate the overall model of state.

3.1 UML Class Model

Fig. 1. Class diagram of library system

Figure 1 is the abstract UML class
model of the library system. Book rep-
resents the entries in the library cata-
logue, comprising an isbn, the title and
author of the book. Copy represents
the actual instances of book; the at-
tributes record the dueDate of a loaned
copy, the number of renewals that have
been made, where each renewal would
set a later due date, and the loanType.
Member represents the library mem-
bers that are entitled to borrow and
recall copies of books; the attributes
record the name of a member, the
address and the member category .

Structurally, CopyOf associates
each Copy object with one Book ob-

ject; there may be many copies of each book. A Member object Borrows zero,
one or many copies; at any time each Copy object may or may not be borrowed.
Members may issue a Recall against a catalogued Book object for which no
copy is available; a Book object may have many unserved recalls at a time. The
Recall association is subject to an ordering constraint, because, when a copy of
a book for which there is a recall is returned to the library, the copy is offered
to the member who made the earliest unmet recall. There is inevitably a period
of time between the copy of the recalled book becoming available and the re-
calling member collecting the copy; ToCollect expresses the association between
the recalling member and the copy whilst the book is awaiting collection.

3.2 Formal Representation of UML Class Model and Constraints

Here we show how the class diagram is formally represented by instantiating
templates. We also show how we can add model constraints that do not have
a diagrammatic representation. In representing the different modelling elements
we follow systematic naming conventions; extensional definitions are preceeded
by S, and association-related ones by A.
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The formal representation is illustrated for each view of our structuring,
namely, structural, intensional, extensional, relational and global. In the struc-
tural view we represent objects. In the intensional and extensional views we
represent the intensional and extensional meaning of classes, respectively. In the
relational view we represent associations. The global view groups classes and
associations into subsystems and ultimately the system.

Structural View. Objects are represented as atoms. There is a given set of all
objects (OBJECT ), of which objects are members. Each class has an object set,
which is a subset of the set of all objects (CopyOs is the object set of Copy).

[OBJECT ] CopyOs : POBJECT

Intensional View. Here we represent state intensions and their initialisations. A
state intension comprises class attributes and a class invariant. An initialisation
makes an assignment of values to class attributes. The declaration part of Copy
(below) is generated by template instantiation from the class and state models;
the user provides the predicate part of the schema (intension invariant). CopyInit
(below) is generated by template instantiation from the state model (indicates
the initial value of state, see Fig. 4) and initial values provided by the user.

Copy
dueDate : DATE
loanType : LoanType
renewals : N

state : CopyState

renewals ≤ renewalLimit

CopyInit
Copy ′

loanType? : LoanType

dueDate ′ = nullDate
renewals ′ = 0
loanType ′ = loanType?
state ′ = shelved

Extensional View. Class state extension defines the set of all existing class ob-
jects (a subset of the class’ object set), and a mapping between object atoms and
their state intensions. We represent state extension as a Z generic (SClass be-
low), actual state extensions are instantiations of this generic. The SCopy state
extension (below) and its initialisation are generated from the class model by
instantiating their corresponding templates 1; if there were extension invariants
they would have to be provided by the user.

SClass [OSET ,OSTATE ]
objs : POSET
objSt : OSET �→OSTATE

dom objSt = objs

SCopy == SClass[CopyOs,Copy ][copys/objs, copySt/objSt ]

1 The renaming in the definition of SCopy is done to avoid name clashing when com-
ponent schemas are composed to make the system schema.
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Relational View. An association denotes a set of tuple pairs, where each tuple de-
scribes the pair of objects being linked. Association state defines a mathematical
relation between the object sets of the classes being associated (e.g. association
Borrows is defined as borrows : MemberOs ↔ CopyOs). Association static rep-
resentations (state and initialisation) in Z are mostly generated from the class
diagram information by instantiating proper templates; again only association
invariants, if they exist, need to be added by the user. We have templates to
handle special kinds of associations, such as those with the ordered constraint.

Global View. Subsystem state groups classes and association of the subsystem,
includes consistency constraints between classes and associations, and system
constraints that cross modelling elements. The system state of the library prob-
lem is given below, with its three classes and four associations. In the predicate,
each name refers to another Z schema – Consistency predicates refer to con-
sistency constraints on associations, and Constraint predicates to system-wide
constraints. The initialisation of system state (SysInit below) consists of initial-
ising each system component (class or association); this is defined by conjoining
the initialisations of class extensions and associations. Both state and initialisa-
tion schemas are generated from templates, where most information comes from
the class model; the user adds the Constraint schemas.

System
SMember ; SCopy ; SBook ; ABorrows; AToCollect ; ACopyOf ; ARecall

ConsistencyABorrows ∧ ConsistencyAToCollect
ConsistencyACopyOf ∧ ConsistencyARecall
ConstraintNoCommonCopiesBorrowsToCollect
ConstraintBorrowingLimit

SysInit == System ′ ∧ SMemberInit ∧ SCopyInit ∧ SBookInit
∧ ABorrowsInit ∧ AToCollectInit ∧ ACopyOfInit ∧ ARecallInit

3.3 State Snapshots

Fig. 2. Snapshot of a desired system state

State snapshots are UML object dia-
grams describing one specific state of
the system.

Figure 2 is a valid snapshot of
the system state, comprising a book,
UsingZ , with two copies, C1 and C2.
There are three library members, two
of whom are borrowing the copies of
UsingZ ; and the third of whom has is-
sued a recall. Informally, one can see
that this snapshot illustrates a valid
state of our class model.



424 N. Amálio, S. Stepney, and F. Polack

Fig. 3. Snapshot of an undesired system
state

Figure 3 is an invalid state snap-
shot. Here, copy c2 is being borrowed
by John but also being kept awaiting
collection for Alan. We want the sys-
tem to disallow this – as soon as a
copy of a recalled book is returned, its
Borrows link should be replaced by a
ToCollect link with a recalling mem-
ber.

We considered placing a dis-
joint constraint between Borrows and

ToCollect , with the intention of making the snapshot in Figure 3 invalid. Formal
analysis shows that such a constraint would leave the snapshot valid, as the tu-
ples in the snapshot are disjoint: Borrows comprises {(Ralph,C1), (John,C2)}
and ToCollect comprises {(Alan,C2)}. We express this in a Z constraint schema
(included in the System schema, above), by stating that the tuples of those as-
sociations may not have copies in common (the ranges of relations Borrows and
ToCollect must be disjoint).

ConstraintNoCommonCopiesBorrowsToCollect
ABorrows; AToCollect

disjoint〈ran borrows, ran toCollect〉

3.4 Formally Representing Snapshots

Each snapshot is formalised as a specific instance of the system, by equating each
general concept to a specific set of instances. The representation of the snapshot
of Fig. 2 is given below; this is fully generated from the snapshot diagram by
instantiating templates (names are declared axiomatically).

LibrarySnapshot1
System

books = {oUZ} ∧ bookSt = {oUZ �→uz} ∧ copys = {oC1, oC2}
copySt = {oC1 �→c1, oC2 �→c2} ∧ members = {oR, oJ , oA}
memberSt = {oR �→ralph, oJ �→john, oA �→alan}
copyOf = {oC1 �→oUZ , oC2 �→oUZ}
borrows = {oR �→oC1, oJ �→oC2}
recall = {oA �→oUZ} ∧ ordRecall = {oUZ �→ 〈oA〉} ∧ toCollect = ∅

4 Analysing State

State analysis involves: checking the consistency of the class model; and checking
the class model against state snapshots.
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4.1 Class Model

To demonstrate the consistency of state, we prove initialisation theorems. An
initialisation theorem is of the form, � ∃State ′ • StateInit . This says that there
is some valid instance of State satisfying its initialisation (hence the model of
state is satisfiable). We need to prove initialisation theorems for the various
system components, including, class intensions and extensions, associations, and
the whole system.

For the example (and most that we studied), with correctly-instantiated tem-
plates,

– the initialisation theorem on class extensions and associations are true by
construction;

– the initialisation theorem on the class intensions are trivially true;
– the initialisation theorem on the whole system, which ensures that all the

constraints hold in the initial state, is (easily) provable2.

In our example, the Copy intension initialisation, � ∃Copy ′ • CopyInit , is
automatically discharged (proved true) by Z/Eves. Since Copy has an invariant
stating that the number of renewals of a copy loan must be no more than the
maximum number of renewals allowed (renewals ≤ renewalLimit), the proof
confirms that this constraint is satisfiable. Suppose that Copy state has the
contradictory invariant, renewals < 5 ∧ renewals > 10. Z/Eves would now
reduce the initialisation conjecture to false; no initialisation can be made in
which this invariant is satisfied.

For the example, we proved the initialisation theorem for the whole system,
� ∃System ′ • SysInit . This means that the overall system constraints are con-
sistent, and that the specification is a satisfiable model.

4.2 State Snapshots

A state snapshot is a witness of the system model. Analysis demonstrates whether
the snapshot is a valid witness or not. This involves proving an existence con-
jecture. As for the initialisation, if this conjecture is true then there is a state of
the specified system that satisfies the state described in the snapshot. One can
also perform negative model validation by using deliberately invalid snapshots
(see section 6.3).

The instantiated template conjectures that validate the two state snapshots
in Figures 2 and 3 are, respectively,

� ∃System • LibrarySnapshot1 � ∃System • LibrarySnapshot2

The first is provable in Z/Eves, confirming the validity of the snapshot; the
second reduces to false, so is an invalid state of the whole system (as required),
and we can conclude that our model disallows this state.

2 By using meta-proof we could substantially simplify the system initialisation con-
jecture. The simplified conjecture, for this system, is easily provable in Z/Eves.
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5 Modelling Behaviour

Modelling behaviour in our framework involves: describing the reactive behaviour
of relevant classes with state diagrams; describing changes of system state in the
context of system operations with operation snapshots; specifying operations in
Z based on operation snapshot diagrams.

5.1 UML State Diagrams

Fig. 4. State diagram of Copy

UML state diagrams describe the
permitted state transitions of ob-
jects of each class. Figure 4 is the
state diagram of the Copy class.
We follow a Catalysis [4] convention,
that each event is described in the
form, event [guard ]/[postcondition],
where event , the name of the event,
equates to the name of a class oper-
ation; guard is an optional predicate
stating the precondition for the tran-

sition; postcondition is an optional predicate to express what the transition is
required to establish.

Here, the initial state of a copy is shelved . The loan of a copy by a member,
borrow(), results in a transition from shelved to onLoan. When in the onLoan
state, copies may be renewed, renew(), and recalled, recall(). The return of a
copy, return(), results in a transition either back to shelved , or, if there is a recall
on the copy’s book, returnRecalled(), to toCollect . When the relevant member
collects the copy, collect(), there is a transition from toCollect to onLoan. If
the recalling member indicates that they no longer require the copy awaiting
collection, cancelCollect(), there is a transition from toCollect to shelved . We
might expect a fourth state, for copies which are being borrowed but which are
subject to a recall; such a state would not allow renew() operations. However, in
our domain recalls are made upon books, not copies; a recall is active until one
of the copies of the recalled book is returned; as copies are not aware of the state
of other copies, such a state would require a message to each copy on loan to
unset the recall. Instead, in our model, there is a system level renewal operation
which takes as input a copy instance, and checks whether there are any Recall
links from the Book to which the copy is linked; only if there are no Recall links
can the copy .renew() operation be executed.

5.2 Formal Representation of UML State Diagrams

State diagrams are represented in the intensional view, as part of the intensional
definition of the class to which they are associated. Such a representation involves
defining the class’ state (to indicate the current state an object is in according
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to the state model), initialisation and operations, according to the contents of
the state model. This is achieved by instantiating templates.

In our example, Copy ’s state schema includes a component state of type
{shelved , onloan, toCollect} (the possible states of Copy objects); the initialisa-
tion sets state to shelved , the initial state of the state model (see section 3.2 for
schemas Copy and CopyInit); the operations establish the state transitions of the
state model, for example, the operation CopyBorrow (see below) is associated
with the state transition shelved to onLoan, the specification has a precondition
stating that state is shelved , and a post-condition stating that state is onLoan
and renewals is 0 (post-condition of transition).

5.3 Operation Snapshots

Fig. 5. Operation snapshot in the context
of Recall

Operation Snapshots describe one sys-
tem state transition in the context of
an operation. These are valuable in un-
derstanding and describing operations,
and in validating their specifications.

Figure 5 is a valid snapshot in
the context of the Recall operation,
invoked when Alan issues a recall
on UsingZ . Highlighting denotes the
change of state after execution – a link
between the member that issued the
recall and the recalled book is formed.
The changes to c1 and c2 represent the
resetting of due dates imposed when a
recall is received.

Fig. 6. Operation snapshot in the context
of Return

Figure 6 is a snapshot in the con-
text of the Return operation, invoked
when John returns C2. Since UsingZ
has an active recall, a link is formed
between Alan and C2; as the recall is
satisfied, the Recall link is deleted.

The snapshots increase confidence
that the class and state diagrams and
operation specifications are sensible.
Later we see how we can use them to
validate the model.

5.4 Operation Specifications

Operations are specified in Z from operation snapshot diagrams.
Class operations have intensional and extensional definitions. The inten-

sion specifies the required state changes of one class object. The extension
promotes the intensional operation to all existing objects of a class. Below,
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CopyRenew is the intensional definition of Copy .renew() and SCopyRenew the
extensional one (each defined in intensional and extensional views respectively);
SCopyRenew is defined by using Z promotion [7], where ΦSCopyUpdate is the
update promotion framing schema, and CopyRenew the intensional operation
being promoted. These definitions have templates that capture their structure;
CopyRenew is generated with information coming from the state diagram (state
predicates), and provided by the user; SCopyRenew can be automatically
generated.

CopyRenew
∆Copy

state = onLoan
state ′ = onLoan
renewals ′ = renewals + 1
dueDate ′ = nextDueDate (loanType, todayD)
loanType ′ = loanType

SCopyRenew == ∃∆Copy • ΦSCopyUpdate ∧ CopyRenew

System operations are defined in the global view by conjoining a fram-
ing schema3, class extensional operations, association operations, and predi-
cates. This structure is captured by a template. The system operation Renew()
is generated from this template with parameters provided by the user to
yield,

SysRenew == ΨSysRenew ∧ AIsBorrowing ∧ ¬ AIsCopyRecalled
∧ SCopyRenew

which states that the renewal of a Copy involves: making sure that the member
is indeed borrowing the Copy being renewed (AIsBorrowing), making sure that
there is no active recall upon the Copy (¬ AIsCopyRecalled), and calling the
renew operation upon the Copy being renewed (SCopyRenew), which performs
a change of state in the Copy being renewed.

6 Analysing Behaviour

Analysis of behaviour consists of: checking the consistency of state diagrams
against class models and operation specifications; pre-condition investigation of
operations; and using operation snapshots to validate the model.

3 Indicates what parts of system state change with the operation; this kind of fram-
ing schemas are preceeded by Ψ , to distinguish them from Φ promotion framing
schemas.
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6.1 State Diagrams

A state diagram sets requirements upon the initialisation and operations of a
class intension. To check the consistency of a state diagram against initialisation
and operation specifications, we state and try to prove conjectures expressing
what we wish to hold. This gives us one conjecture for the initial state, and
two conjectures per state transition: one for the pre-condition of the operation
associated with the transition and one for the post-condition. These conjectures
are captured by templates that can be fully generated from the state diagram.

In our example, the initialisation conjecture:

CopyInit � state ′ = shelved

assumes the initialisation to show that the initial value of state is set as described
by the state model. This conjecture is true by construction.

The approach to check pre- and post-conditions of operations is similar. The
precondition conjecture for Copy .renew():

preCopyRenew � state = onLoan ∧ renewals < renewalLimit

assumes the precondition of the operation to show that the before-state (state =
onLoan) and the guard of the Renew state transition (renewals < renewalLimit)
are satisfied by the operation’s precondition. This is trivially true. However,
if we had made the common mistake of simply using the relevant class in-
variant (renewals ≤ renewalLimit) as the guard, the calculated precondition
would no longer establish the consequent, and the conjecture would be false –
in some cases, a further renewal would exceed the limit set in the state
constraint.

The postcondition conjecture for Copy .renew():

CopyRenew � state ′ = onLoan

assumes the operation to show that the Copy is left in the after-state of the
Renew state transition (state ′ = onLoan). This is true by construction in this
example, as there is no explicit postcondition in the state model for this
transition.

6.2 Precondition Investigation

The precondition of an operation describes the sets of states for which the out-
come of the operation is properly defined. Precondition calculation is routine in
formal analysis. Systematic precondition analysis of class-level operations can
reveal flaws in the specification. For example, consider a specification of Recall
that has a precondition that (a) the recall must must be done by a member, (b)
the requested book must be a book in the library catalogue, and (c) there are
no copies of the book available in shelves. Pre-condition analysis reveals that
this is too weak, in that it allows the recall of a book that have no copies (the
multiplicity of the Copy end of CopyOf is 0 . . ∗), the placing of two or more
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active recalls by the same member, and recall by a member who already has a
copy of the book on loan or awaiting collection. Analysis allows the precondition
to be strengthened to disallow such behaviour.

6.3 Operation Snapshots

Snapshots of system-level operations result in a dual formal representation: the
before-state, and the after-state. Both are generated by instantiating templates
with information coming from the diagram, and both need to be challenged.

The before-state of the snapshot is required to satisfy the operation’s pre-
condition. This results in a conjecture that assumes the formal representation
of the snapshot’s before-state, and establishes the precondition of the system
operation. For instance, the snapshot in Fig. 5, representing the system-wide
effect of a recall, would result in the following instantiated template conjecture:

LibraryBeforeRecallSnp � preSysRecall

This is provable in Z/Eves.
For the after-state, we require that from the snapshot’s before-state, the

system-level operations establish the snapshot’s after-state. The conjecture as-
sumes the formal representation of the snapshot’s before-state and the system
operation, and establishes the snapshot’s after-state. For the snapshot in Fig-
ure 5, the instantiated template conjecture is:

LibraryBeforeRecallSnp; SysRecall � LibraryAfterRecallSnp

This is provable in Z/Eves. The pre- and post- conjectures for the snapshot
in Figure 6 are similarly constructed and proved.

Fig. 7. State snapshot of an undesired be-
haviour in the context of Return

We can also perform negative val-
idation. Figure 7 illustrates a state
transition, in the context of operation
Return, that our model should disal-
low. The snapshot differs from that
in Figure 6 in that the Borrows link
between John and C2 is not deleted,
violating the constraint added to the
system state to prevent simultaneous
Borrows and ToCollect links on the
same copy.

If the post-condition conjecture on
the formalised snapshot does not re-
duce to false, this indicates there may

be missing preconditions or other constraints. Once determined, these can be
added to the specification, and the conjecture reinvestigated, until it does re-
duce to false. (Clearly, other conjectures involving the same operation will also
need to be reproved as part of this process).
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7 Discussion

Our template approach provides a Z formalisation of class, state, and snapshot
diagrams, and, in addition, provides an analysis strategy for models composed
of these diagrams. Currently, our approach allows rigorous hand-generation of Z
from diagrams by instantiating templates. Future work should address automa-
tion (tool development).

By using the templates of our framework, we can challenge a model by draw-
ing snapshot diagrams; the associated formal representations and conjectures
are generated by template instantiation (hence potentially automatable). The
discharging of snapshot conjectures can also be partially automated; snapshots
deal with model instances, which are more tractable by theorem provers. We
can see snapshots as giving life to a model. Snapshot-based validation is a useful
technique even if one builds Z-only specifications in a OO style.

The current drawback of our approach is that the discharging of some of the
proofs in Z/Eves requires expertise in using the prover (mainly proofs dealing
with system operations). We are looking at ways to mitigate this problem by
using proof tactics and patterns that, potentially, could substantially simplify
and perhaps fully automate some of the proofs.

Our approach of formalising UML class and state diagrams in Z with a state
and operations style, using the schema calculus, enhances the analysis capabili-
ties of our approach. Analysis in Z is tied to the state and operations style, where
one is required to prove initialisation theorems and calculate pre-conditions.

Moreover, templates allow us to minimise the proof effort. We can prove
properties at the meta-level that are applicable to all instantiations of a template,
or to instantiations of particular form. We try to make as much proof as possible
at the meta-level – a property is proved once, and then it becomes true when an
instantiation relevant to the property occurs (true by construction).

The modelling framework presented here requires modellers that know both
UML and Z. Our aim is to allow UML-only modellers to use our framework,
hence, we need to make the underlying Z completely transparent to the user.
This involves devising new notations (or using existing ones like OCL), for the
expression of constraints and operation specifications, that can be easily repre-
sented in Z.

Modelling frameworks would greatly benefit from tool support. Currently we
are working on the theoretical foundations. However, we envisage a tool that
generates a formal representation of a UML model, checks that model for well
formedness (through type-checking and other means), generates the associated
conjectures (proof obligations) associated with the model, and then interacts
with a prover to discharge those conjectures.

8 Conclusions and Future Work

Modelling frameworks and the associated template mechanism give us:



432 N. Amálio, S. Stepney, and F. Polack

– Means to introduce soundness in UML-based development. We define in-
terpretations of UML concepts in a FSL that has a formal semantics with
analysis means. This allows us to build UML models that are precise and
analysable.

– Means to make sound development more usable. Most Z of our framework’s
models is generated by template instantiation, hence potentially automat-
able. This may allow the construction of sound models composed of diagrams,
opening sound development to UML-only modellers.

– Means to make sound development more practical. Our representations in
the template form allows us to prove properties at the meta-level so that
users don’t have to actually do it.

We are looking at generalising conjectures coming from snapshot diagrams.
This will allow us to prove properties that hold in our model for any model-
instance, rather than a specific one.

Having generated an underlying formal model, we can exploit other forms of
formal analysis. For example, the Alloy tool [8] uses a subset of Z; after some
manipulation, we can use Alloy’s Alcoa model checker. We have initial results
verifying properties of class models [2], and we will also explore reachability
analysis on state diagrams. We are also looking at other aspects of development
within the formal transformational framework – Catalysis has an informal no-
tion of model refinement based on diagrams, inspired by formal refinement. We
want to combine the diagram refinement with the conventional formal refinement
calculus, whilst retaining the developer-friendly approach.
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Abstract. We propose a new technique for interactive formal verification of tem-
poral properties of UML state machines. We introduce a formal, operational se-
mantics of UML state machines and give an overview of the proof method which
is based on symbolic execution with induction. Usefulness of the approach is
demonstrated by example of an automatic teller machine. The approach is imple-
mented in the KIV system.

1 Introduction

The “Unified Modeling Language” (UML [14]), the de facto standard notation for spec-
ifying object-oriented software systems, offers state machine diagrams as an operational
view of the dynamic aspects of a system, which are a variant of the statechart notations
introduced by Harel [5]. Most attempts to verify properties of UML state machines use
model checking (see e.g. [11, 10, 16]). Model checking allows a fast and simple way
to check, whether a property holds or not. However, the major disadvantage of model
checking is that it needs to search the whole state space of the state machine for a vio-
lation of the property and thus the verification success highly depends on the size of the
state space. If the state space of a state machine is unlimited, e.g. by using an unbounded
integer variable, verification of true properties normally fails.

We pursue another approach to the verification of UML state machines. In con-
trast to model checking, interactive verifiers such as KIV [3] are designed for systems
with an infinite state space. Our goal is to provide a uniform, interactive, intuitive and
efficient proof method for verifying properties of UML state machines. We have cho-
sen symbolic execution with induction as proof method, because this method has been
successfully applied to the verification of sequential programs (e.g. [7, 17]) and gives
very intuitive proofs. Furthermore, symbolic execution can be automated to a very large
extent. We have also shown how to carry over the proof method to the verification of
parallel programs [2]. Here, we demonstrate how to apply the method to the verification
of UML state machines.

To our knowledge, this is the first such approach to interactive verification of UML
state machines. In contrast to other approaches, we do not formalise the semantics of
UML in the existing logic, but derive a calculus to directly execute state machines. We
have been able to efficiently support not only a subset but all of the main features of

J. Davies et al. (Eds.): ICFEM 2004, LNCS 3308, pp. 434–448, 2004.
c©Springer-Verlag Berlin Heidelberg 2004
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UML state machines such as hierarchical and concurrent states, compound transitions,
and a rich action language. Thus, our approach is more complete than e.g. the Omega
project [15]. Compared to other interactive calculi for the verification of similar concur-
rent systems (e.g. [12, 4]), the proof method of symbolic execution promises a higher
degree of automation, a uniform treatment of safety and liveness properties, and the use
of invariants which are easier to come up with.

We assume the reader to be familiar with UML state machines and to have at least
basic knowledge in temporal logic and sequent calculus. The remainder of this paper is
structured as follows: In Sect. 2, we give a short introduction to constructing temporal
proofs with symbolic execution and induction. Section 3 describes UML state machines
and introduces an example. Section 4 formally defines an operational semantics of UML
state machines. How to turn the operational semantics of UML into a calculus rule for
symbolic execution is sketched in Sect. 5. A safety property of the example is verified
in Sect. 6. Section 7 summarizes the results and outlines future work.

2 Temporal Logic Framework

The logical formalism is a variant of ITL (Interval Temporal Logic [13]). It is based
on (finite or infinite) linear sequences π of valuations which we call intervals. A single
valuation (which we also call state) is described by first-order predicate logic formu-
lae over static variables v and dynamic variables V . Different valuations of an inter-
val π may assign different values to the dynamic variables V . In addition, a valuation
gives values to primed variables V ′ and double-primed variables V ′′; the relation be-
tween unprimed and primed variables is interpreted as system transitions, the relation
between primed and double-primed variables as environment transitions. System and
environment transitions alternate, the value of V ′′ being equal to V in the next valua-
tion. Temporal operators, we support, include �ϕ (ϕ always holds), �ϕ (eventually ϕ
holds), ϕ until ψ, ϕ unless ψ, ◦ϕ (there is a next state which satisfies ϕ), •ϕ (if there
is a next state, it satisfies ϕ), and last (the current state is the last) with their standard
semantics. The proof method is based on a sequent calculus.

We focus on a subset of proof obligations, here: Our goal is to take an initial variable
condition I , a system S, a configuration C, and a temporal property ϕ and to prove that
S,C, I � ϕ. In other words, all runs of system S which satisfy C and I in its initial
state must satisfy ϕ. The proof method is symbolic execution with induction. In the
following, we show how to symbolically execute a temporal formula ϕ, how to execute
an arbitrary system description S, and how to use induction to prove properties for
infinite system runs. In Sect. 5 we show how to apply this general proof method to the
verification of UML state machines.

2.1 Symbolic Execution

Our principle of symbolic execution is to rewrite an arbitrary temporal formula ϕ to an
equivalent formula

ϕ ↔ τ0 ∧ last ∨
∨

1≤i≤n
(τi ∧ ◦ϕi)
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where τi are formulae in first-order predicate logic. Either the system represented
by ϕ terminates with condition τ0, or one of n possible transitions τi is executed and
execution continues with ϕi in the next step. As an example, consider rewrite rule

(alw) �ϕ ↔ ϕ ∧ •�ϕ

which unwinds an always operator such that ϕ must hold now and always in the future.
Our calculus provides rewrite rules to similarly unwind all of the temporal operators.
By unwinding the single temporal operators with these rules, it is possible to rewrite
arbitrary temporal formulae to receive an equivalent formula of the form stated above.
Details can be found in [2].

2.2 Executing System Descriptions

We apply the same strategy of symbolic execution to almost arbitrary system descrip-
tions S which describe the operational behaviour of systems as follows: a function
exec(S,C) is implemented which returns the possible transitions τ with configurations
C0 for the next state. This function can be used in the rule (to be read bottom-up)

(execute)
{τ ∧ ◦(S ∧ C0), I � ϕ | 〈τ, C0〉 ∈ exec(S,C)}

S,C, I � ϕ

to execute a system S in configuration C. The transition τ relates variable condition
I to the variable condition in the next state. We use the execute rule to integrate UML
state machines into our formalism (see Sect. 5). An implementation for exec(S,C) is
rather straightforward if the operational semantics of S is formally defined. The rule
(execute) is sound if implementation of exec(S,C) is sound.

This approach avoids the overhead in proof size, which would result if we specify
the semantics of UML within our logic. In this case, we would need several basic rules
to execute a single state machine step. In our experience, application of rule (execute)
is very efficient.

2.3 Taking a Step

After system and temporal formula have been rewritten and execution does not termi-
nate, rule (step) can be applied.

(step)
S,C, I0 � ϕ

τ, ◦(S ∧ C), I � •ϕ where I0 := (I ∧ τ)[V, V ′, V ′′/v0, v1, V ]

Condition I0 in the next state is received by replacing in the original I and transition
τ all unprimed and primed dynamic variables V and V ′ with fresh static variables v0

and v1, the double-primed variables V ′′ correspond to the unprimed variables in the
next state. In addition, the leading operators ◦ and • are eliminated. Symbolic execution
continues in the next state.
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2.4 Induction

Symbolic execution needs not to terminate. Therefore, we use noetherian induction over
a supplied induction term T

(ind)
Γ, T = n,�(T < n → (

∧
Γ → ∨

∆)) � ∆

Γ � ∆

The fresh static variable n is assigned to the initial value of T . Always, if the value of
T is less than the initial value n, the induction hypothesis

∧
Γ → ∨

∆ can be applied.
This general induction principle can be applied to prove arbitrary temporal properties.
Special derived rules are defined to prove certain temporal properties without induction
term. A derived rule for proving safety properties is as follows.

(ind alw)
Γ, •(∧ Γ → ∨

∆) until ¬ϕ � ∆

Γ � �ϕ,∆

Formula �ϕ in the succedent corresponds to a liveness condition �¬ϕ in the an-
tecedent and therefore the induction is performed over the number of steps it takes to
satisfy ¬ϕ. Special rules without induction terms can be given for all safety properties;
a term T must only be provided to establish liveness conditions.

2.5 Sequencing

Executing concurrent systems is costly, because in every step typically a number of
nondeterministic transitions can be executed leading to large proofs. However, execut-
ing several transitions often leads to the same state, no matter in which order they are
executed. In this case, an extended sequent rule

(seq)
Γ, ρ1 ∨ ρ2 � ∆

Γ, ρ1 � ∆ Γ, ρ2 � ∆

can be applied which contains two conclusions to contract two proof obligations with
the same temporal formulae. Additional predicate logical formulae ρ1 and ρ2 are com-
bined as disjunction. This approach leads to proof graphs instead of proof trees and
works best, if automatic simplification is able to significantly reduce ρ1 ∨ρ2. An exam-
ple proof graph can be found in Fig. 4.

3 UML State Machines: An Example

We use a simple UML model of an automatic teller machine (ATM), shown in Fig. 1,
as our running example: The class diagram in Fig. 1(a) specifies an (active) class Bank.
Classes define attributes, i.e., local variables of its instances, and operations and signals
that may be invoked on instances by call and send actions, respectively. Additionally,
invariants restrict the state space of class instances.



438 M. Balser et al.

The state machine for class Bank is shown in Fig. 1(b), consisting of states and
transitions between states (we number the states for short reference later on). States
can be simple (such as Idle and PINCorrect) or composite (such as Verifying); a con-
current composite state contains several orthogonal regions, separated by dashed lines.
Moreover, fork and join (pseudo-)states, shown as bars, synchronize several transitions
to and from orthogonal regions; junction (pseudo-)states, represented as filled circles,
chain together multiple transitions. Transitions between states are triggered by events.
Transitions may also be guarded by conditions and specify actions to be executed or
events to be emitted when the transition is fired. For example, the transition leading
from state Idle to the fork pseudostate requires signal verifyPIN to be present; the tran-
sition branch from VerifyingCard to CardValid requires the guard cardValid to be true;
the transition branches from CardValid to Idle set the Bank attributes tries and cardValid.
Events may also be emitted by entry and exit actions that are executed when a state is
activated or deactivated. Transitions without an explicit trigger (e.g. the transition leav-
ing DispenseMoney), are called completion transitions and are triggered by completion
events which are emitted when a state completes all its internal activities.

«signal» done
«signal» verifyPIN

inv: maxTries >= 0
Bank

boolean cardValid
boolean PINValid
int tries = 0
int maxTries

(a) Class diagram

CardValidVerifyingCard

VerifyingPIN

PINIncorrect

entry / tries = 0

PINCorrect

Idle DispenseMoney

[else]

[cardValid]

Verifying

[tries < maxTries] / tries++

[else] / cardValid = falseverifyPIN

done

[else]

[PINValid]

0

2

1

8

3

4

5

6

7

(b) State machine diagram SC Bank for class Bank

Fig. 1. UML model of an ATM
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The actual state of a state machine is given by its active state configuration and by
the contents of its event queue. The active state configuration is the tree of active states;
in particular, for every active concurrent composite state each of its orthogonal regions
is active. The event queue holds the events that have not yet been handled. The event
dispatcher dequeues the first event from the queue; the event is then processed in a
run-to-completion (RTC) step. First, a maximally consistent set of enabled transitions
is chosen: a transition is enabled if all of its source states are contained in the active
state configuration, if its trigger is matched by the current event, and if its guard is
true; two enabled transitions are consistent if they do not share a source state. For each
transition in the set, its least common ancestor (LCA) is determined, i.e. the lowest
composite state that contains all the transition’s source and target states. The transition’s
main source state, that is the direct substate of the LCA containing the source states, is
deactivated, the transition’s actions are executed, and its target states are activated.

The example state machine simulates card and PIN validation of a bank computer.
After initialization the bank computer is in state Idle. The reception of signal done leads
to finalizing the state machine, whereas on reception of signal verifyPIN the verification
process is started in state Verifying. If the card is invalid, the bank computer immediately
returns to state Idle. If the PIN is invalid, it is checked whether the maximum number of
trials is exceeded. If this is the case, the card is marked invalid; otherwise the number of
trials is incremented by one. In both cases, the bank computer returns to state Idle. If the
PIN is valid, the number of trials is reset to zero. If both the PIN and the card are valid,
state DispenseMoney is entered from which the bank computer returns to state Idle.

4 Semantics of UML State Machines

The semantics of UML state machines is defined by an execution algorithm. This algo-
rithm forms the basis for embedding UML state machines into temporal logic and, in
particular, the symbolic execution technique. Our semantical account of UML state ma-
chines follows the semantics definition of the UML 1.5 specification [14] as closely as
possible, but fills in some of the gaps of the specification. We take up the ideas presented
by Lilius and Porres [11]; however, we use a simplified notion of compound transitions
and correct the definition of maximally consistent sets of compound transitions.

We first define the abstract syntax of the sublanguage of UML state machines from
the UML specification [14] for which our semantics is valid. Apart from those language
constructs which we do not discuss here (i.e. history, sync, and choice pseudostates, call
and deferred events, and internal transitions), this definition introduces the following
restriction: A transition from an initial pseudostate must target a non-pseudostate con-
tained in the same composite state as the initial pseudostate. Abandoning this restriction
would lead to a more intricate definition of compound transitions, which, however, has
no relevance in most practical applications.

The semantics of UML state machines is defined in two steps: First, we describe a
procedure for statically computing the configurations and the compound transitions of a
state machine. Due to our syntactical restriction, compound transitions are trees of state
machine transitions (describing the chaining of junctions, forks, and entries of states)
with a possible fan-in prefix (describing joins) that represent a move from a configura-
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tion into another configuration. Second, we define an algorithm for run-to-completion
steps which first computes a maximally consistent set of compound transitions for a
given event and then executes the set of compound transitions.

4.1 Abstract Syntax of UML State Machines

We assume an expression language Exp that at least includes boolean expressions (like
true, false, e1 ∧ e2, etc.) and an action language Act that at least includes a skip state-
ment, and sequential (;) and parallel (‖) composition of statements. Furthermore, we
assume a set of events Event which includes ∗ denoting a completion event.

A state s has a kind kind(s) ∈ {initial, final, simple, composite, concurrent, junction,
join, fork}, an entry action entry(s) ∈ Act , and an exit action exit(s) ∈ Act . A
pseudostate is a state s with kind(s) ∈ {initial, junction, join, fork}; we require that
entry(s) = skip and exit(s) = skip for each pseudostate s. A composite state is a
state s with kind(s) ∈ {composite, concurrent}.

A state hierarchy is given by a tree (S,E) where S is a finite set of states and
E ⊆ S × S a non-empty substate relation such that the constraints below are satisfied.
We write substates(s) = {s′ ∈ S | (s, s′) ∈ E} for the substates of state s:

1. If substates(s) �= ∅ then kind(s) ∈ {composite, concurrent}.
2. If kind(s) = concurrent then #substates(s) ≥ 2 and kind(s′) = composite for all

s′ ∈ substates(s).
3. If kind(s) = composite then #{s ∈ substates(s) | kind(s′) = initial} ≤ 1.

We further write container(s) for the container state of state s if s is not the root state;
substates+(s) = {s′ ∈ S | (s, s′) ∈ E+} and substates∗(s) = substates+(s) ∪ {s}
denote the set of (reflexive) transitive substates of s; and initial(s) is the initial state
contained in the composite state s if it exists. The least common ancestor of a set of
states M ⊆ S not containing the root state, denoted by lca(M), is the least composite
state c w.r.t. E such that M ⊆ substates+(c); the least common reflexive ancestor of
M ⊆ S, written lca=(M), is the least state s w.r.t. E such that M ⊆ substates∗(s).

Given a state hierarchy H = (S,E), a transition t over H has a source state
source(t) ∈ S, a target state target(t) ∈ S, a triggering event trigger(t) ∈ Event ,
a guard expression guard(t) ∈ Exp, and an effect action effect(t) ∈ Act , such that the
following constraints are satisfied:

1. kind(source(t)) �= final and kind(target(t)) �= initial.
2. If kind(source(t)) ∈ {initial, fork} then target(t) is not a pseudostate.
3. If kind(source(t)) = initial then container(target(t)) = container(source(t)).
4. If kind(target(t)) = join then source(t) is not a pseudostate.
5. If kind(source(t)) = composite then kind(container(source(t))) �= concurrent.
6. If kind(target(t)) = composite then kind(container(target(t))) �= concurrent.
7. If kind(source(t)) ∈ {initial, fork, join} then guard(t) = true.
8. If kind(target(t)) = join then guard(t) = true.
9. If kind(source(t)) = initial then effect(t) = skip.

10. If source(t) is a pseudostate, then trigger(t) = ∗.
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A state machine (for a class C) is given by a pair (H,T ) where H = (S,E) is a
state hierarchy and T a finite set of transitions over H such that the constraints below
are satisfied for all t ∈ T . We write outgoings(s) for the set {t ∈ T | source(t) = s};
incomings(s) for the set {t ∈ T | target(t) = s}; sources(M) for the set {source(t) |
t ∈ M}; and targets(M) for the set {target(t) | t ∈ M}:

1. If kind(s) = initial then #outgoings(s) = 1.
2. If kind(s) = junction then #incomings(s) = 1 and #outgoings(s) ≥ 1.
3. If kind(s) = fork then #incomings(s) = 1 and #outgoings(s) ≥ 2.
4. If kind(s) = fork then there is an s′ ∈ S with kind(s′) = concurrent such that

targets(outgoings(s)) ⊆ substates+(s′) \ substates(s′) and the following holds:
if t, t′ ∈ outgoings(s) such that {target(t), target(t′)} ⊆ substates+(s′′) for
some s′′ ∈ substates+(s′) then t = t′.

5. If kind(s) = join then conditions (3) and (4) hold likewise with replacing target
by source and outgoings by incomings .

Conditions (4) and (5) require forks and joins to come from and go to different
orthogonal regions of a concurrent composite state.

4.2 Configurations and Compound Transitions

The configurations of a state machine ((S,E), T ) are given by the smallest subsets C
of S that satisfy the following conditions:

1. The root state of S is in C.
2. No state s ∈ C is a pseudostate.
3. If kind(s) = composite then there is a single s′ ∈ C such that container(s′) = s.
4. If kind(s) = concurrent then all states s′ ∈ S with container(s′) = s are in C.

In particular, composite states are or-states, concurrent states are and-states.
The compound transitions of a state machine ((S,E), T ) represent semantically

complete transition paths that originate from a set of non-pseudostates and target a set
of simple states. More precisely, a compound transition consists of three parts: The op-
tional tail part of a compound transition may have multiple transitions in T originating
from a set of mutually orthogonal regions that are joined by a join pseudostate. The
middle part of a compound transition is a finite chain of transitions in T joined via
junction pseudostates. Finally, the optional head part of a compound transition is a tree
of transitions in T : If a transition in the middle part of a compound transition or in its
head part itself targets a composite state the head part continues at the initial state of
this composite transition; if a transition targets a concurrent composite state the head
part continues at all initial states of the orthogonal regions of the concurrent composite
state; if a transition targets a fork pseudostate the head part continues with the transi-
tions outgoing from the fork pseudostate which target mutually orthogonal regions and
simultaneously continues at the initial states of all those orthogonal regions that are not
targeted by transitions outgoing from the fork pseudostate.

In the ATM example, the compound transitions outgoing from VerifyingCard just
consist of middle parts:
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〈{}, 〈VerifyingCard → junction, junction → Idle〉, {}〉,
〈{}, 〈VerifyingCard → junction, junction → CardValid〉, {}〉.

The fork transition from Idle consists of a middle part and a tail part:

〈{}, 〈Idle → fork〉, {〈fork → VerifyingCard〉, 〈fork → VerifyingPIN〉}〉 .

The join transition to DispenseMoney consists of a head part and a middle part:

〈{〈CardValid → join〉, 〈PINCorrect → join〉}, 〈join → DispenseMoney〉, {}〉 .

The algorithm for computing the compound transitions outgoing from a non-pseu-
dostate in S of a state machine ((S,E), T ) relies on a procedure that computes the
middle and head parts of compound transitions, also called forward trees, outgoing
from an arbitrary state in S; the details of the algorithms can be found in [8]. Note
that our definition of compound transitions deviates from the explanations in the UML
specification [14]. There, compound transitions are not required to target simple states
only, but may as well stop at composite states. The proper initialization of composite
and concurrent composite states is left to the entry procedure for composite states.

The notions of source states, target states, trigger, guard, and effect are transferred
from transitions to compound transitions in the following way: The source states of
a compound transition τ , written sources(τ), are the source states of the transitions
in the tail part of τ , if τ shows a tail part, and the source state of the middle part,
otherwise. Analogously, the target states of τ , written targets(τ), are the target states
of the transitions in the head part of τ , if τ shows a head part, and the target state of the
middle part, otherwise. The trigger of τ is the set of triggers of the transitions in the tail
part of τ , if τ shows a tail part, and the trigger of the first transition in the middle part
otherwise. The guard of τ is the conjunction of all guards of transitions in τ . Finally,
the effect of τ is the sequential composition of the effects of the tail, the middle, and
the head part of τ , where the effects in the tail and the head are conjoined in parallel
whereas the effects in the middle part are composed sequentially. These definitions are
naturally extended to sets of compound transitions which show the same trigger.

We recall some notions on compound transitions τ from the UML specification
that will be used for the definition of the execution semantics of state machines, in
particular, when computing maximally conflict free sets of compound transitions in a
given configuration C: The main source state of τ , mainSource(τ), is given by the
state s = lca(lca=(sources(τ)), lca=(targets(τ))) if kind(s) = concurrent, and it is
given by the state s′ ∈ substates(s) with lca=(sources(τ)) ∈ substates∗(s′), oth-
erwise. The main target state of τ , mainTarget(τ) is defined analogously, but ex-
changing sources(τ) and targets(τ). The set of states exited by τ in configuration C,
exited(C, τ), consists of substates∗(mainSource(τ))∩C. The set of states entered by
τ in configuration C, entered(τ), is substates∗(mainTarget(τ))∩C. Again, the defi-
nitions for entered and exited are naturally extended to sets of compound transitions.

Two compound transitions τ1 and τ2 are in conflict in configuration C, written τ1 �C

τ2, if exited(C, τ1) ∩ exited(C, τ2) �= ∅; more generally, a compound transition τ is
in conflict with a set of compound transitions T in configuration C, written τ �C T , if
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τ �C τ ′ for some τ ′ ∈ T . If τ1 �C τ2 let S1 and S2 be the sets of states in sources(τ1)
and sources(τ2), resp., that show the maximal numerical distance from the root state
of (S,E); τ1 is prioritized over τ2 in configuration C, written τ1 ≺C τ2, if S1 ⊆
substates+(S2). Again, τ ≺C T for a compound transition τ and a set of compound
transitions T in configuration C if τ ≺C τ ′ for some τ ′ ∈ T .

4.3 Run-to-Completion Semantics

The execution semantics of a UML state machine is described in the UML specification
as a sequence of run-to-completion steps. Each such step is a move from a configuration
of the state machine to another configuration. The sequence of steps starts in the initial
configuration of the state machine, i.e., the configuration that is targeted by the forward
tree outgoing from the initial state of the root state of the state hierarchy. In a run-to-
completion step from some configuration, first, an event is fetched from the event queue.
Second, a maximally consistent set of enabled compound transitions outgoing from the
states of the current configuration and whose guards are satisfied is chosen. If such a
set, called a step, exists, all its compound transitions are fired simultaneously: First, all
states that are exited by the step are deactivated in an inside-out manner, executing the
exit actions of these states; each such that is marked to be not completed, as it is not
part of the configuration any more. Second, the gathered effect of the step is executed.
Third, all states entered by the step are activated in an outside-in manner, executing the
entry actions of these states. Furthermore, after executing the entry action of a state this
state is marked as complete, i.e. a completion event for this state is generated.

More formally, let ((S,E), T ) be a state machine. We assume a structure of en-
vironments η for state machines that provides the following primitive operations: An
event can be fetched by fetch(η); the completion of a state s can be recorded by
complete(η, s); the revocation of a state s from being completed can be recorded by
uncomplete(η, s); a statement a can be executed by exec(η, a); given a configu-
ration C and an event e all compound transitions of ((S,E), T ) that are triggered by
e can be computed by enabled(η, C, e); and, finally, the validity of an expression g
can be checked by η |= g. The enabledness of compound transitions in a configuration
C by an event e is indeed solely defined on the basis of the triggers of compound tran-
sitions and thus only involves the completed states that have been previously recorded
with the environment. The fireable sets of compound transitions, which are maximally
consistent sets of enabled compound transitions are computed by the steps algorithm
in Fig. 2(a). The execution of a state machine in some configuration and some environ-
ment is defined by the RTC algorithm in Fig. 2(b) which uses the algorithm for firing a
compound transitions step in Fig. 2(c).

5 Embedding of UML State Machines

Our goal is to make use of symbolic execution as interactive proof method for UML
state machines. Embedding state machines into our temporal framework of Sect. 2 re-
quires first to define state machines as temporal formulae and to extend our calculus
with rules for their symbolic execution.
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steps(env, conf, event) ≡
transitions ← enabled(env, conf, event)
{step | 〈guard, step〉 ∈ steps(conf, transitions) ∧ env |= guard}

steps(conf, transitions) ≡
steps ← {〈false, ∅〉}
for transition ∈ transitions do

for 〈guard, step〉 ∈ steps(transitions \ {transition}) do
if transition �conf step

then if transition ≺conf step
then guard ← guard ∧ ¬ guard(transition) fi

else step ← step ∪ {transition}
guard ← guard ∧ guard(transition) fi

steps ← steps ∪ {〈guard, step〉} od od
steps

(a) Transition selection algorithm

RTC(env, conf) ≡
〈event, env〉 ← fetch(env)
steps ← steps(env, conf, event)
if steps �= ∅

then choose step ∈ steps
〈env, conf〉 ← fire(env, conf, step) fi

〈env, conf〉
(b) Run-to-completion step algorithm

fire(env, conf, step) ≡
for state ∈ insideOut(exited(conf, step)) do

env ← exec(env, exit(state))
conf ← conf \ {state}
env ← uncomplete(env, state) od

env ← exec(env, effect(step))
for state ∈ outsideIn(entered(conf, step)) do

env ← exec(env, entry(state))
conf ← conf ∪ {state}
env ← complete(env, state) od

〈env, conf〉
(c) Transition firing algorithm

Fig. 2. State machine execution algorithms

State machines ((S,E), T ) are embedded into the temporal logic as a special for-
mula [((S,E), T )] with the following semantics:

π |= [((S,E), T )] iff π is a valid trace of ((S,E), T )

for sequences of valuations π. The definition of a valid trace is not given here, as it is
straightforward to derive from the definition of a single step as was defined in Sect. 4.
A state machine configuration is a formula conf which represents the active states: for
each state, a corresponding dynamic boolean variable is true if and only if the state is
part of the current active state configuration of the state machine. Attributes and the
event queue are represented as algebraic datatypes.

To define the calculus, we implement the function exec of rule (execute), which we
described in Sect. 2.2, by setting

exec([((S,E), T )], conf) = {〈guard ∧ 〈action〉DLV
′ = V, [((S,E), T )] ∧ conf0〉 |

〈guard, step〉 ∈ steps(conf, enabled(T )),
〈action, conf0〉 = fireaction(conf, step)} .
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UML editor File
XMI- KIV

Spec KIV theorem provingHugo/RT

Fig. 3. Tool chain to translate UML models into KIV

Function exec provides configuration conf and the enabled transitions in T to the
function steps of Fig. 2(a) which returns pairs of possible steps step and their corre-
sponding guards guard. The function enabled uses the head element of the event queue
as the current triggering event. We cannot use function fire of Fig. 2(c) to execute step
as we cannot provide an explicit environment env . Therefore, we define a similar func-
tion fireaction which returns instead of a modified environment an action action which
combines all of the environment updates as a sequential program. The guard, the ac-
tion and the modified configuration conf0 are combined to form the result of exec. (The
special formula 〈action〉DLV

′ = V of Dynamic Logic (DL [6]) takes the unprimed val-
ues of variables V as input to action, modifies the unprimed variables according to
the sequential program and uses the modified variables to evaluate formula V ′ = V .
This formula is used to “copy” the new values of the unprimed variables to the primed
variables V ′.)

This algorithm can be further optimized to ensure that the number of steps which
are returned by steps is as small as possible: the context formulae which represent
the symbolic environment can be used to automatically simplify guards, and the state
hierarchy is exploited to faster detect transition priorities.

We implemented the calculus described above in the interactive verifier KIV. To
complete the integration, we use a standard UML modelling tool (e.g. ArgoUML [1])
to draw state machines, and translate the resulting XMI-files to KIV with the model
translator Hugo/RT [9]. The complete tool chain is shown in Fig. 3. This translation is
fully automatic.

6 An Example Proof

The proof method for UML state machines is very simple: we repeatedly execute steps
and test whether we have already encountered the current active state configuration
earlier in the proof; in this case, we have executed a cycle and the current goal can be
closed with an inductive argument.

As example proof we show for state machine SC Bank that the state DispenseMoney
can only be entered, if tries ≤ max-tries and PINValid is true. So the property to show is

(prop) �(DispenseMoney → tries ≤ maxTries ∧ PINValid) .

With initial state machine configuration C ≡ Idle and variable condition I ≡ tries =
0 ∧ maxTries ≥ 0 the proof obligation is

(init) [SC Bank], Idle, tries = 0 ∧ maxTries ≥ 0 � (prop) .
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Fig. 4. Proof graph for the example proof

As precondition, we assume that the state machine SC Bank of Fig. 1 is in state Idle
and the initial conditions of the class diagram hold. The event queue is unspecified;
we make no demands on the events in the initial queue and the queue of the following
steps. In other words, the environment behaves arbitrarily. Note that the safety property
of (prop) is trivially true for all states with ¬DispenseMoney.

The complete proof is shown in Fig. 4. To demonstrate our proof scheme we explain
only the highlighted path. This exemplary run corresponds to the main use case scenario
of the automatic teller machine. All other runs of the state machine can be shown fol-
lowing the same pattern. For better understanding of the proof graph, we denoted the
nodes with the numbers of the actual states. The state numbers can be found in the state
machine diagram (see Fig. 1).

The state machine will always return to state Idle (1). To apply our induction scheme,
we must choose an appropriate invariant, because the variable tries may increase in each
cycle. We use

(inv) CardValid → tries ≤ maxTries

which can be easily shown with (init). This invariant is preserved in each cycle. Then,
to use the current sequent later as induction hypothesis, the rule (ind alw) is applied.

Now we can apply the rule execute to advance one step in our state machine:

(a) done ∧ 〈skip〉DL · · · ∧ ◦([SC Bank] ∧ Finalized), (inv) � (prop)
(b) verifyPIN ∧ 〈skip〉DL · · · ∧ ◦([SC Bank]∧

Verifying ∧ VerifyingCard ∧ VerifyingPIN), (inv) � (prop)
(c) ¬(verifyPIN ∧ done) ∧ 〈skip〉DL · · · ∧ ◦([SC Bank] ∧ Idle), (inv) � (prop)

[SC Bank], Idle, (inv) � (prop)

The lowest node in the proof graph (Fig. 4) depicts the application of this rule.
As expected from the state machine diagram, we get three premises: Either the state
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machine is finalized (2) with the event done (premise (a)) or the transition to state
Verifying (3+4) is taken with event verifyPIN (premise (b)) or the state machine remains
in state Idle (1) with any other event (premise (c)). In all cases the action is skip and
a special formula (omitted) assigns the values of all unprimed variables to their primed
complement. Premise (a) terminates and the proof is complete, premise (c) loops and
induction is applied. The only nontrivial case is premise (b). After simplification and
application of rule (step) we receive

[SC Bank], Verifying ∧ VerifyingCard ∧ VerifyingPIN, (inv) � (prop) .

The new active states are Verifying and its substates VerifyingCard (4) and
VerifyingPIN (3) and (inv) is preserved. Symbolic execution continues with the next step
where we receive four different states for each possible transition and one
state if no transition is enabled. We focus on the state Verifying, VerifyingCard (4) and
PINCorrect (6). This transition is only taken, if the attribute PINValid is true, so we can
assume PINValid to be true for the following steps. Like before, we invoke the next step.
One of the next states is Verifying, CardValid (7) and PINCorrect (6). This transition is
only possible if the attribute CardValid is true and due to the invariant we can conclude
that tries ≤ maxTries. The same state is also reachable by first entering CardValid (7)
and then entering PINCorrect (6). Both cases can be merged by sequencing, so there
is only one open goal. From this state we reach DispenseMoney (8). Because we have
shown PINValid and tries ≤ maxTries in the previous two steps property (prop) holds
in this state. The next step leads again to the state Idle (1), where we use the induction
hypothesis and close the current goal.

This proof scheme can be further automated. Our goal is to adapt the heuristics, so
that the only user interaction is the specification of an adequate invariant.

7 Conclusion

We have demonstrated how to integrate UML state machines into a proof method to in-
teractively verify temporal properties of state machines. As a first step, we have defined
a formal semantics of UML state machines and derived a proof rule for their symbolic
execution. As can be seen in the example, the resulting proofs are very intuitive as they
follow the different possible system runs. However, only small examples have been
tackled so far.

Symbolic execution in general turns out to be a very intuitive approach not only
to the verification of sequential programs but also to the construction of proofs for
concurrent systems, with the potential to dispel the prejudice that interactive proofs
in temporal logic are difficult. Proof rules for the execution of (most of) the temporal
operators are invertible ensuring that the calculus can be automated to a large extent. A
generic induction principle can be used to establish both safety and liveness properties.
Sequencing is used to avoid exponential growth of proof trees for nondeterministic
systems. A strategy to automatically apply sequencing is the key to efficiently use the
approach for larger case studies. As has been demonstrated with the integration of UML
state machines, proof rules for the symbolic execution of different formalisms can be
implemented, provided that a formal operational semantics is defined.
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Next steps are to further automate proofs, especially to automate sequencing, and
to look into compositional proofs. We expect that proofs like the one in Sect. 6 require
the invariant as the only user interaction. Very important for the future is to gain more
experience in larger case studies.
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Abstract. We develop an approach of action refinement for concurrent
systems with not only the notation of real-time but also with causal
ambiguity, which often exists in real application areas. The systems
are modeled in terms of a timed extension of event structures with
causal ambiguity. Under a certain partial order semantics, the behavior
of the refined system can be inferred compositionally from the
behavior of the original system and from the behavior of the systems used
to refine actions with explicitly represented start points. A variant of a
linear-time equivalence termed pomset trace equivalence and a variant
of a branching-time equivalence termed history preserving bisimulation
equivalence based on the partial order semantics are both congruences
under the refinement. The refinement operation behaves thus well and
meets the commonly expected properties.
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1 Introduction

We consider the design of concurrent systems in the framework of approaches
where the basic building blocks are actions. Refinement of actions is a core
concept in the methodology of hierarchical design for concurrent systems, real-
time or not. It amounts to introducing a mechanism for transforming high
level actions into lower level processes until the implementation level is reached
[6, 8, 16].

Refinement of actions for concurrent systems without time constraints has
been thoroughly studied in the literature [6, 7, 8]. For real-time concurrent
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systems it has been discussed recently by us in [4, 15, 16]. In all the previous
work, the system models adopted are always under the constraint of unambigu-
ous causality. That is, if an event has happened there must not exist ambiguity
in deciding which are the causes of the event. However, causal ambiguity often
exists in real application areas. Prominent examples are e.g. the design of
distributed systems [20], the design and analysis of speed-independent circuits
[23], and the specification of business processes like workflow management
systems [21].

In this paper, we investigate how to carry out refinement of actions in concur-
rent systems with the notions of not only real-time but also causal ambiguity,
and analyse its characteristic properties. The main practical benefit from our
work is that hierarchical specification of such systems is then made possible,
furthering thus the work of [4, 6, 15, 16].

The functional framework of systems is modeled in terms of event struc-
tures with causal ambiguity [13, 14], and the approach proposed in [1, 9, 10, 11,
12] to tackling time is taken, where a method to deal with urgent interaction
can be incorporated. This approach is very powerful. We are unaware of
any other proposal to incorporate time and timeout in a causality based
setting.

Let us look at a running example to concretely motivate our paper.
Figure 1 (a) shows a timed industrial inspection system observing faults, and
Figure 1 (b) is a timed system used to implement action inspect in a more
detailed level. They are both represented in timed event structures with causal
ambiguity.

timeo ut

info rm(0,3)

[2,12]

[3,12]

{6}

(0,15]

[1,3]

(0,16]

receive

insp ec t

reco rd

terminate

terminate

(0,3]

(0,4]

{2}timeo ut

[1,2] {6}

[0,1] (0,3] (0,3] {6}

fault1

fault2

fault3

[0,1]
alarm

alarm

( a ) ( b )

Fig. 1. Two timed systems with causal ambiguity

Solid dots stand for events, performing the action by which they are labeled,
open dots represent timeout events, arrows from sets of events to events denote
causality relations and are usually called bundles, and dashed lines denote con-
flict relations on the events. Two events that are in conflict cannot appear in a
single system run.

Events and bundles are labeled with intervals (sets of non-negative reals).
The intuitive interpretation of an interval associated to an event is that the
time at which this event begins to happen is located in this interval, whereas
an interval associated to a bundle has the meaning that the transition delay
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from the end of the causal event to the start of the result event is located in this
interval. A timeout event restricts the happening time of the events in conflict
with it.

It is unknown which exactly causes inform when both inspect and record
occur. So causal ambiguity of inform exists in the timed system of Figure 1 (a).
Similarly, causal ambiguity of alarm exists in the timed system of Figure 1 (b).

The following questions arise. How can action inspect in the timed system of
Figure 1 (a) be refined by the timed system of Figure 1 (b)? How does the newly
derived timed system, when obtained, behave?

The previous approach of action refinement [6, 7, 8] works for the untimed
case when causal ambiguity exists [22]. However, this approach no longer applies
to timed systems because the property of timeout events is violated, as shown
in e.g. [4, 15], and therefore do not provide answers to the questions. To solve
this, we present in this paper a new approach. Its characteristic properties are
also analyzed. We consider two common problems of interest, the correctness
and congruence problems.

The paper is arranged as follows. Section 2 introduces the system model timed
event structures with causal ambiguity, describes partial order semantics for
their behavior, and defines equivalence notions based on the semantics. Section
3 presents the approach of action refinement in the framework of this model.
The correctness and the congruence results are given in Section 4. Section 5
concludes the paper.

2 System Model

We use event structures with causal ambiguity [3, 9, 13, 14] as the system model,
and take the way of [1, 9, 10, 11, 12, 15, 16] to include time.

Assume a given set Obs of observable actions ranged over by a, b, c, . . . , and
an invisible internal action τ (τ �∈ Obs). Action

√
(
√ �∈ Obs∪{τ}) indicates the

successful termination of a process. Act = Obs ∪ {τ,
√}. Unlike [1, 9, 10, 11, 12],

actions are viewed here as compound happenings having durations in order to
have a clean notion of action refinement. Let function k : Act → R

+ with k(τ) =
k(

√
) = 0 assign durations to actions. Here, R

+ = [0,∞), the set of non-negative
reals, denotes the domain of time. Note that action durations defined through
the function k embody the intrinsic meaning of actions, and the treatment
of the function k as a component of a system model may result in conceptual
confusion.

2.1 Timed Event Structures with Causal Ambiguity

A timed event structure with causal ambiguity (taes for short) E is a tuple
(E, �,�, l,D,R,U) with
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E, a set of events;
� ⊆ E × E, the irreflexive and symmetric conflict relation;
� ⊆ 2E × E, the bundle relation;
l : E −→ Act, the action-labeling function;
D : E → 2R

+
, the event delay function;

R : �→ 2R
+
, the bundle delay function; and

U ⊆ {e ∈ E | l(e) = τ}, the set of urgent events,
such that for any X ⊆ E, events e ∈ U and e′ ∈ E,
(1) (X � e) ∧ (e�e′) ⇒ (X � e′) ∨ (X�e′), and
(2) ∃t ∈ R

+ : (D(e) ⊆ {t}) ∨ (∃Y � e : (R(Y, e) ⊆ {t})).

Here 2• denotes the power-set function, and (X�e′) stands for (∀e ∈ X : e�e′).
The first constraint specifies a property of timeouts that are modeled by

urgent events. The second constraint ensures that timeouts are enabled at a
single time instant only. Notice that crucial for a taes is that for each bundle
X � e, opposite to classical event structures without causal ambiguity, the events
in X are not required to be in pairwise conflict as usual. Causal ambiguity thus
exists in the system behavior, i.e., if an event e occurs, there are alternative
causes for this event.

A taes is depicted as the example shown in the introduction, where event
names and delays [0,∞) are usually omitted.

Example 2.1.1 Figure 1 (a) and (b) are two taes’s. In the sequel, we abbreviate
receive = a, inspect = b, record = c, inform = d, fault1 = b1, fault2 = b2,
fault3 = b3, alarm = b4. A timeout event is labeled with action τ since it is
internal. Moreover, we assume k(a) = 2, k(b) = 6, k(c) = 6, k(d) = 3 and
k(b1) = k(b2) = k(b3) = k(b4) = 1.

By init(E) we denote the set of initial events of E , and exit(E) its set of
successful termination events, i.e.,

init(E) = {e ∈ E | ¬(∃X ⊆ E : X � e)}, exit(E) = {e ∈ E | l(e) =
√}.

We denote by TAES the set of taes’s. E = (E, �,�, l, D,R,U), possibly sub-
scripted and/or primed, stands for a member of this set. When necessary, we
also use EE , �E , �E , lE , DE , RE and UE to represent the components of E .

2.2 Partial Order Semantics

We first consider the functional behavior of a taes, then take the time aspect
into account and define their semantics, taking care of both the functional and
timing issues.

Functional Behavior. Let Φ = e1, · · · , em be a sequence of events (of E), where
ei and ej are distinct whenever i �= j. E(Φ) = {e1, · · · , em}. Assume Φi−1 =
e1, · · · , ei−1 is the (i − 1)-th prefix of Φ (1 ≤ i ≤ m).
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In a run of a system, any two events that occur should not be in conflict, and
if an event occurs in a run its causal predecessors should have occurred before.
Let

en(Φi−1) = { e ∈ E \ E(Φi−1) | (∀ej ∈ E(Φi−1) : e � �ej)∧
(∀X � e : X ∩ E(Φi−1) �= ∅)}.

en(Φi−1) is then the set of events enabled after Φi−1. If ei ∈ en(Φi−1) for all
1 � i � m, then C = E(Φ) is called a frame configuration of E .

The event sequence Φ in the definition of frame configurations is usually
called a trace of E . Traces describe actually the possible functional runs of a
taes, whereas the frame configuration is the underlying event set of it. Frame
configuration C is usually said to be obtained from trace Φ. By C(E) we denote
the set of all the frame configurations of E .

A frame configuration C of E successfully terminates if there exists e ∈ C
such that l(e) =

√
. E is called well-labeled if for each C ∈ C(E), C ∩ exit(E) is

empty or a singleton.
When causal ambiguity exists, as argued in [14], frame configurations or

traces do not sufficiently describe the system behavior, and partial ordered sets
are used to represent the causal relations between the events that occurred so
far in a system run.

For ei, ej ∈ E, by ej �→ei we mean that ej is a causal predecessor of ei, i.e.,
there exits an X ⊆ E such that ej ∈ X and X � ei. Let C ∈ C(E), and �→ |C
denotes the restriction of �→to C, namely �→ |C =�→ ∩(C × C).

Let �→C be a subset of �→ |C , such that ∗�→C is a partial order on C. Here,
as usual ∗�→C represents the relation on C by the elements of �→C as generators,
namely its reflexive and transitive closure. P = 〈C,

∗�→C〉 is called a poset of E .
The cause of event e ∈ C (in this poset) is defined as Ae = {e′ ∈ C | e′ �→C e}.
The elements of Ae constitute indeed all the direct predecessors of e in this
poset, namely the events that cause e to happen. A maximal event in a poset P
is defined as an event e ∈ C, satisfying that there does not exist an event e′ ∈ C
with e �→C e′.

Taking Time into Account. If event ej causes event ei in a system run of E , and
two time instants tj and ti ∈ R

+ are associated to events ej and ei respectively
(tj ≤ ti), then ej and ei start at time points tj and ti, and tj and ti are required
to be in the time instant sets labeled to ej and ei, respectively. ti −(tj +k(l(ej)))
is then the transition delay from the end of ej to the start of ei. It is required
to be in the time instant set attached to the corresponding bundle. Bearing this
in mind, we see that if an event e is enabled by its cause Ae in a poset P then

TP (e) = D(e) ∩
⋂

ej∈Ae∧X�e,ej∈X

(tj + k(l(ej)) + R(X, e))

consists of all the potential time instants at which event e may start to happen.
Here, for t ∈ R

+ and T ⊆ R
+, t ± T denotes the set {t ± ti | ti ∈ T} ∩ R

+

respectively. T ± t is defined in a similar way, and we say t ≤ T if t is not greater
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than any element of T . Furthermore, the fact that event ei occurs implies also
that the starting time of ei must not be greater than the time at which e0 may
occur, where e0 is an urgent event in conflict with ei and enabled by ej .We define
TP (e) = D(e) if Ae = ∅.

Formally, we assume hereafter that event sequence Φ = e1, · · · , em is a trace of
E , from which a frame configuration C is obtained. For event e ∈ C, all bundles
pointing to e in E are given by X1 � e, · · · , Xn � e. Furthermore, P = 〈C,

∗�→C〉 is
a poset. Let TP = T 〈C,

∗�→C〉 associate with each event e ∈ C in poset 〈C,
∗�→C〉

a time instant t ∈ R
+, and let time(C, e) denote the time instant associated to

event e in TP .
TP = T 〈C,

∗�→C〉 is called a timed poset of E , if for all e ∈ C and e0 ∈ U the
following conditions hold:

(1) time(C, e) ∈ TP (e);
(2) time(C, e) ≤ TP (e0) if e, e0 ∈ en(Φi−1) for all 1 ≤ i ≤ m and e�e0.

The first condition requires that the time at which e is enabled to happen
cannot be smaller than the execution time of its causal events. The second con-
dition ensures that an event in conflict with a timeout should not occur later
than the timeout.

A non-empty timed poset TP is often graphically denoted, where only the
generators of ∗�→C , i.e. the elements of �→C , together with the time instants asso-
ciated with the events are depicted explicitly. That is, if ej �→C ei is one of the
elements of �→C , then an arrow from (ej , time(C, ej)) towards (ei, time(C, ei))
is drawn.

Let Maxt(E) consist of all the time instants at which a successful termination
run of the system finishes. That is,
Maxt(E) = {t ∈ R

+ | there is a timed poset T 〈C, �→C〉 of E and an event
e ∈ C with l(e) =

√
and t = time(C, e)}.

The Semantics. Motivated by a large variety of applications, partial order se-
mantics for taes’s is defined on the basis of different viewpoints on the causality
in a frame configuration. We only present here the definition of timed lib-posets
(timed liberal posets). For the similar details of timed bsat-posets (timed bundle
satisfaction posets), timed min-posets (timed minimal posets), timed early-posets
and timed late-posets, as well as their relationships, the reader may consult [14].

A timed poset T 〈C,
∗�→C〉 of E is said to be a timed lib-poset, if for all e ∈ C

the cause Ae of e meets the conditions below:

(1) Each e′ ∈ Ae occurs before e in Φ;
(2) Xi ∩ Ae �= ∅ for all i ∈ {1, . . . , n}.

Timed lib-posets model the least restrictive notion of causality. It says that
each set of events from bundles pointing to event e that satisfies all bundles is a
cause of e.
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From now on, we assume x ∈ {lib, bsat, min, early, late}, and by TPx(E) we
denote the set of all timed x-posets of E .

2.3 Equivalence Notions

For concurrency models such as timed event structures with causal ambiguity,
the possible executions of systems may be represented as partially ordered multi-
sets of actions (pomsets). Based on this consideration, a linear-time equivalence
similar to pomset trace equivalence [2] is defined. A branching-time equivalence
similar to history preserving bisimulation equivalence [19] can be defined as well
to further record where choices are made, and the idea is to relate two events
only if they have the same causal history.

For x ∈ {lib, bsat, min, early, late} and i = 1, 2, let TPi = T 〈Ci,
∗�→iCi〉 be

timed x-posets of taes Ei, where Ci ∈ C(Ei), and �→iCi⊆�→i |Ci . Moreover, let
li|Ci denote the restriction of li on Ci, namely li|Ci(e) = li(e) for e ∈ Ci.

TP1 and TP2 are said to be isomorphic, if they differ only in the event names,
while the associated time instants, the action labels, the causality relations of
events as well as the urgency of events in the two timed x-posets remain the
same. Formally, TP1 and TP2 are isomorphic, denoted TP1 ≈ TP2, if there
exists a bijection h : C1 −→ C2 such that for arbitrary e, e′ ∈ C1,

(1) l1|C1(e) = l2|C2(h(e));
(2) e �→1C1 e′ iff h(e) �→2C2 h(e′);
(3) time(C1, e) = time(C2, h(e));
(4) e ∈ U1 iff h(e) ∈ U2.

By TPx(E1) ≈ TPx(E2) we mean that E1 and E2 have isomorphic timed x-
posets. That is, for any TP1 ∈ TPx(E1) [TP2 ∈ TPx(E2)] there exists TP2 ∈
TPx(E2) [resp. TP1 ∈ TPx(E1)] such that TP1 ≈ TP2.

Two taes’s E1 and E2 are said to be x-pomset trace equivalent, denoted E1 ∼=px

E2, if TPx(E1) ≈ TPx(E2).
Let TP = T 〈C,

∗�→C〉 and TP ′ = T 〈C ′, ∗�→C′〉 be two timed x-posets of taes
E , where C, C ′ ∈ C(E), and �→C and �→C′ are subsets of �→ |C and �→ |C′ ,
respectively. For action a ∈ Act, t ∈ R

+, we say TP
a,t−→ TP ′ (or

a,t−→i when
necessary) if C ′ \ C = {e} with l(e) = a and time(C ′, e) = t.

A relation H ⊆ TPx(E1)×TPx(E2)×2E1×E2 is called an x-history preserving
bisimulation between E1 and E2, if (∅, ∅, ∅) ∈ H, and when (TP1, TP2, h) ∈ H
then

(1) h is an isomorphism between TP1 and TP2,
(2) TP1

a,t−→1 TP ′
1 ⇒ ∃TP ′

2, h
′ :

TP2
a,t−→2 TP ′

2, (TP ′
1, TP ′

2, h
′) ∈ H and h′|C1 = h,

(3) TP2
a,t−→2 TP ′

2 ⇒ ∃TP ′
1, h

′ :
TP1

a,t−→1 TP ′
1, (TP ′

1, TP ′
2, h

′) ∈ H and h′|C1 = h.
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Here h′|C1 denotes the restriction of h′ on C1. h is an isomorphism between
TP1 and TP2 if it is the bijection in the definition that TP1 and TP2 are iso-
morphic.

Two taes’s E1 and E2 are said to be x-history preserving bisimulation equiv-
alent, denoted E1 ∼=bx E2, if there exists an x-history preserving bisimulation
between E1 and E2.

x-pomset trace equivalence is coarser than x-history preserving bisimulation
equivalence for any x ∈ {lib, bsat, min, early, late}. We refer the reader to [6] for
this in the non-ambiguous case.

3 Refinement of Actions

We follow the methodology to treat refinement of actions as an operator. Before
refining a given taes, we have first to modify the taes’s that are used to implement
actions.

3.1 Introducing Start-Events

Every system has a start point, which is usually supposed to be performing the
internal silent action at time instant zero. Here, in the taes used to refine an
action we introduce a new event to explicitly represent this point.

Let r(E) be the taes obtained by adding to taes E a new event e0 as well as
new bundles from e0 to all the events of E , and transferring all the absolute time
attachments of events to relative time attachments of the corresponding newly
introduced bundles, where e0 is labeled with the internal action τ and associated
with time instant 0, imitating the start point of system, which is executing the
internal silent action at time instant 0. Formally,

r(E) = (E ∪ {e0}, �, �→r, l ∪ {(e0, τ)},Dr,Rr,U), where e0 �∈ E, and

�→r= �→ ∪ ({{e0}} × E),
Dr = {(e0, {0})} ∪ (E × {R

+}),
Rr = R ∪ {(({e0}, e),D(e)) | e ∈ E}.

We call r(E) the rooted taes associated with E . The newly introduced event
e0, denoted by or(E), is called the start-event of E or r(E).

Example 3.1.1 Let Eb be the taes of Figure 1(b) of Example 2.1.1. Then r(Eb)
is the taes of Figure 2.

3.2 Refining a Taes

Let Act0 be a subset of Act that contains τ and
√

, representing the set of actions
which need not or cannot be refined. Function f : Act\Act0 −→ TAES is called
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a refinement function, if for any action a ∈ Act \ Act0 it satisfies the following
conditions:

(1) f(a) is well-labeled;
(2) Maxt(f(a)) = {k(a)}.

f(a) is called a refinement of action a.

b1

b2

b3

b4

(0,3]

(0,4]
{2}

[1,2]

{6}

[0,1]

(0,3]

(0,3]

{6}

τ b4

τ
{0}

[0,1]

Fig. 2. The rooted taes associated with Figure 1(b)

Example 3.2.1 Assume Act \ Act0 = {b}, and Eb the taes of Figure 1(b) of
Example 2.1.1. Then f(b) = Eb is a refinement of action b.

Throughout the paper, we use f to denote a refinement function. The current
question is how this refinement function can be applied to a given taes to obtain
a refined one. Our basic idea, as illustrated in Figure 3, is that an action say a
is replaced by r(f(a)) in the original taes. For simplicity, we use in the following
rfl(e) and rf(a) to abbreviate r(f(l(e))) and r(f(a)), respectively.

Fig. 3. Illustration of refining a taes

Definition The refinement of taes E is defined as
f(E) = (Ef , �f ,�f , lf ,Df ,Rf ,Uf ), where

• Event set
Ef = {(e, e′) | (e ∈ E) ∧ (l(e) �∈ Act0)∧

(e′ ∈ Erfl(e))} ∪ {(e, e) | (e ∈ E) ∧ (l(e) ∈ Act0)},
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• Conflict relation
for (e1, e2), (e′

1, e
′
2) ∈ Ef , (e1, e2)�f (e′

1, e
′
2) iff

if e1 = e′
1 then e2�rfl(e1)e

′
2,

if e1 �= e′
1 then

if e2 = e1 and e′
2 = e′

1 then e1�e
′
1,

if e2 �= e1 and e′
2 = e′

1 then e1�e
′
1 and e2 = orfl(e1),

if e2 = e1 and e′
2 �= e′

1 then e1�e
′
1 and e′

2 = orfl(e′
1),

if e2 �= e1 and e′
2 �= e′

1 then e1�e
′
1, e2 = orfl(e1) and e′

2 ∈ {orfl(e′
1)}∪

exit(rfl(e′
1)) or e2 ∈ {orfl(e1)} ∪ exit(rfl(e1)) and e′

2 = orfl(e′
1),

• Bundle relation
for X ⊆ Ef and (e1, e2) ∈ Ef , X �f (e1, e2) iff
if e2 �= e1 and e2 ∈ Erfl(e1) \ {orfl(e1)} then π1(X) = {e1} and

π2(X) �rfl(e1) e2,
if e2 �= e1 and e2 = orfl(e1) or e2 = e1 then π1(X) � e1 and

π2(X) = ∪e∈π1(X),l(e)�∈Act0exit(rfl(e)) ∪ (∪e∈π1(X),l(e)∈Act0){e},

• Action labeling function
for (e1, e2) ∈ Ef if e2 �= e1 then

if e2 �∈ exit(rfl(e1)) then lf (e1, e2) = lrfl(e1)(e2),
if e2 ∈ exit(rfl(e1)) then lf (e1, e2) = τ ,

if e2 = e1 then lf (e1, e2) = l(e1),

• Event delay function
for (e1, e2) ∈ Ef if e1 = e2 then Df (e1, e2) = D(e1),
if e1 �= e2 then

if e2 = orfl(e1) then Df (e1, e2) = D(e1),
if e2 �= orfl(e1) then Df (e1, e2) = R

+,

• Bundle delay function
for X ⊆ Ef and (e1, e2) ∈ Ef , if X �f (e1, e2) then
if e2 �= e1, e2 ∈ Erfl(e1) \ {orfl(e1)} and π1(X) = {e1} then

Rf (X, (e1, e2)) = Rrfl(e1)(π2(X), e2),
if e2 �= e1 and e2 = orfl(e1) then Rf (X, (e1, e2)) = R(π1(X), e1),
if e2 = e1 then Rf (X, (e1, e2)) = R(π1(X), e1),

• Urgent events
for (e, e′) ∈ Ef , (e, e′) ∈ Uf iff e ∈ U or e′ ∈ Urfl(e) if e′ �= e.

Here, π1(X) = {e | (e, e′) ∈ X}, and π2(X) = {e′ | (e, e′) ∈ X}.

Example 3.2.2 Suppose that E is the taes of Figure 1(a) of Example 2.1.1. Let
Act \ Act0 = {b}, and f(b) the refinement of action b defined in Example 3.2.1
(Figure 1(b)). Then rf(b) is the taes of Figure 2 of Example 3.1.1, and the
refinement f(E) of E is the taes of Figure 4.
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f(E) satisfies the definition of taes’s. From this fact, the following theorem
follows.

b 1

b 2

b 3

b 4

(0,3]

(0,4]
{2}

[1,2]

{6}

[0,1]

(0,3]

(0,3]

{6}

τ b4

τ

a

c

(0,3)

[2,12]

[3,12]

{6}

(0,15]

[1,3]

(0,16]

τ

d

τ

τ

[0,1]

Fig. 4. The refinement of Figure 1(a)

Theorem 3.2.1 Let E ∈ TAES, and f a refinement function. Then f(E) ∈
TAES.

4 Correctness and Congruence Results

We show that our operation of action refinement is correct and furthermore, the
equivalences defined in the preceding section are congruences under the refine-
ment.

Assume again x ∈ {lib, bsat, min, early, late}. Let TPf = T 〈Cf , ∗�→fCf
〉 be a

timed x-poset of f(E), where Cf is a frame configuration of f(E), and �→fCf
⊆�→f

|Cf
. Let

π1(TPf ) = T 〈π1(Cf ), ∗�→π1(Cf )〉, where
π1(Cf ) = {e ∈ E | (e, ej) ∈ Cf},
∀e ∈ π1(Cf ), time(π1(Cf ), e) =

if l(e) ∈ Act0 then time(Cf , (e, e)) else time(Cf , (e, orfl(e))),
�→π1(Cf )⊆ E × E : e �→π1(Cf ) e′ iff ∃(e, e1) �→fCf

(e′, e′
1).

Moreover, for event e ∈ π1(Cf ) with l(e) �∈ Act0, let

πe(TPf ) = T 〈πe(Cf ), ∗�→πe(Cf )〉, where
πe(Cf ) = {ej ∈ Erfl(e) | (e, ej) ∈ Cf},
∀ej ∈ πe(Cf ), time(πe(Cf ), ej) = time(Cf , (e, ej)) − time(Cf , (e, orfl(e))),
�→πe(Cf )⊆ Erfl(e) × Erfl(e) : e1 �→πe(Cf ) e2 iff (e, e1) �→fCf

(e, e2).

π1(TPf ) is the projection of timed x-poset TPf on taes E , and πe(TPf )
the projection of TPf on taes rfl(e). We have then the following Lemma 4.1,
which indicates that the projection of TPf on E is a timed x-poset of E , and the
projection of TPf on rfl(e) is a timed x-poset of rfl(e).
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Lemma 4.1 (1) πe(TPf ) ∈ TPx(rfl(e)); (2) π1(TPf ) ∈ TPx(E).

We have also the following simple Lemma 4.2, which demonstrates that
πe(TPf ) successfully terminates if e is causally necessary for some other events.
Notice that a timed x-poset is said to successfully terminate, if the frame con-
figuration on which this timed x-poset is based successfully terminates.

Lemma 4.2 If e ∈ π1(Cf ), l(e) �∈ Act0 and e is not maximal in π1(TPf ), then
πe(TPf ) successfully terminates.

Now, we suppose TP = T 〈C,
∗�→C〉 is a timed x-poset of E , where C ∈

C(E), and �→C⊆�→ |C . Furthermore, e ∈ C with l(e) �∈ Act0, and TPe =
T 〈Ce,

∗�→rfl(e)Ce
〉 a timed x-poset of rfl(e), where Ce ∈ C(rfl(e)), �→rfl(e)Ce

⊆
�→rfl(e) |Ce , and Ce successfully terminates if e is not maximal in C. Let

f(TP, �eTPe) = T 〈f(C,∪eCe),
∗�→ff(C,∪eCe)〉, where

f(C,∪eCe) = { (e, ej) | e ∈ C, if l(e) ∈ Act0 then ej = e else ej ∈ Ce},
∀(e, ej) ∈ f(C,∪eCe), time(f(C,∪eCe), (e, ej)) =

if l(e) ∈ Act0 then time(C, e) else time(Ce, ej) + time(C, e),
for (e1, e

′
1), (e2, e

′
2) ∈ Ef × Ef , (e1, e

′
1) �→ff(C,∪eCe) (e2, e

′
2) iff

e1 �→C e2, and either e′
1 = e1 and e′

2 = e2, or
if e′

1 �= e1 and e′
2 = e2 then e′

1 ∈ exit(rfl(e1)),
if e′

1 = e1 and e′
2 �= e2 then e′

2 = orfl(e2),
if e′

1 �= e1 and e′
2 �= e2 then

if e1 = e2 then e′
1 �→rfl(e1)Ce1

e′
2,

if e1 �= e2 then e′
1 ∈ exit(rfl(e1)) and e′

2 = orfl(e2).

We call it a refinement of TP . By f(TPx(E)) we represent the set of all
refinements of timed x-posets of taes E . We have then Lemma 4.3, which states
that a refinement of a timed x-poset of taes E is a timed x-poset of the refined
taes f(E).

Lemma 4.3 f(TP, �eTPe) ∈ TPx(f(E)) for x ∈ {lib, bsat, min, early, late}.

From Lemmas 4.1, 4.2 and 4.3, the following two theorems follow.

Theorem 4.1 Suppose that E is a taes, and f a refinement function. Then
TPx(f(E)) = f(TPx(E)) for x ∈ {lib, bsat, min, early, late}.

This theorem indicates that timed x-posets of the refined taes f(E) can be
obtained by replacing event e with e �∈ Act0 in timed x-posets of the original
taes E by timed x-posets of taes rfl(e) used to refine action l(e). The behav-
ior of the refined taes can thus be inferred compositionally from the behav-
ior of the original taes and from the behavior of those used to substitute ac-
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tions, where the system starts are explicitly represented. The refinement keeps
correct.

Theorem 4.2 Let E1 and E2 be two taes’s, and f1 and f2 two refinement
functions. If E1 ∼=eq E2, and for any a ∈ Act \ Act0, f1(a) ∼=eq f2(a), then
f1(E1) ∼=eq f2(E2), where eq ∈ {px, bx} and x ∈ {lib, bsat, min, early, late}.

This theorem shows that x-pomset trace and x-history preserving bisimula-
tion equivalences are both congruences under the refinement. Our refinement
notion is therefore well-defined under these equivalences.

5 Concluding Remarks

In this paper, we developed an approach of action refinement for real-time con-
current systems with causal ambiguity, where timed event structures with causal
ambiguity are used as the system model. Furthermore, the following correct-
ness and congruence results were certified under a certain partial order seman-
tics:

– The behavior of the refined system can be inferred compositionally from
the behavior of the original system and from the behavior of the systems
used to refine actions, where new events are introduced to model the system
starts.

– The variants of pomset trace and history preserving bisimulation
equivalences are both congruences under the refinement.

We adopt again in this paper the basic refinement methodology proposed
by us in [4, 5, 15, 16, 17]. We believe that the methodology for the probabilis-
tic and stochastic cases proposed in [5, 17] applies to the corresponding cases
when causal ambiguity exists. This is in fact our immediate future work. We
also want to define a suitable process algebra to specify taes’s, develop an ap-
proach of action refinement at this language level, and try to make the syntactic
refinement and the semantic refinement presented in this paper conform to each
other.
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Abstract. Different temporal logics tend to emphasise different aspects
of a hybrid system. In this paper, we study the predicative interpretation
of Duration Calculus (DC) and Temporal Logic of Actions (TLA) and
the link between them. A notation called generic composition is used
to simplify the manipulation of predicates. The modalities of possibility
and necessity become generic composition and its inverse of converse
respectively. The transformation between different temporal logics is also
characterised as such modalities. The formalism provides a framework
in which human experience about hybrid system development can be
formalised as refinement laws. A high-level durational specification can
be decomposed to two durational specifications driven by an automaton.
In such a stepwise design process, durational features are reduced while
automaton features increase gradually. The application of the technique
is demonstrated in the case study of the gas burner problem.

1 Introduction

An embedded system consists of both continuous components that observe con-
tinuous physical laws and discrete components that execute digital instructions.
Hybrid systems inevitably involve time as an observable and can be naturally
specified using temporal logics. Different temporal logics tend to emphasise dif-
ferent aspects of an embedded system. For example, interval logics such as Dura-
tion Calculus (DC) [20], emphasising properties over intervals, are more suitable
for describing high-level continuous properties and hence closer to the continu-
ous aspects of embedded systems. On the other hand, Linear Temporal Logics
(LTL) [14], emphasising the properties of states at discrete time points, are more
suitable for modelling discrete aspects of embedded systems and can be easily
verified as a timed automaton [15]. A straightforward specification in one logic
may become less intuitive in another logic. In the past, all aspects of an em-
bedded system are normally specified in one logic [10, 21]. Traditional method
of combining logics is to collect syntactical constructs together and identify the
axioms of the system. This usually results in a complicated axiomatic system
difficult to handle. For example, the design of an embedded system may in-
volve an abstract specification of the requirements in DC and a concrete LTL
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specification that describes the behaviour of the system of implementation. Ex-
isting development techniques do not support such refinement. A more natural
approach is to unify the different logics at a common semantic level.

Predicative interpretation is a standard technique in modal logic [2, 18]. A
proposition with modal operators can be interpreted as a predicate. The modal-
ity of possibility (or necessity) is represented as an existential (or universal)
quantifier. Predicates are also used in semantic modelling of programming lan-
guages. Each program or specification permits a certain set of observations over
some observable aspects of the computation and is represented as a predicate on
the corresponding logical variables that denote the observables. This approach
is often known as predicative semantics [6, 8].

We use a notation called generic composition [3] to simplify the manipulation
of predicates. A generic composition is a relational composition with a desig-
nated interface consisting of several logical variables. Generic composi-
tion has an inverse operator. With the help of the two operators, we no longer
need the existential and universal quantifiers. The modality of possibility then
becomes a generic composition, while the modality of necessity becomes its in-
verse of converse [5]. Temporal logics have been characterised algebraically using
Galois connections [1, 13, 19]. In our approach, the accessibility relation of modal
logics is directly parameterised. The link between two specifications in different
temporal logics is characterised as a pointwise relation between the possible ob-
servations of the specifications. Such a pointwise relation also determines a pair
of modalities and can be defined with a generic composition and its inverse. Our
approach is essentially a relational semantics and directly corresponds to Kripke
semantics [9]. Using relations to link two semantic spaces is an entirely natural
idea, because all implementable system compositions are essentially relational
(and hence distribute the universal nondeterministic choice) in observation-based
semantics. The advantage of our approach is that it is based on predicative se-
mantics and is more convenient to represent the link between only the related
observables of two distinctive specification spaces, and unrelated observable as-
pects are not linked. An alternative approach is to adopt predicate transformers,
which may permit more high-order manipulation, but their implementable cores
are still relational. Compared to the predicate-transformer approach, relational
semantics is more specific, intuitive and implementable.

For unification, we model different temporal domains such as real time, traces,
timed traces, forests (for branching time) and intervals under a notion called
resource cumulator [4]. A cumulator is a quintuple compromising a monoid, a
corresponding partial order and a volume function that measures the amount of
resources. A cumulator provides the “type” for a logical variable of a particular
temporal domain. The integration of different temporal logics will not be useful
unless we provide the knowledge about how specifications in one logic can be
approximated or refined by specifications in another logic. Such knowledge can
be formalised as the refinement laws of modalities. Identifying these laws can
make the design process more systematic.
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In this paper, we will demonstrate this by studying the refinement from DC
specifications to TLA implementations. An automaton with two states can be
readily specified in TLA. A high-level durational specification can be decomposed
to two durational specifications “driven” by an automaton. Such decomposition
can be repeated several times and create a hierarchical structure of two-state
automata. The rest of the design is to combine the automata in a single flat
one. The advantage of this approach is that implemental features are introduced
step by step gradually. This allows each development step to preserve more
nondeterminism from the original specification and thus keep more flexibility in
the following design steps.

In previous works, Schenke and Olderog [17] studied the direct refinement
transformation from DC to a language similar to CSP [7]. Since the gap be-
tween DC and TLA specifications is smaller than that between DC and a real
programming language, our approach yields stronger algebraic properties. The
result TLA implementations can be verified with model-checking tools.

Section 2 studies the predicative semantics of modal logic using the notation
of generic composition and its inverse. Section 3 unifies different temporal do-
mains under the notion of resource cumulator and defines the predicative seman-
tics of temporal logic in general and discusses several temporal logics including
DC and TLA. The relationship between DC and TLA is studied in Section 4.
The refinement laws identified in Section 4 are then applied to the case study in
Section 5.

2 Predicative Semantics of Modal Logics

Manipulating Predicates

We assume that there are two types of logical variables: non-overlined variables
such as x, y, z, · · · and overlined variables such as x, y, z, · · · . Overlining is only
used to associate corresponding logical variables syntactically. We use a notation
called generic composition [3] to manipulate predicates. A generic composition is
a relational composition with a designated interface of non-overlined variables.

Def 1. P :x R =̂ ∃x0 · P [x0/x] ∧ R[x0/x] .

A ‘fresh’ variable x0 is used to connect x of P and x of R and hidden by
the existential quantifier. Generic composition is a restricted form of relational
composition. It relates two predicates on only some of their logical variables. For
example, the following composition relates two predicates on only x (and x ):

(x= 10 ∧ y = 20) :x (x� x ∧ z = 30) = (10� x ∧ y = 20 ∧ z = 30).

The existential quantifier ∃x ·P is simply represented as P :x true , and vari-
able substitution P [e/x] as P :x (x = e) . An interface x may split into several
variables, e.g. (y, z) . For example, the generic composition P :(y, z) true is the
same as the predicate ∃y∃z ·P . If the vector is empty, a generic composition
becomes a conjunction: P : R = P ∧ R .
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Generic composition has an inverse operator denoted by P /x R, which is
the weakest predicate X such that (X :x R)⊆P . It can be defined by a Galois
connection:

Def 2. X ⊆ P /x R iff X :x R ⊆ P for any predicate X .

Generic composition and its inverse satisfy a property:

P /x R = ¬ (¬P :x ˜R) = ∀x0 · (R[x0/x, x/x] ⇒ P [x0/x])

where ˜R =̂ R[x/x, x/x] is the converse of R for the variable x . Universal quan-
tifier ∀x ·P can then be written as P /x true . Negation ¬P becomes false / P
whose interface is empty. Implication P ⇒Q becomes Q/ P with an empty in-
terface. Disjunction P ∨Q is a trivial combination of negation and implication.
Thus all connectives, substitution and quantifiers become special cases of generic
composition and its inverse [3].

Theorem 1. Generic composition and its inverse are complete in the sense
that any predicate that does not contain overlined free variables can be written in
terms of generic composition and its inverse using only the constant predicates
and predicate letters.

The theorem shows the expressiveness of generic composition for predicate
manipulation. Generic composition and its inverse form a Galois connection and
satisfy the algebraic laws of strictness, distributivity and associativity.

Law 1.

(1) A ⊆ (A :x R) /x R
(3) false :x R = false
(5) A :x (R ∨ S) = (A :x R) ∨ (A :x S)
(7) A/x (R ∨ S) = (A/x R) ∧ (A/x S)
(9) (A :x R) :x S = A :x (R :x S)

(2) (A/x R) :x R ⊆ A
(4) true /x R = true
(6) (A ∨ B) :x R = (A :x R) ∨ (A :x R)
(8) (A ∧ B) /x R = (A/x R) ∧ (A/x R)

(10) (A/x R) /x S = A/x (S :x R) .

The notation is especially useful when the interfaces of the operators in a
predicate are not identical. For example, in the following law we assume that x ,
y and z are three different logical variables, A = ∃z ·A (independence of the
variable z ) and C = ∃y ·C (independence of the variable y ).

Law 2. (A :(y,x) B) :(x,z) C = A :(y,x) (B :(x,z) C).

Generic composition and its inverse can be used to define modalities. These
properties make the composition a useful technical tool for linking temporal log-
ics. Generic composition has also been applied to define a variety of healthiness
conditions and parallel compositions. The above laws and a series of other laws
can be found in [3].
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Interpreting Modalities

Under Kripke semantics [2], modal logics are logical systems of relations (called
“accessibility relations”). Here, we represent a specification as a predicate on a
modal variable (e.g. x) and an auxiliary variable (e.g. y). The modal variable
records the observable aspect related to the accessibility of the modalities, while
the auxiliary variable records the unrelated observable aspect. For now, the vari-
ables are left untyped. These logical variables will later be typed in temporal
logics. A logical variable may split into several ones, and its type becomes the
product of several types. The semantic space is the set of all such specifications
(e.g. denoted by A ). An accessibility relation R = R(x, x) is denoted by a pred-
icate on two variables: the modal variable x and the overlined modal variable x .
Overlined variables only appear in the accessibility relations. Each accessibility
relation determines a pair of modalities.

Def 3. ♦A P =̂ P :x ˜R and �AP =̂ P /x R .

The operator ♦A P informally means that “the predicate P may be true” and is
defined as a generic composition of the specification P and the converse relation
˜R ; its dual modality �AP informally means that “the predicate P must be true”
is defined with an inverse operator.

If we replace the accessibility relation with its converse, we will obtain a pair
of converse modalities.

Def 4. ˜♦A P =̂ P :x R and ˜�A P =̂ P /x
˜R .

Generic composition and its inverse can be regarded as parameterised modal
operators. They have a designated interface and are more convenient than tra-
ditional relational composition in this context for two reasons. Firstly, the ab-
servable aspects (described by the auxiliary variable) unrelated to the accessi-
bility relation can be excluded from the interface of the relational composition.
Secondly, the predicate on the left-hand side of a generic composition (or its
inverse) can be either a specification (without overlined variables) or an acces-
sibility relation (with overlined variables). Thus the operators can be directly
used to represent the composition of accessibility relations (i.e. the composition
of modalities).

The converse/inverse relationships between these modalities are illustrated
in a diagram (see Figure 1). The four modalities form two Galois connections.

Law 3. ♦A P ⊆ Q iff P ⊆ ˜�A Q for any P ∈A and Q∈B
˜♦A P ⊆ Q iff P ⊆ �A Q for any P ∈A and Q∈B .

Transformer Modalities

The transformation between two temporal logics also becomes modalities. Let
A (or B ) be a semantic space of specifications, each of which is a predicate on
modal variable x (or x′) and auxiliary variable y (or y′). The transformation
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Fig. 1. Diagram of converse/inverse relationships

from A to B is characterised as a transformation predicate T = T (x, y, x′, y′)
on four variables. The predicate determines a transformer modality ♦A→B from
A to B and a corresponding inverse transformer �B→A from B to A . In the
following definition, we assume that P = P (x, y) and Q = Q(x′, y′) .

Def 5. ♦A→B P =̂ P :(x,y) T
�B→A Q =̂ Q/(x′,y′) T .

Note that ♦A→B and �B→A form just one pair of transformers based on
the predicate T . Other transformers between the two logics can be denoted
as ♦A→′B and ♦A→′′B etc. Let ♦A→B and ♦B→C be two transformers.
Their composition ♦A→B ♦B→C is also a transformer (from A to C ), so is the
composition of their inverses.

If the modal variable and the auxiliary variable are untyped, the above pred-
icative semantics is contained in predicate calculus and hence complete. A well-
formed formula is always true if and only if it can be proved using the laws
of generic composition and its inverse (or equivalently, the axioms of predicate
calculus).

3 Temporal Logic of Resource Cumulation

Resource Cumulation

Many aspects of computing can be modelled as the cumulation of resources. In
real-time computing, time is a kind of resource. A process “consumes” a non-
negative amount of time. A computation may also produce resources. For exam-
ple, a reactive process generates an increasingly longer sequence of intermediate
states called a trace. Resource cumulation can be formalized as a quintuple called
a cumulator: (X, � ; 0, � ; | · |) , which consists of three parts: a well-founded
partial order (X,�) in which each element is called a cumulation and the great-
est lower bound exists for any non-empty subset, a monoid (0, �) in which 0 ,
or zero cumulation is the least cumulation, and a monotonic and associative
binary operation concatenation � corresponds to the addition of cumulations,



470 Y. Chen and Z. Liu

and a monotonic and strict volume function | · | : X → [0,∞] : We assume that
the partial order and the monoid are consistent: a� b ⇔ ∃c∈X ·a�c = b . The
unusual part of a cumulator is the volume function. A volume function measures
the amount of resource cumulated. With such additional information we can
then reason about the dynamics of resource cumulation. For example, a resource
is exhausted when its volume reaches infinity ∞ . The use of volume functions
can substantially simplify the reasoning of limit points, continuity, and other
topological properties. Such modelling is aimed at avoiding complicated domain
construction and has reflected our pragmatic view on resources.

For a more complete account of resource cumulation, please refer to [4].

Example: The amount of time that a computation consumes can be modelled
as a cumulator: RTime =̂ ([0,∞], � ; 0, + ; id) where + is addition. id is
the identity function.

Example: In some applications, we are interested in temporal properties over
a period of time and thus need to reason about temporal intervals. Intervals form
a cumulator Interval =̂ (I, � ; ∅, � ; | · |) where I denotes the set of intervals,
each of which is a convex subset i of the real domain [0,∞] (such that for
any t1, t2 ∈ i and t3 ∈T , t1 � t3 � t2 implies t3 ∈ i ). For example, [1, 2] , [1, 2) ,
(1, 2] , (1, 2) and the empty set ∅ are intervals. Let I denote the set of all
intervals. a�b =̂ a ∪ b if a ∩ b = ∅ , �a = �b and a ∪ b∈ I . The volume of
a non-empty interval is its length: |a| =̂ �a − �a where �a and �a denote
the lub and glb of the interval a respectively. The volume of the empty set is
zero |∅| = 0 . The orders a � b means that b is a right-hand extension of a ,
i.e. ∃c∈ I ·a�c = b .

Example: Finite and infinite traces form a typical cumulator: Trace(X) =̂
(X†, � ; 〈〉, ∧ ; | · |) where X is the type of each element, and X† the set of all
sequences of elements (including the infinite ones). For two sequences a, b∈X† ,
a ∧ b denotes their concatenation. If a is an infinite sequence, then for any b,
a ∧ b = a . a� b iff a is a prefix (i.e. pre-cumulation) of b . |a| denotes the length
of a . For exampe, the length of the empty sequence 〈〉 is 0. ai denotes the i -th
element of the sequence where 1 � i� |a| .

Example: A timed trace is a trace with non-decreasing time stamps. The
sequence 〈(1, p), (2, q), (4, p)〉 is one example. In general, a timed trace is a
trace of pairs in the form 〈(t1, s1), (t2, s2), · · · , (tn, sn), · · · 〉 . Timed traces form
a cumulator: TimedTrace(X) =̂ (T (X), � ; 〈〉, ∧ ; | · |) where

T (X) =̂
{

tr∈ ([0,∞]×X)† | ∀i, j < |tr| · (i� j ⇒ ti � tj)
}

.

Temporal Logic of Resource Cumulation

Temporal logic of resource cumulation is a modal logic. Let (X, � ; 0, � ; |·|) be
a cumulator. A general cumulative specification is a predicate on a modal variable
x∈X whose type is a cumulator and an untyped auxiliary variable y . We
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let R denote the semantic space of such specifications. The general cumulator
gives rise to a number of accessibility relations, each of which determines two
pairs of modalities. A common accessibility relation corresponds to the left-hand
contractions: R =̂ ∃z ∈X · (x = z �x) .

The modality ♦R P informally means that “the predicate P becomes true
after some pre-cumulation of resources”. More precisely, the behaviours of ♦R P
are the behaviours of P extended with arbitrary cumulations on the left-hand
side. The modality �RP , instead, means that “the predicate P is true for any
left-hand extensions of the behaviours of P . The pair of converse modalities
˜♦R P and ˜�R P are actually the corresponding “past-tense” modalities. All
properties of general modalities are inherited.

There exists a dual accessibility relation for right-hand contractions:
R′ =̂ ∃z ∈X · (x = x�z) . Again, it determines two pairs of modalities ♦R′ P ,
�R′P , ˜♦R′ P and ˜�R′ P . The modalities of left-hand and right-hand exten-
sions/contractions commute with each other respectively. Their respective com-
positions (e.g. ♦R ♦R′ P ) becomes a bi-directional contractions/extensions.

The most commonly used temporal operator ♦ P in LTL means that “the
predicate P eventually becomes true in finite steps”. Its dual operator �P means
that “the predicate P is always true after finite steps”. They correspond to
♦|L|<∞ P and �|L|<∞P respectively (with the cumulator Trace ).

In general, temporal logic of resource cumulation is not complete, since the
temporal domain (i.e. the cumulator) of the modal variable may not have a
complete axiomatic characterisation. Nevertheless, it is still possible to reason
about temporal specifications manually based on the semantic properties of the
underlying temporal domain.

Examples of Temporal Logics

The amount of time that a computation consumes corresponds to the cumulator
RTime. A real-time specification is a predicate on a typed modal variable t ∈
[0,∞] that denotes time and an untyped auxiliary variable s that denotes the
system’s state at the time. We let T denote the space of such specifications.
Since addition is commutative i.e. a+ b = b + a, it makes no difference whether
time is extended from the left-hand side or the right-hand side. For example,
et =x described a system’s temporature growing exponentially over time.

Intervals within a time domain form the cumulator Interval . A specification
on intervals is a predicate on a variable i∈ I that denotes the interval and an
auxiliary variable x that denotes some system feature related to the interval.
We let I denote the space of all temporal specifications on intervals. An interval
can be extended from either left-hand side or right-hand side.

Traces of elements of X form a cumulator Trace(X) . A trace specification
is a predicate on a single variable tr∈X† . We let S denote the space of trace
specifications. For example, the specification �|S|<∞ (tr1 = 1) states that the
first element of every suffix is 1, i.e. every state is 1. We introduce a dependent
variable s =̂ tr1 . The specification can then be simplified as �|S|<∞ (s= 1) .
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Such semantic notation directly corresponds to LTL, although here we use a
non-standard notation and allow finite traces.

If another dependent variable s′ =̂ tr2 is used to denote the second element
of the trace, we can then specify infinite traces of actions. For example, let X be
the set of natural numbers. The specification �|S|<∞ (s < s′) describes a trace of
increasing numbers. Temporal Logic of Actions (TLA) [11] is a logic of stuttering-
closed specifications on actions. The stuttering closure [P ]s =̂ (P ∨ s= s′) of a
specification P is a disjunction. For example, the specification �|S|<∞ [ s < s′ ]s
describes a trace of non-decreasing natural numbers.

The link between the original variables and the dependent variables can also
be characterized as a transformer. For example, let P (s, s′) be a specification
on the current state s and the next state s′ . It corresponds to a specification
P :(s,s′) (s = tr1 ∧ s′ = tr2) on traces.

Timed traces form the cumulator TimedTrace(X) . We let K denote the
space of specifications on timed traces. For TLA of timed traces, we consider
only infinite traces, introduce dependent variables s =̂ s1 , s′ =̂ s2 , t =̂ t1 and
t′ =̂ t2 , and assume that t � t′ . The stuttering closure is defined: [P ](s,t) =̂ P ∨
(s= s′ ∧ t = t′) . For example, the following specification requires the state to
change from 1 to 0 after no more than 4 seconds or from 0 to 1 after no less than
26 seconds:

�K [(s = 1 ∧ s′ = 0 ∧ t′−t � 4) ∨ (s = 0 ∧ s′ = 1 ∧ t′−t � 26)](s,t) . (1)

The above example can be generalised to an automaton with two (composite)
states (see Figure 2): from a state satisfying p (i.e. s= 1 in the above example),
the automaton moves into another state satisfying ¬p in some time t∈U and
then moves back to a state satisfying p in some time t∈V where U, V ⊆ [0,∞] .
The two-state automaton can be formalised as follows:

Automaton(p, U, V ) =̂
�K [(p(s) ∧ ¬p(s′) ∧ t′−t∈U) ∨ (¬p(s) ∧ p(s′) ∧ t′−t∈V )](s,t) .

(2)

Fig. 2. Automaton with two states

Duration calculus (DC) is a special interval logic. A durational specification
is a predicate on a variable i∈ I that denotes the interval and an auxiliary vari-
able x : [0,∞]→S that denotes a real-time Boolean function. We use a boolean
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function p : S →{0, 1} to denote whether a state x(t) at the time t satisfies
the predicate p(·) . The space of durational specifications is denoted by D.

Again, we may introduce some dependent variables. For example, instead of
specifying the relation (i.e. a predicate) between the interval and the real-time
function, we may specify the relation between the length of the interval and the
integral of the real function in the interval. Although not all computation can
be specified in such a restricted way, it has been expressive enough for most
applications and covers most common design patterns [16]. The following table
lists the primitives of DC:

P (�,
∫

p) general pattern
�p� lift

�DP modality of sub-interval closure
P � Q chop operation
P ∨ Q logical disjunction
¬P negation

For example, the Gas Burner problem [16] includes a requirement that gas
leak is bounded by 4 for any interval no longer than 30. This can be formalised
as a specification in DC:

�D (|i|� 30 ⇒
∫

i
Leak(x(t)) dt � 4) (3)

where Leak is a predicate denoting whether there is leaking in a state. For
simplicity, we rewrite the specification using standard abbreviations:

�D (�� 30 ⇒
∫

Leak � 4)

where � =̂ |i| and
∫

Leak =̂
∫

i
Leak(x(t)) dt .

The following two concrete DC specifications form a common design imple-
menting the above abstract specification:

�D (�Leak�⇒ |i|� 4) and �D (�Leak� � �¬Leak� � �Leak� ⇒ |i|� 26) (4)

where the real-time function x(t) records the state at the time point t , the
specification �Leak� =̂ (

∫

Leak = �) describes a period with gas leak (at “most”
time points of in the period [20]), and �¬Leak� =̂ (

∫

Leak = �) describes a
period almost without leak. The first specification requires any leaking period
to be bounded by 4 seconds; the second specification states that, during any
interval, the period of non-leak between two periods of leak should be no less than
26 seconds. The sequential composition � (also known as the chop operation) is
the pointwise concatenation of the intervals of specifications:

P � Q =̂ ∃i1i2 · (P [i1/i] ∧ Q[i2/i] ∧ i = i�
1 i2) .

The similarity between the TLA specification (1) and the DC design (4) is
obvious. They essentially describe the same controlling strategy. Their link will
be captured by a transformer between the two logics.
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4 Linking Duration Calculus and TLA

The Transformer from TLA to DC

We now study a technique to link DC specifications with TLA designs. Indeed
each timed trace of 0s and 1s determines some real-time Boolean function in
[0,∞]→{0, 1} . For example, the timed trace 〈(1.0, 0), (2.0, 1), (4.0, 0)〉 cor-
responds to a Boolean real-time function whose value is 0 from time 1.0 to
time 2.0 when the value becomes 1 until time 4.0 . The state between any two
consecutive time points is constant. For example, the DC abstract specification
(3) can be implemented with a TLA specification of timed traces (1). The TLA
design is arguably more intuitive than (3) in DC alone. Such interpretation of a
timed trace also directly corresponds to a timed automaton.

The link between timed-trace TLA and durational calculus can be charac-
terised as a predicate of weak inverse on timed trace tr , interval i and real-time
function x(�) :

T (tr, i, x) =̂
∧

k(�=
∫

(x= sk) /i (i ⊆ [tk, tk+1]∩ i)).

Each timed trace determines a real-time function whose value may only
change at the time points of the trace. The value between two consecutive time
points is “stable” in the sense that the values at “most” time point (except for
isolated ones not affecting the integral) during the period are the same. The
transformer requires that in any sub-interval segment of the timed trace, the
real-time function x matches the stable states generated by the timed trace.

A timed trace may contain arbitrarily-many consecutive state transitions at a
single time point. Since the above transformer allows nondeterminism at isolated
time points, such zero-time transitions cause no difficulty.

Def 6. ♦K→D P =̂ P :tr T and �D→K P =̂ P /tr T .

It is easy to show that any DC specification transformed from a TLA specification
is always sub-interval closed.

Law 4. �D ♦K→D P = ♦K→D P .

An automaton can be easily specified using a TLA formula (2). We introduce
a notation for DC-specified automata in which U, V ⊆ [0,∞] are two closed
non-empty sets of time points such that the lub and glb of any of their non-
empty subsets are contained in them. For example, they can be closed intervals
like [0, 1] .

Def 7. 〈U ↑ p ↓ V 〉 =̂ ♦K→D Automaton(p, U, V ).

An automaton is symmetric and monotonic in the sense that reducing the range
of timing restrictions leads to the reduction of nondeterminism.

Law 5. (1) 〈U ↑ p ↓ V 〉 = 〈V ↑¬p ↓ U 〉
(2) 〈U ↑ p ↓ V 〉 ⊇ 〈U ′ ↑ p ↓ V ′ 〉 (U ⊇ U ′, V ⊇ V ′).
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We use ∞ to denote the singleton range [∞,∞] . Lift and chop operators can
then be expressed with special automata. Note that the chop operation implies a
certain synchronisation between the system and the observer: the chopping point
must always fall in the interval of observation. This is achieved by eliminating
the possibility that the chopping point falls out of the observation interval.

Law 6. (1) �p� = 〈∞ ↑ p ↓ [0, 0] 〉
(2) 〈∞ ↑ p ↓ ∞〉 = �p� ∨ �¬p�
(3) �p� � �¬p� = 〈 [0,∞] ↑ p ↓ ∞〉 ∧ ¬〈∞ ↑ p ↓ ∞〉 .

We use an abbreviation P � p � Q of choice to denote that two durational
specifications P and Q are controlled by a boolean p : during any interval in
which p is always true, P must hold; during any interval in which ¬p is always
true, Q must hold. There is no restriction for those intervals in which p is
sometimes true and sometimes not true.

Def 8. P � p � Q =̂ �p�⇒P ∧ �¬p�⇒Q .

The following law shows that the chop composition of any two durational spec-
ifications can be implemented as a choice between the specifications, and the
change of the choice is made sometime during an interval. If p is independent
of P and Q and becomes hidden, the two sides will be equal.

Law 7. P � Q ⊇ P � p� Q ∧ 〈 [0,∞] ↑ p ↓ ∞〉 ∧ ¬〈∞ ↑ p ↓ ∞〉.

General Patterns of Specifications and Their Refinement

A durational specification is a predicate P (i, x) on the interval i and the real-
time function x : [0,∞]→S . A common durational specification is a predicate
P (�,

∫

p) on the length � =̂ |i| of the interval and the integral of a boolean
function p during the interval. This reflects the fact that the controlling of a
system is normally independent of the starting time and insensitive to state
changes at isolated time points.

A durational specification �D
∫

p� f(�) requires the total time of the state
satisfying p in any interval with length � to be bounded by a characteristic
function f(�). For example, the specification �D (�� 30⇒

∫

leak � 4) is a special
case of this pattern with the characteristic function f(�) =̂ 4 � �∈ [4, 30] � �
where we use a�b�c to denote the value a if b is true, or the value c otherwise.
The dual pattern �D

∫

p� g(�) is equal to �D
∫

¬p � (�−f(�)).
The following law shows that two specifications with different characteristic

functions may describe the same requirement.

Law 8. �D
∫

p� f(�) = �D
∫

p� f ′(�) , if any of the following condition is
satisfied ( �, �0, �1 � 0 ):

1. f ′(�) = min(�, f(�)) ,
2. f ′(�) = min {f(�′) | �′ � �} ,
3. or f ′(�) = min {f(�0)+ f(�1) | �0 + �1 = �} .
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Refinement of General Patterns

The durational specification 〈U ↑ p ↓ V 〉 describes an automaton with two com-
posite states satisfying p and ¬p , respectively. A common durational specifi-
cation may be implemented with an automaton, if the timed transitions are
determined properly. For example, the durational specification of gas burner[16]
can be implemented as follows:

�D (�� 30⇒
∫

leak � 4) ⊇ 〈 [0, 4] ↑ leak ↓ [26,∞] 〉.

In each cycle of the automaton, the designed system must stay in a state
satisfying p in no more than 4 seconds and then must stay in a state satisfying
¬p in no less than 26 seconds. Note that the above implementation is not unique.
We may easily replace it with an automaton 〈 [0, 2] ↑ leak ↓ [13,∞] 〉 twice as
fast.

The fact that general durational specifications may have different implemen-
tations reveals the considerable gap between DC and TLA. The former is more
suitable for higher-level specification on continuous properties expressible with
integrals, while the latter naturally describes the properties of automata. Not
every non-zero durational specification can be implemented as a non-trivial au-
tomaton. For example, the specification �D

∫

p = �/2 describes a system whose
density of states satisfying p is 0.5 everywhere. However, it can not be imple-
mented with any automaton as it does not allow the state to be stable in any
short period of time.

The different natures of the two formalisms suggest that we should incorpo-
rate both in most parts of the system development. A design process starts from
an abstract durational specification, which is refined in a number of steps. In
each step, transitional features will be enriched, with durational features reduced.
The design process eventually reaches an automaton system without durational
features.

A durational specification in the common pattern can be decomposed into
two such specifications “driven” by an automaton:

�D
∫

p� f(�) ⊇ (�D
∫

p� g(�) � q � �D
∫

p� h(�)) ∧ 〈U ↑ q ↓ V 〉. (5)

The automaton 〈U ↑ q ↓ V 〉 switches between q and ¬q according to the
time restrictions U and V . If the automaton is in a state satisfying q , the
system behaves like �D

∫

p� g(�) ; or if it is in ¬q , the system behaves like
�D

∫

p� h(�) . Note that the above refinement only holds when the characteristic
functions f, g, h and the sets U, V of time points satisfy some constraints, which
can now be identified in seperate laws.

We first consider the most general case of refinement. If an automaton switches
between two states in exactly a and c seconds respectively, the maximum num-
ber of full segments contained in an interval of length � is identified as follows:

segnum(�, a, c) =̂ max {m + n | ma+ nc < �, |m−n|� 1}.

Since a slower automaton can only produce less segments in an interval, the
number segnum(�, inf U, inf V ) has provided the maximum number of segments
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for a general automaton 〈U ↑ q ↓ V 〉 . Note that we assume (inf U + inf V )> 0
and consider only non-Zeno automata. Besides full segments, an interval may
include partial segments on both ends. Their lengths are bounded by supU or
supV , depending on the state. This is why according to the definition, we have
segnum(a+ c, a, c)= 1 so that the last segment on either end can be regarded as
a partial segment. The purpose is to enumerate all possibilities for each interval
and ensure that in every case, the right-hand side of (5) refines the left-hand
side. In the following laws, we use a� b� c to denote the value a if b = 1 , or
the value c if b = 0 .

Def 9. A characteristic function f can be decomposed as two functions g and
h under the restrictions of U and V , if (inf U + inf V )> 0 and for any t � 0
and any n� segnum(t, inf U, inf V ) and any t0, t1, · · · , tn+1 and t′0, t

′
1, · · · , t′n+1

such that t0, tn+1 � supU , t′0, t
′
n+1 � supV , t1, · · · , tn ∈U and t′1, · · · , t′n ∈V ,

we have: if
∑n+1

k=0 (tk � 2 | k � t′k) = t then
∑n+1

k=0 (g(tk)� 2 | k � h(t′k)) � f(t);
and if

∑n+1
k=0 (t′k � 2 | k � tk) = t then

∑n+1
k=0 (h(t′k)� 2 | k � g(tk)) � f(t) .

Law 9. If the function f can be decomposed as g and h under the restrictions
of U and V , the law (5) holds.

The following theorem reveals that if g and h are maximally minimised (see
Law 8.), then Law 9. is complete.

Theorem 2 (Completeness). If (5) holds but the function f cannot be de-
composed as g and h under the restrictions of U and V , then there exist g′ and
h′ such that �D

∫

p� g(�) = �D
∫

p� g′(�) and �D
∫

p� h(�) = �D
∫

p�h′(�)
and �D

∫

p� f(�) ⊇ (�D
∫

p� g′(�)�q��D
∫

p� h′(�)) ∧ 〈U ↑ q ↓ V 〉 , and f
can be decomposed as g′ and h′ under the restrictions of U and V .

Unfortunately the precondition of the complete law is too complicated to
check in practice. We must consider its useful special cases. If the abstract spec-
ification is related to only intervals no longer than the sum of the minimum
lengths of the two phases, then the precondition of the decomposition can be
reduced to a constraint on at most three segments.

Law 10. If a+ c> 0 , U = [a, b] , V = [c, d] , t � f(t) for any t > a+ c , and for
any t, we have g(t0)+ g(t1)+ h(t2)� f(t) for any t0, t1 ∈ [a, b] and t2 ∈ [c, d]
such that t0 + t1 + t2 = t , and h(t0)+ h(t1)+ g(t2)� f(t) for any t0, t1 ∈ [c, d]
and t2 ∈ [a, b] such that t0 + t1 + t2 = t , then the law (5) holds.

If the abstract specification is related to only intervals no longer than any phase,
then the precondition can be reduced to a constraint on at most two segments.

Law 11. If a, c> 0 , U = [a, b] , V = [c, d] , t � f(t) for any t > min(b, c) , and
for any t, we have g(t0)+ h(t1)� f(t) for any t0 ∈ [a, b] and t1 ∈ [c, d] or
t0 ∈ [c, d] and t1 ∈ [a, b] such that t0 + t1 = t , then the law (5) holds.
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The above laws introduce an automaton as the structure of refinement and leave
the parameters to be decided later. System developers need to determine the
parameters according to their own design strategy.

Refinement of Basic Patterns

If the driven specifications are the extreme ones either almost true or almost not
true, the refinement laws can be further simplified. For example, the durational
specification

�D (�� A ⇒
∫

p� B) (6)

requires a system not to stay in the a state satisfying p longer than B during any
period no longer than A . This is illustrated in Figure 3 (a) as sets of coordinates
(t, s) where t denotes � and s denotes

∫

p. We assume that s� t .
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Fig. 3. The basic pattern and its refinement (b = B/2)

Such a durational specification is directly implemented with an automaton,
instead of being decomposed to a mixture of intermediate specifications.

Law 12. If 0< b� B and c� A−B
�B/b� , then

�D (�� A⇒
∫

p� B) ⊇ 〈 [0, b] ↑ p ↓ [c,∞] 〉 .

Figure 3(b) illustrates the refinement of the basic patterns. The grey area indi-
cates the requirements, while the dark area (contained in the grey area) illus-
trates the TLA design.

The following law is a generalisation of Law 12. for general functional restric-
tions.

Law 13. If �� f(�) for any �� b, f(�)> b for any � > b, and c� sup�>b
�−f(�)
�f(�)/b� ,

then �D
∫

p� f(�) ⊇ 〈 [0, b] ↑ p ↓ [c,∞] 〉 .
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5 Case Study: The Gas Burner

The Gas Burner problem was first stated in [16] and has been a standard example
of hybrid system design. A gas burner can be in any state of being idle, purging
(waiting the leaked gas to disperse), attempting to ignite, monitoring flame when
igniting, or burning after successful ignition. There is no leak in idling or purging,
but there is always leak in any attempt of ignition before burning. In this paper,
we consider a challenging version of the example in which the burning phase
may have some leak due to the possibility of disturbance from the environment
(see [12]).

The main requirement is to ensure that the total gas leak in every 30 seconds
does not exceed 4 seconds. This can be neatly specified in Duration Calculus as
follows:

�D (�� 30 ⇒
∫

Leak � 4) .

Our treatment of this problem consists of several steps of automata decom-
position hierarchically. This process may be viewed as “refinement”, as each
step corresponds to a reduction of nondeterminism. On the other hand, if the
target automaton is constructed and model-checked first, the reversed process
can be used to establish the link between the checked model and the original
specification for verification purposes.

We first decompose the original requirement into burning and non-burning
phases generated by a cyclic automaton. For simplicity, we intend to use the
2-segment refinement Law 11. and thus need to construct a slow automaton
that takes at least 30 seconds to change state. Since the original specification
is in a special form, we need to consider only intervals of length 30 and choose
g(·) and h(·) (to characterise the amount of leak) such that for any t0 and
t1 , if t0 + t1 = 30 g(t0)+ h(t1)� 4 . For convenience, we choose g(t) =̂ B1 �
t∈ [B1, 30] � � and h(t) =̂ B2 � t∈ [B2, 30] � � . We now obtain our first refine-
ment (illustrated in Figure 5).

�D (�� 30 ⇒
∫

Leak � 4) ⊇
�D (�� 30⇒

∫

Leak �B1)�Burn � �D (�� 30⇒
∫

Leak � B2)
∧ 〈 [a,∞] ↑Burn ↓ [b,∞] 〉

where the parameters satisfy the following condition:

Restriction 1. a� 30 , b� 30 and B1 + B2 � 4 .

According to Law 12., the non-burning phase �D (�� 30⇒
∫

Leak � B2) can be
further decomposed to another automaton driven by the first one with leaking
and non-leaking phases (illustrated in Figure 5):

�D (�� 30⇒
∫

Leak �B2) ⊇ 〈 [0, c] ↑Leak ↓ [d,∞] 〉 .

where the parameters satisfy the following condition:

Restriction 2. 0< c� B2 and d � 30−B2
�B2/c� .
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Fig. 4. Design of automata

The two automata run independently. The second automaton only takes effect
when the system is not burning. Further refinement of the non-burning phase can
be done using standard automaton techniques. For example, the two automata
can be combined in one in Figure 5.

Fig. 5. Combined design

Restriction 3. e� B2 , e+ d � b and f � B2 .

There are many possible solutions to the restrictions. We take the following
combination: a= b = 30, B1 = B2 = 2, c= 2, d = 30, e= 0, f = 2 . Note that we
could let d be 28 and then e= f = 2 , but that means the control of the ignition
must be exactly in 2 seconds — a requirement difficult to meet in practice. By
extending the purging phase, we allow more flexibility for the ignition. Once
an automaton is obtained, the transition restrictions can be strengthened to
reduce nondeterminism. For example, the restriction [d,∞] can be replaced
with [30, 30+ ε] where ε indicates a tolerantable timing inaccuracy.

In the final step, we split the state of non-leaking into idling and purging and
the state of leaking into two states of ignition, and restrict the timing nondeter-
minism to obtain a reasonable design. Again the verification of this step can be
conducted in TLA.
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Fig. 6. Combined design

In the above design, the state of burning must be no less than 30 seconds.
This additional requirement is introduced by Law 11. and can be avoided if we
decided to use Law 10. instead, although this alternative design would generate
more complicated restrictions for the parameters.

6 Conclusions

This paper studies a formal framework in which our knowledge about the re-
lationships between different temporal logics can be formalised in the form of
algebraic or refinement laws. In the case study on DC and TLA, we have identi-
fied refinement laws for several design patterns. Some of the laws are general and
cover most types of refinement with a particular target implementation. More
specific laws are introduced for the most common patterns, and their parameters
can be more readily determined. The technique is applied to the design of gas
burner problem. It is not a trivial task to identify general but at the same time
practically useful laws. However once such laws are identified, they genuinely
make the design process more systematic, especially on the determination of
parameters.

The formalism of the framework was first presented at IFM’04. The main
focus of this paper is, however, on the relationship between DC and TLA. In
particular, the decomposition of durational specifications (into automata) is the
main new contribution.
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Abstract. The integrated logic-based modeling language, Timed Communicating
Object Z (TCOZ), is well suited for presenting complete and coherent requirement
models for complex real-time systems. However, the challenge is how to verify
the TCOZ models with tool support, especially for analyzing timing properties.
Specialized graph-based modeling technique, Timed Automata (TA), has power-
ful mechanisms for designing real-time models using multiple clocks and has well
developed automatic tool support. One weakness of TA is the lack of high level
composable graphical patterns to support systematic designs for complex systems.
The investigation of possible links between TCOZ and TA may benefit both tech-
niques. For TCOZ, TA’s tool support can be reused to check timing properties. For
TA, a set of composable graphical patterns can be defined based on the semantics
of the TCOZ constructs, so that those patterns can be re-used in a generic way.
This paper firstly defines the composable TA graphical patterns, and then presents
sound transformation rules and a tool for projecting TCOZ specifications into TA.
A case study of a railroad crossing system is demonstrated.

Keywords: Modeling and specification formalisms.

1 Introduction

The specification of complex real-time systems requires powerful mechanisms for mod-
eling state, concurrency and real-time behavior. Integrated formal methods (IFM) are
well suited for presenting complete and coherent requirement models for complex sys-
tems. An important research agenda in IFM is the combination of Z/Object-Z [6] with
CSP/TCSP [13] such as Timed Communicating Object Z (TCOZ) [9], Circus [16] and
Object-Z + CSP [14]. However, the challenge is how to analyze and verify these mod-
els with tool support. We believe one effective approach is to project the integrated
requirement models into multiple domains so that existing specialized tools in these
corresponding domains can be utilized to perform the checking and analyzing tasks.

TCOZ is an integrated formal specification language which builds on the strengths
of the Object-Z and TCSP notations for modeling both the state, process and timing
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aspects of complex systems. Rather than to develop a single tool support for TCOZ
from scratch, we believe a better approach is to reuse existing tools. The specialized
graph-based modeling technique, Timed Automata (TA) [1], is powerful in designing
real-time models with multiple clocks and has well developed automatic tool support i.e.,
KRONOS [4] and UPPAAL [2]. However, one weakness of TA is the lack of high level
composable graphical patterns to support systematic designs for complex real-time sys-
tems. The investigation of possible links between TCOZ and TA may be beneficial to both
techniques. For TCOZ, TA’s tool support can be reused to check real-time constraints.
For TA, a set of composable graphical patterns can be defined based on the semantics
of the TCOZ constructs so that those patterns can be used as a generic framework for
developing complex TA design models.

This paper is organized as follows. Section 2 introduces TCOZ and Timed Automata.
Section 3 presents a set of composable TA patterns with their formal definitions (specified
in Z). Section 4 presents the transformation rules with their correctness proof and a
Java tool for projecting TCOZ (in XML format) to TA (also in XML of UPPAAL).
Section 5 conducts a case study of a railroad crossing system. The last section gives the
conclusion.

2 TCOZ and TA

2.1 TCOZ

TCOZ is essentially a blending of Object-Z with TCSP, for the most part preserving
them as proper sub-languages of the blended notation. The essence of this blending is
the identification of Object-Z operation specification schemas with terminating CSP [12]
processes. Thus operation schemas and CSP processes occupy the same syntactic and
semantic category; operation schema expressions can appear wherever processes appear
in CSP and CSP process definitions can appear wherever operation definitions appear
in Object-Z. In this section we briefly consider various aspects of TCOZ. A detailed
introduction to TCOZ and its TCSP and Object-Z features may be found elsewhere [9].
The formal semantics of TCOZ (presented in Z) is also documented [10].

Timing and Channels: In TCOZ, all timing information is represented as real valued
measurements. TCOZ adopts all TCSP timing operators, for instance, timeout and wait.
In order to describe the timing requirements of operations and sequences of operations,
a deadline command has been introduced. If OP is an operation specification (defined
through any combination of CSP process primitives and Object-Z operation schemas)
then OP • Deadline t describes the process which has the same effect as OP, but is
constrained to terminate no later than t (relative time). If it cannot terminate by time t,
it deadlocks. The WaitUntil operator is a dual to the deadline operator. The process
OP • WaitUntil t performs OP, but will not terminate until at least time t. In this
paper, when the term TCOZ timing constructs is mentioned, it means TCSP constructs
with extensions, i.e., Deadline and WaitUntil.

CSP channels are given an independent, first class role in TCOZ. In order to support
the role of CSP channels, the state schema convention is extended to allow the declara-
tion of communication channels. Contrary to the conventions adopted for internal state
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attributes, channels are viewed as shared (global) rather than as encapsulated entities.
This is an essential consequence of their role as communication interfaces between ob-
jects. The introduction of channels to TCOZ reduces the need to reference other classes
in class definitions, thereby enhancing the modularity of system specifications.

Active Objects and Semantics: Active objects have their own thread of control, while
passive objects are controlled by other objects in a system. In TCOZ, an identifier Main
(non-terminating process) is used to determine the behavior of active objects of a given
class.The Main operation is optional in a class definition. It only appears in a class
definition when the objects of that class are active objects. Classes for defining passive
objects will not have the Main definition, but may contain CSP process constructors. If
ob1 and ob2 are active objects of the class C, then the independent parallel composition
behavior of the two objects can be represented as ob1 ||| ob2, which means ob1.Main |||
ob2.Main.

The details of the blended state/event process model forms the basis for the TCOZ
denotational semantics [10]. In brief, the semantic approach identifies the notions of
operation and process by providing a process interpretation of the Z operation schema
construct. Operation schemas are modeled by the collection of those sequences of update
events that achieve the state change described by the schema. This means that there is
no semantic difference between a Z operation schema and a CSP process. It therefore
makes sense to also identify their syntactic classes.

A Railroad Crossing Gate Example: The use of TCOZ is illustrated by a railroad
crossing gate class as following (later a case study on this system will be conducted).
The essential behaviors of this railroad crossing gate are to open and close itself according
to its external commands (events) up and down. A free type GateS is used to capture the
status of a gate:

GateS ::= ToUp | Up | ToDn | Down

Gate

status : GateS
up, down : chan

Lower
∆(status)

status′ = ToDn

Down
∆(status)

status′ = Down

Init
status = Up

Raise
∆(status)

status′ = ToUp

Up
∆(status)

status′ = Up

Open =̂ up → (Raise • WaitUntil 1; Up) • Deadline 2
Close =̂ down → Lower • Deadline 1; Down
Main =̂ µ G • Close; Open; G
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The interface of the gate class is defined through channels up and down. The
Deadline and WaitUntil expressions are used here to capture its timing properties,
which constrain that the gate takes less than 1 time unit to come down and between 1
and 2 time units to come up.

2.2 Timed Automata

TimedAutomata [1, 3] are finite state machines with clocks. It was introduced as a formal
notation to model the behavior of real-time systems. Its definition provides a general
way to annotate state-transition graphs with timing constraints using finitely many real-
valued clock variables. The set of clock constraints Φ(X) is defined by the following
grammar:

ϕ := x ≤ c | c ≤ x | x < c | c < x | ϕ1 ∧ ϕ2

A timed automaton A is a tuple (S, S0, Σ, X, I, E), where S is a finite set of states; S0
is a set of initial states and a subset of S; Σ is a set of actions/events; X is a finite set of
clocks; I is a mapping that labels each location s in S with some clock constraint in Φ(X);
E, a subset of S × S × Σ × 2X × Φ(X), is the set of switches. A switch 〈s, s′, a, λ, δ〉
represents a transition from state s to state s′ on input symbol a. The set λ gives the
clocks to be reset with this transition, and δ is a clock constraint over X that specifies
when the switch is enabled.

For example, the railroad crossing gate can be designed in Figure 1. The gate is open
in state Up and closed in state Down. It communicates with its controller through the
events up and down. The states ToUp and ToDown denote the opening and the closing of
the gate. The gate responds to the event down by closing within 1 time unit, and responds
to the event up within 1 to 2 time units.

Fig. 1. The gate automaton

UPPAAL. UPPAAL [2] is a tool for modeling, simulation and verification of real-time
systems. It consists of three main parts: a system editor, a simulator and a model checker.
The system editor provides a graphical interface of the tool, to allow easier maintenance.
Its output is an XML representation of time automatons. The simulator is a validation
tool which enables examination of possible dynamic executions of a system during early
design (or modeling) stages and thus provides an inexpensive mean of fault detection
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prior to verification by the model checker which covers the exhaustive dynamic behavior
of the system. The model checker is to check invariant and bounded liveness properties
by exploring the symbolic state space of a system. UPPAAL is appropriate for systems
that can be modeled as a collection of non-deterministic processes with finite control
structure and real-valued clocks, communicating through channels or shared variables.
Typical application areas include real-time controllers and communication protocols in
particular, those where timing aspects are critical.

3 Composable TA Patterns

High level real-time system requirements often need to state the system timing constraints
in terms of deadline, timeout, waituntil and etc which can be regarded as common
timing constraint patterns. For example, “task A must complete within t time period”
is a typical one (deadline). TCOZ is a good candidate for specifying the requirements
of complex real-time systems because it has the composable language constructs that
directly capture those common timing patterns. On the other hand, if TA is considered
to be used to capture real-time requirements, then one often need to manually cast those
timing patterns into a set of clock variables with carefully calculated clock constraints,
which is a process that is very much towards design rather than specification. One
interesting question is the following: Can we build a set of TA patterns that correspond
to the TCOZ timing constructs? If such a set of TA patterns can be formulated, then not
only the transformation from TCOZ to TA can be readily achieved (one objective of this
paper), but also TA can sysmatically capture high level requirements by utilizing those
composable TA patterns.

Since the current semantics of TCOZ [10] is specified in Z, we define a set of
composable TA patterns also in the same meta notation Z. First of all, we give the
definition of TA in Z as follows.

[T, State, Event, Clock]
Φ ::= ( ≤ )〈〈Clock × T〉〉 | ( ≥ )〈〈Clock × T〉〉 |

( < )〈〈Clock × T〉〉 | ( > )〈〈Clock × T〉〉 |
( ∧ )〈〈Φ × Φ〉〉 | true

Transition =̂ State × Label × State
Label =̂ P Event × P Clock × Φ

STA

S : P State; i, e : State
I : State �→Φ

T : P Transition

i, e ∈ S ∧ dom I = S
∀ s, s′ : state; l : label • (s, l, s′) ∈ T ⇒ s, s′ ∈ S

There are four basic types, i.e., T, State, Event, and Clock, in which T is the set
of positive real numbers; Φ defines the types of clock constraints, in which a true type



488 J.S. Dong et al.

is added to represent the empty clock constraints; Label models transition conditions,
in which P Event is a set of enabling events, and P Clock gives a set of clocks to be
reset, and Φ specifies clock constraints. STA defines a timed automaton, in which i and e
represent its initial states and terminal states respectively; I defines local clock invariants
on states; and T models transitions.

Some TA patterns together with their formal definitions in Z are presented in Figure 2
- Figure 5, the rest can be found in the technical report [5]. In these graphical TA patterns,
an automaton A is abstracted as a triangle, the left vertex of this triangle or a circle attached
to the left vertex represents the initial state of A, and the right edge represents the terminal
state of A. For example, Figure 2 demonstrates how two sequential timed automatons
A1, A2 can be composed together. By linking the terminal state of A1 with the initial
state of A2, the resultant automaton passes control from A1 to A2 when A1 goes to its
terminal state. Figure 3 shows one of the common timing constraint patterns – deadline.
There is a single clock x. When the system switches to the automaton A, the clock x gets
reset to 0. The local invariant x <= t covers each state of the timed automaton A and
specifies the requirement that a switch must occur before t time unit for every state of
A. Thus the timing constraint expressed by this automaton is that A should terminate no
later than t time units.

A1 A2

Fig. 2. Sequential Composition

seqcom : STA × STA → STA

∀ A1, A2 : STA •
seqcom(A1, A2) = 〈|
S =̂ A1.S ∪ A2.S,

i =̂ A1.i, e =̂ A2.e, I =̂ A1.I ∪ A2.I,
T =̂ A1.T ∪ A2.T ∪ {(A1.e, (τ, ∅,

true), A2.i)} |〉

x :=0

A

x<=t

Fig. 3. Deadline

deadline : STA × T → STA

∀ A : STA; t : T; ∃ x : Clock; i0 : State •
deadline(A, t) = 〈|
S =̂ A.S ∪ {i0}, i =̂ i0, e =̂ A.e,
I =̂ {s : A.S • (s, x <= t ∧ A.I(s))},

T =̂ A.T ∪ {(i, (τ, {x}, true), A.i)} |〉

These timed composable patterns can be seen as a reusable high level library that
may facilitate a systematic engineering process when TA is used to design the timed
systems. Furthermore, these patterns provide an interchange media for transforming
TCOZ specifications into TA designs.
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x :=0
A

x>=t

Fig. 4. Waituntil

waituntil : STA × T → STA

∀ A : STA; t : T; ∃ x : Clock; i0, e0 : State •
waituntil(A, t) = 〈|
S =̂ A.S ∪ {i0, e0},

i =̂ i0, e =̂ e0, I =̂ A.I,
T =̂ A.T ∪ {(A.e, (τ, ∅, x >= t), e),

(i, (τ, {x}, true), A.i)} |〉

0ss

Fig. 5. Recursion

recursion : STA × State → STA

∀ A : STA; s0 : State | s0 ∈ A.S •
recursion(A, s0) = 〈|
S =̂ A.S, i =̂ A.i, e =̂ A.e, I =̂ A.I,
T =̂ {s : State, l : Label | (s, l, s0) ∈ A.T

• (s, l, i)} ∪ A.T − {s : State,
l : Label |(s, l, s0) ∈ A.T • (s, l, s0)} |〉

Composing TA Patterns

New patterns can be composed from the existing ones. For example, given a specification
“Task A′ is repeated every t0 time units provided that A′ is guaranteed to terminate before
t0 time unit”, obviously, the TA model of this specification can be seen as a new pattern
which can be composed by three existing patterns - deadline, waituntil and recursion, as
shown in Figure 6, in which clock x is used to give time constraints for both the deadline
pattern and the waituntil pattern, assuming A is the automaton equivalent to the TCOZ
process A′.

0x>=t
A

 e 0
0i

x:=0
x<=t

x>=t

0

0

Fig. 6. Periodic Repeat

PeriodicRepeat : STA × T → STA

∀ A, A0 : STA; t0 : T; e0 : State | e0 = A0.e
∧ A0 = waituntil(deadline(A, t0), t0) •
PeriodicRepeat(A, t0) = recursion(A0, e0)

According to the definition of deadline, waituntil and recursion patterns, the resultant
automaton can be derived as follows:

A(P) = PeriodicRepeat(A, t0) = 〈|
S =̂ A.S ∪ {i0, e0}, i =̂ i0, e =̂ e0,

I =̂ {s : A.S • (s, x <= t0 ∧ A.I(s))},

T =̂ {(i, (τ, {x}, true), A.i)} ∪ {A.e, (τ, ∅, x >= t0), i)} ∪ A.T − {A.e, (τ, ∅,

x >= t0), e0)} |〉
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4 Transformation Rules, Correctness and Tool

In this section, we will define a set of rules for mapping TCOZ to Timed Automata
and provide the correctness proof for this transformation. A Java tool to automate the
transformation process is implemented and illustrated.

4.1 Mapping TCOZ Processes into TA Patterns

Since the timed composable patterns are defined according to TCOZ process constructs,
the transformation rules are straightforward:

Definition 1. We define the mapping function A from TCOZ processes to TA as follows.

– If P = Skip, then A(P) = 〈| S =̂ {i0, e0}, i =̂ i0, e =̂ e0, I =̂ ∅, T =̂ {(i, (τ, ∅, true),
e)} |〉

– If P = Stop, then A(P) = 〈| S =̂ {i0, e0}, i =̂ i0, e =̂ e0, I =̂ ∅, T =̂ ∅ |〉
– If P = a@t → P0, thenA(P) = tprefix(a, t, A(P0))
– If P = P0 •Deadline t, then A(P) = deadline(A(P0), t)
– If P = P0 •WaitUntil t, then A(P)=waituntil(A(P0), t)
– If P = Wait t, then A(P) = wait(t)
– If P = P1 {t}P2, then A(P) = timeout(A(P1), A(P2), t)
– If P = P1�{t}P2, then A(P)= tinterrupt(A(P1), A(P2), t)
– If P = µ N • P(N), then A(P) = recursion(A(P(N)), N)
– If P = P1; P2, then A(P) = seqcom(A(P1), A(P2))
– If P = P1 
 P2, then A(P) = intchoice(A(P1), A(P2))
– If P = P1 � P2, then A(P) = extchoice(A(P1), A(P2))
– If P = P1 |[X]| P2, then A(P) = A(P1) ‖ A(P2)

In these mapping rules, channels, events and guards in a TCOZ model are viewed
as triggers which cause the state transitions. They match the definition of actions and
timed constraints in Timed Automata, thus, they are directly projected as transition
conditions. Note that UPPAAL also adopts channels as its synchronization mechanism
for the interaction between automatons, which is equivalent to the approach taken in
TCOZ. Clock variables will be generated in the target automaton to guard its transition
if the process of TCOZ to be translated has any timing constraints such as the Deadline.
For example, the translation rule on the Deadline primitive, P0 • Deadline t describes
the process which has the same effect as P0, but is constrained to terminate no later
than t.

The above rules apply to all the TCOZ time primitives and its basic composition
of events, guards and processes, through which all the important dynamic informa-
tion with time constraints in TCOZ specification can be completely translated into
timed automata. The following provides the transformation rules for TCOZ classes/
objects:

– In UPPAAL, every object is represented by an automaton. To fully represent be-
haviors of all the instances of a class, every instance (object) of a TCOZ class is
projected as a timed automaton.
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– The INIT schema in TCOZ class is used to appoint one of those identified states to
be an initial state. It will not be projected as a new state because it does not trigger
any transition.

– Each operation schema in a TCOZ class is projected as an atomic state in its asso-
ciated automaton instead of a triangle.

4.2 Correctness

This subsection is devoted to the soundness proofs for our mapping rules from TCOZ
processes to structuralized Timed Automata. We shall prove that any source process in
TCOZ and its corresponding target TimedAutomaton preserve the same semantics under
a bisimulation equivalence relation.

The operational semantics for TCOZ processes is captured by the labelled transition
system (LTS)

TS1
TCOZ =̂ (C, Στ ∪ T, −→1)

where C =̂ P × T is the set of configurations. A configuration c = 〈P, t〉 comprising pro-
cess P and time t denotes a state in the transition system. Στ is the set of possible
communication events including the silent event τ . While −→1⊆ (C × (Στ ∪ T) × C)
is the set of transitions. The operational rules are given in our technical
report [5].

In order to derive observable behaviors of TCOZ processes, we define a new abstract
transition system as follows:

TS2
TCOZ =̂ (C, Σ ∪ T, =⇒1)

Note that the set of configurations remains the same as that in TS1
TCOZ, but the tran-

sition relation abstracts away from internal actions. That is, for any states c, c′,

c
a=⇒1 c′ =̂ ∃ c1, c2 · c

τ

−→∗
1 c1

a−→1 c2

τ

−→∗
1 c′

c
δ=⇒1 c′ =̂ ∃ c1, c2 · c

τ

−→∗
1 c1

δ−→1 c2

τ

−→∗
1 c′

where the relation
τ

−→∗
1 is the sequential composition of zero or finite number of τ−→1.

Now we construct an abstract transition system for our target formalism, Timed Au-
tomata. A “normal” transition system associated with timed automata ([1, 3])
can be

TS1
TA =̂ (S, s0, Σ

τ ∪ T, −→2)

Notice that S =̂ S × V denotes all possible states of the transition system. Each state
is composed of a state of the timed automaton and a clock valuation (interpretation). The
initial state s0 = 〈i, v0〉 comprises the initial state i and a zero valuation v0. While the set
−→2 ⊆ S × (Στ ∪ T) × S comprises two kinds of transitions: a time passing move or
an action move (Please refer to [5] for more details).

Based on TS1
TA, a new abstract transition system is defined as follows.
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TS2
TA =̂ (S, s0, Σ ∪ T, =⇒2)

The only difference from TS1
TA lies in the transition relation =⇒2⊆ S × (Σ ∪ T) × S,

which abstracts away from all internal (τ ) actions. That is, for states s, s′,

s
a=⇒2 s′ =̂ ∃ s1, s2 · s

τ

−→∗
2 s1

a−→2 s2
τ

−→∗
2 s′

s
δ=⇒2 s′ =̂ ∃ s1, s2 · s

τ

−→∗
2 s1

δ−→2 s2
τ

−→∗
2 s′

Now we define a bisimular relation between TS2
TCOZ and TS2

TA as below:

Definition 2 (Bisimulation). The relation ≈ ⊆ C × S between states of TS2
TCOZ and

states of TS2
TA is defined as follows, for any c ∈ C and s ∈ S, c ≈ s if and only if the

following conditions hold:
(1) c

α=⇒1 c′ implies there exists s′ such that s
α=⇒2 s′, and c′ ≈ s′;

(2) s
α=⇒2 s′ implies there exists c′ such that c

α=⇒1 c′, and c′ ≈ s′.

The following theorem shows that our mapping rules preserve the bisimulation rela-
tion between the source and target transition systems. Since the two transition systems
employ the same set of observable actions (events), the theorem thus demonstrates that
each source TCOZ process and its corresponding target timed automaton are semanti-
cally equivalent under the bisimulation relation.

Theorem 1 (Correctness). For any TCOZ process P and its corresponding timed au-
tomaton A(P), 〈P, t〉 ≈ 〈i, v0〉 for some t, where i is the initial state of A(P), v0 is the
zero valuation.

Proof. By structural induction on process P.

– P = Skip, or P = Stop. The proof is trivial.
– P = Wait t0. We know A(P) = wait(t0). We show the condition (1) holds in Defi-

nition 2. The condition (2) can be demonstrated similarly. The process P can perform
a time passing move (δ). The automaton wait(t0) can also advance a corresponding
δ-step.
If δ < t0, 〈P, t〉 moves to 〈Wait(t0 − δ), t + δ〉, while 〈i, v0〉 moves to 〈w0, v0 + δ〉.
By hypothesis, we know 〈Wait(t0 − δ), t + δ〉 ≈ 〈w0, v0 + δ〉.
If δ = t0, both 〈P, t〉 and 〈i, v0〉 moves to their terminal states and preserve the
bisimulation as well.

– Other cases are presented in the report [5] due to space constraints. �

4.3 Implementation

The translation process can be automated by employing XML/XSL technology. In our
previous work [15], the syntax of Z family languages, i.e., Z/Object-Z/TCOZ, has been
defined using XML Schema and supported by the ZML tool. As the UPPAAL tool can
read an XML representation of Timed Automata, the automatic projection of the TCOZ
model (in ZML) to TA model (in UPPAAL XML) can be developed as a tool in Java.
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The tool takes in a TCOZ specification represented in XML, and outputs an XML
representation of a Timed Automata specification which has its own defined style file
DTD by UPPAAL. The transformation is achieved firstly by implementing a ZML parser,
which will take in a ZML specification and build a virtual model of the system in the
memory. A TA interface is then built according to the UPPAAL document structure,
e.g. each TA document contains multiple templates and each template contains some
states, their transitions and transition conditions. A transformation module is built to
get information from the ZML parser, apply the right transformation rule and feed the
outcome of the transformation to the TA interface. Note that TCOZ process expression
can be defined recursively, i.e, a process expression may contain one or more other
process expressions, our transformation modules are built to take care of all valid TCOZ
specifications and the transformation rules are applied recursively. The outcome of our
transformation tool is UPPAAL’s XML representation of TA, which is ready to be taken
as input for verification and simulation.

5 Case Study: Railroad Crossing System

In this section, we will use a Railroad Crossing System (RCS) specified in TCOZ as
a driving example to illustrate our approach to model-checking TCOZ models of real-
time systems. The concept of the Railroad Crossing Problem was primarily evolved by
Heitmeyer [7] and used as a case study in many formal systems. It is a system which
operates a gate at a railroad crossing safely. Based on the above features, we define some
assumptions and constraints as follows:

1. The train sends a signal to the controller at least 3 time units before it enters the
crossing, stays there no more than 2 time units and sends another signal to the
controller upon exiting the crossing.

2. The controller commands the gate to lower exactly 1 time unit after it has received
the approaching signal from the train and commands the gate to rise again no more
than 1 time unit after receiving the exiting signal.

3. The gate takes less than 1 time unit to come down and between 1 and 2 time units
to come up.

5.1 TCOZ Model of RCS

According to the requirement description, an RCS consists of three components: a central
controller, a train, and a gate to control the traffic. The basic types for the status of the
train and controller are defined as follows:

TrainS ::= ToIn | In | Out
ControllerS ::= TrIn | TrOut | GtClose | GtOpen

The TCOZ specification of Gate class has been presented in Section 2, the following
provides the formal specification of Train and Controller class.
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Train: The basic behavior of the train component is to communicate with controller
with its passing information.

Train

status : TrainS
in, out : chan

Init
status = Out

Approach
∆(status)

status′ = ToIn

Pass
∆(status)

status′ = In

Exit
∆(status)

status′ = Out

Trainin =̂ in → (Approach • WaitUntil 3; Pass) • Deadline 5
Trainout =̂ out → Exit
Main =̂ µ T • Trainin; Trainout ; T

Central Controller: The central controller is the crucial part of the system, actively
communicating with the train, light and gate. The Controller class is modeled as follows:

Controller

status : ControllerS
up, down, in, out : chan

Init
status = TrOut

Arrive
∆(status)

status′ = TrIn

Leave
∆(status)

status′ = TrOut

GateClose
∆(status)

status′ = GtClose

GateOpen
∆(status)

status′ = GtOpen

Trainin =̂ in → Arrive; Trainout =̂ out → Leave
Close =̂ down → GateClose; Open =̂ up → GateOpen
Main =̂ µ C • (Trainin • Deadline 1) • WaitUntil 1; Close; Trainout •

Deadline 1; Open; C

The attribute status keeps the records of the train’s passing information in the system.
When the train sends an in signal, the status of the controller changes from TrOut to
TrIn. When the train has passed the crossing and sent an out signal to the controller, the
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status of the controller changes from TrIn to TrOut. The main processes of the controller
are receiving the train passing information and manipulating the gate operations at the
same time. If the gate is open then instructions on closing the gate will be sent to the
Gate. On the other hand, when the train has passed the gate, the controller will open the
gate.

RCS Configuration: After specifying individual components, the next step is to com-
pose them into a whole system. The overall system is a composition of all the commu-
nicating components.

RCSystem

t : Train; g : Gate; c : Controller

Main =̂ ‖(t in,out� � c up,down� � g)

Two essential properties of RCS are: first, the gate is never closed at a stretch for
more than a stipulated time range (suppose 10 time units); second, the gate should be
down whenever a train is crossing. These properties can be formally expressed as:

RCSystem • �(g.status = ToDn → ♦≤10 g.status = Up)
RCSystem • t.status = In ⇒ g.status = Down

5.2 Translation

In this section, we show how the given translation rules can be applied to map TCOZ
specification into Timed automatons.

First of all, for the whole RCS system, three automatons can be identified in the
Timed Automata model, i.e., gate, train and controller.

We use the gate class as an example to show the identification of the states, transitions,
guards and synchronization mentioned above. According to the translation rules for
TCOZ classes/objects, four states can be identified through the static view of Gate class,
it has four operation schema, each one is mapped into a state, namely, Up, ToDown,
Down, and ToUp as shown in Figure 1, among which Up is the initial state as indicated
by the INIT schema in the Gate class. Synchronization and clock conditions on the
transitions are constructed by transforming the Open and Close process of Gate class
according to the translation rules on Deadline and WaitUntil primitives. A clock is
generated to guard the atomic process Lower to be finished no later than 1 time unit, then
it is reused to guard Raise and Up process to meet their timing constraints by resetting its
value to 0. The initial and terminal states generated for every non-atomic process due to
those translation rules, if they are linked by a transition with a τ event, are incorporated
into one state to simplified the resultant automaton.

This gate automaton can be automatically generated by our translation tool and
visualized in UPPAAL as “process gate" in Figure 7. In the same way, we can get the
train and controller automatons as “process train" and “process controller".
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Fig. 7. Simulation

5.3 Model-Checking RCS

Now we can use the UPPAAL tool to simulate the system as well as to model-check some
invariants and real-time properties. In UPPAAL correctness criteria can be specified as
formulas of the timed temporal logic TCTL [8], for which UPPAAL implements model-
checking algorithms.

From a safety critical perspective, the key point of the RCS is to provide guaranteed
safety and efficient services. These properties can be formally interpreted from our model
as:

– safety properties - The properties state that whenever the train is in, the gate is down.
It can be translated into the TCTL formula in UPPAAL as follows:

A[] train.s2 imply gate.s102

– efficient service properties - the gate is never closed at a stretch for more than 10
time units. To verify this property, we add a clock x to record the time the gate takes
to reopen itself:

gate.s101 --> (gate.s100 and gate.x<=10)

UPPAAL verified that these properties actually hold for this given model.

6 Conclusion

TCOZ and TA lie at each end of the spectrum of formal modeling techniques. TCOZ is
good at structurally specifying high level requirements for complex systems, while TA
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is good at designing timed models in simple clock constraints but with highly automatic
tools support.

The investigation on the strengths and links between those two modeling techniques
leads us to an interesting research result, i.e., timed composable patterns (reminiscence of
‘design patterns’ in object-oriented modeling). In this paper, these patterns are formally
defined in Z and the process algebra-like compositional nature are preserved in the
graphical representations. These timed composable patterns.

– not only provide a proficient interchange media for transforming TCOZ specifica-
tions into TA designs

– but also provide a generic reusable framework for designing real-time systems in
TA alone.

One possible future work would be to encode those timed patterns as icons in the
model checker tool, such as UPPAAL, so that the complex timed models can be built
systematically in UPPAAL.

Since TCOZ is a superset of TCSP, one consequence of this work is that a semantic
link and a practical translation tool from TCSP to TA has been achieved so that TA tools
i.e. UPPAAL can also be used to check TCSP timing properties. In this context, this
work complements the recent pure theoretical investigation [11] on the expressiveness
of TCSP and closed timed automata.
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